15

Repeated Measures Designs

The central topic of this chapter concemns repeated measurements of the response
variable on each experimental unit. Experiments with observations made on suc-
cessive occasions in time are emphasized. The statistical properties of the observa-
tions are discussed, and suitable methods for analyzing the data are demonstrated.

15.1 Studies of Time Trends

492

The time trend of individual responses to treatment is an important aspect of many
experiments. Examples include experiments in which animals are weighed weekly
to monitor growth under different nutrient conditions or field plots of perennial
crops such as alfalfa are harvested several times in succession. Repeated measures
occur frequently in clinical trials when patients are measured at regular intervals to
monitor the response to medical treatment.

Repeated measures on each experimental unit provide information on the time
trend of the response variable under different treatment conditions. Time trends can
reveal how quickly the units respond to treatment or how long the treatment effects
are manifested on the units of the study. Differences in these trends among the
treatments also can be evaluated.

Repeated Observations Result in Increased Precision

Repeated observations on the same experimental unit over time are often a more
efficient use of resources than the use of a different experimental unit for each
observation time. Not only are fewer units required, thereby reducing costs, but the
estimation of time trends will be more precise. The increased precision results
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beca%lse measurements on the same unit tend to be less variable than measurements
on dli_'ferent units. Thus, the effect of repeated measures is similar to the effect of
blocking.

Example 15.1 Early Detection of Phlebitis in Amiodarone Therapy

Tregtment Design: An experiment described in detail for Example 2.2 was
designed to explore mechanisms for early detection of phlebitis during Amio-
darone therapy. Phlebitis is an inflammation of a vein that occurs upon intra-
venous administration of drugs. Three intravenous treatments were
administered to test animals: (1) Amiodarone with a vehicle solution to carry
the drug, (2) vehicle solution only, and (3) a saline solution.

I:jxperiment Design: Rabbits, used as the test animals, were randomly as-
signed to the three treatment groups in a completely randomized design. A
treatment solution was administered to the rabbit through an intravenous
needle inserted in a vein of one ear. The temperature of both ears was moni-
tored for several hours. An increase in the temperature of the treated ear was
considered a possible early indicator of phlebitis. The difference in the tem-
per'fltg{es of the two ears (freated minus untreated) was used as the response
variable.

:Repeated Measurements: The temperatures were observed every 30 minutes
in each of the rabbits for the duration of the study. The observations, made at
= 0, 30, 60, and 90 minutes on the rabhits, are shown in Table 15.1.

A Profile Plot Reveals a Trend

The observed trends over time for the three treatments in the Amiodarone study are
shown in Figure 15.1. The profile plots in Figure 15.1 show an increase in the ob-
served temperature differences for the rabbits in the Amiodarone treatment. A less
d.eﬁnite increase is observed with the vehicle treatment, and the profile for the sa-
line treatment indicates only a fluctuating response over time with no definite trend.
. The objective of the analysis for this study will be to determine whether there
is a significant upward trend in the temperature for any of the treatments. If so, it
will be important to defermine whether the Amiodarone is responsible for s;ny
significant temperature increase rather than the vehicle solution or the intravenous
procedure itself represented by the saline treatment. Thus, contrasts between the
trends of the Amiodarone treatment and that of the two control treatments will be of
utmost importance in the analysis.

Between- and Within-Subjects Designs

Repeated measures designs can be described in terms of the between-subjects de-
sign and the within-subjects design. The between-subjects design refers to the treat-
ment design and the experiment design used for the experimental units. The within-
subjects design refers to the repeated measures on each experimental unit. The
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Table 15.1 Ear temperature differences (°C), treated minus untreated, of rabbits design illustrated in Examp!e 15.1 hEliS three treatments in a completely randomized
at 0,30, 60, and 90 minutes after treatment design for the between-subje(.:ts design. The within-subjects design consists of re-

Time of Obsarvation (mivaites) peated measures on each rabbit.
. ime ¢, < 55 Alternatively, two or more treatments can be administered to each of the sub-
Treatment Rabbit Oﬂ 30 T2 T jects. Suppose athletes are used as subjects for a study on exercise physiology.
Amiodarone i - 03 -02 3-3 3-7 After a training regimen is completed the athletes are given tests on a treadmill set
2 =05 22 2'2 2'7 in two different positions, horizontal and inclined. The objective is to determine
3 -1 24 2-1 s g3 whether differences exist between the results of horizontal and inclined treadmitl
4 1.0 1.7 ’ 6 0'9 : tests. Each athlete is a block in a randomized complete block design if the treadmiil
3 —03 0.28 (1}.88 2' 33 : tests are administered to the athletes in random order.
Mean —0.24 1. . .
i 6 -1 -22 0.2 03 . .
Vehicle 7 ~ 1.4 - 02 ~05 —0.1 15.2 Relationships Among Repeated Measurements
3 -0.1 -0 —0.5 - 0.3
9 02 0.1 -02 0.4 The relationships among the observations govern the statistical methods required
10 —0.1 —-02 0.7 —-03 for the particular research design used in a study. The correspondence of the rela-
Mean — 0538 — 050 —0.06 0.00 tionships to the method of analysis for repeated measures designs is explored in this
chapter along with some useful strategies for the analysis.
Saline 1 - 18 0.2 0.1 0.6
12 - (])3 [())2 ;(1) g'z Correlated Observations Among Repeated Measures
13 -1 — 0. -2, .
14 0.4 0.4 — 07 —-03 The time order of measurements at 0, 30,60, and 90 minutes on each rabbit in
15 —0.5 0.9 —-04 —-03 Example 15.1 cannot be randomized over time; thus, pairs of repeated measures on
Mean — 00.68 0.24 —0.42 0.22 the same rabbit are likely to be corretated. Genferally, pairs of observations adjacent
Somroe G Ward_ Department of Pharmaceutical Sciences, University of Arizona, in time are assumed to have a larger correlation than pairs of observations more

separated in time. Observations at 0 and 30 minutes on any one of the rabbits in the

Amiodarone study are assumed to have a larger correlation than observations at 0
and 20 minutes.

The correlation between two variables, say i, and yo, is defined as

B Amiodarone
* Vehicle
+ Saline

T2

prz = (15.1)

Jg1049
where o and oy are the standard deviations of ¢ and y; and oy is the covariance
between y; and ys. If the expected value or mean of the variable y is Efy) = u, the
variance of ¥ is ¢ = E(y — u)*. The covariance of two variables, y; and s, is
12 = E{yy — p1)yz — p2). The covariance is a measure of how two variables will
vary together. If one variable increases in value as the other increases in value the
covariance is positive and the correlation between the variables is positive, The
theoretical variances and covariances for repeated measures taken successively as
Y1, Yo, Ya, and yy are illustrated in Display 15.1 as the 4 x 4 X matrix.

Temperature difference
1

b o T J !

0 30 60 90

Analysis of Variance Assumptions
Minutes

Equal variances for the treatment groups and independent, normally distributed
observations are the usual assumptions required for a valid analysis of variance of
the data. Independence of observations results in zero values for the covariances

Figure 15.1 Profile plot of the means for each treatment at each time period for
the Amiodarone study
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Display 15.1 X Matrix of Variances and Covariances
for Four Repeated Measures

Y1 Y2 Y3 Ua
7 oi a1z a13 T4
¥ o1 ol O23 T
U3 o731 Tz o % T34
U4 T41 T2 043 g 2

shown in Display 15.1. Under these assumptions o has the same value for all
treatment groups and measurement times, andp=0org; =05 =0

Compound Symmetry Means Equal Correlation Among Repeated Measures

A particular experiment with randomization of treatmen?s to experimental units
is only a random sample of all possible randomized experiments thaif could have
been used. The act of randomization does not remove the correlation between
observations on experimental units; however, the expected cqrrelation betwefen the
experimental units is constant under ali possible randomizations. If the variances
and correlations are constant, the covariances will have the constant value
oi; = po* from Equation (15.1). This condition is known as compoum_i symmetr?).
The matrix of variances and covariances with compound symmetry is shown in
Display 15.2,

Display 15.2 X Matrix of Variances and Covariances of Four
Repeated Measures Under Compound Symmetry

Y1 Y2 Y3 Y4
m a’ po? po’ po’
0 po?  o*  po®  po?
Ya pa®  po’ o*  po?
e pat  pot  po®  o°

Split-Plot Treatments Are Randomized; Repeated Measures Are Not
Randomized
The assumption of compound symmetry was used for the errors of observation

in the split-plot experiment in Chapter 14 because treatments were rand'omly as-
signed to the subplots. The subject in the repeated measures design is equivalent to
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the whole-plot in the split-plot design, and the between-subjects treatment factor is
equivalent to the whole-plot treatment factor in the split-plot design. The repeated
measure on a subject is analogous to the subplot in the split-plot design. The differ-
ence between the subplot observations and the repeated measures is that treatments
are randomized to the subplots in the split-plot design, whereas there is no randomi-
zation for the repeated measures. If all repeated measures on a subject are equally
correlated, there is compound symmetry and the repeated measures design can be
analyzed as a split-plot design with time of measurement as the subplot treatment
factor, The split-plot analysis of variance was exhibited in Chapter 14 for various
between-subject, or whole-plot, experiment designs.

The Huynh—Feldt Condition Less Stringent than Compound Symmetry

Huynh and Feldt (1970) showed that conditions required for the usual analysis
of variance for repeated measures designs were less stringent than the compound
symmetry condition, They showed the necessary condition is to have the same vari-
ance of the difference for all possible pairs of observations taken at different time
periods, say y; and y;, or

Ty = 2N fori # j (15.2)

for some A > 0. This condition also can be stated as
1
Gij = ;—,(a? +o?)y— X forisj (15.3)

The matrix of variances and covariances satisfying this condition is known as the
Type H matrix. The mean squares from an analysis of variance can be used to test

hypotheses about the within-subjects treatments if the Huynh—Feldt condition is
satisfied.

If Each Subject Receives All Treatments

The realities of many research studies from the standpoints of economy and control
of experimental error require us to obtain more than one observation from each ex-
perimental unit. For example, the considerable cost of maintaining large animals
makes it expedient to obtain as much information about the treatments as possible
from the individual animals. Also, the variability of observations among animals
tends to be much larger than that among multiple observations on the same animal.
Thus, blocking on animals with all treatments administered to each animal in-
creases the precision of treatment comparisons.

When each of the treatments is administered in random order to each subject,
for example, B»D—A—-C, then subjects are random blocks in a randomized com-
plete block design, The expected mean squares for the randomized complete block
design are shown in Table 15.2. It is a mixed model analysis with random blocks
and fixed treatment effects. The statistic, Iy = MST/MSE, tests the null hy-
pothesis of no differences among the treatment means.
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Table 152 Expected mean squares for the randomized complete block mixed-
model analysis of variance

Source of Degrees of Mean Expected
Variation Freedom Square Mean Squares
Blocks r—1 MSB o? +to>
Treatments t—1 MST . o +rf?
Error {t—1r—1) MSE o?

Carryover Effects

The effects of certain types of treatments carry over into the next treatment
period when treatments are administered to subjects in sequence. These carryover
effects can seriously bias the estimates of treatment means because treatments
administered in previous periods influence the effects of the treatments in succeed-
ing periods.

Carryover effects are particularly troublesome with animal and human subjects
with successive administration of dietary or medical treatments that affect the
physiology of the subject. A “washout,” or rest period, between two successive
treatments is often used to clear the effects of the most recent treatment before a
second treatment is administered. Special crossover designs developed for these
studies are the subject of Chapter 16.

15.3 A Test for the Huynh-Feldt Assumption

A univariate analysis of variance can be used under any of the three alternate sets
of assumptions about the repeated measures discussed in Section 15.2, They were
independence, compound symmetry, or the Huynh-Feldt condition for the repeated
measures. The Huynh—Feldt condition with the Type H matrix for the variances and
covariances of the repeated measures is the least restrictive of the three assump-
tions. The simpler univariate methods can be used for the analysis if we can assume
the Huynh-Feldt condition holds for the repeated measures. The assumption of a
Type H matrix can be evaluated with a test attributed to Mauchly (1940). The test is
demonstrated in this section.

The Mauchly test of the Huynh—Feldt condition for repeated measures is illus-
trated with the Amiodarone study of Example 15.1. Recall the experiment had three
treatments allocated to experimental units in a completely randomized design, and
the experimental units were measured on four successive occasions.

The Mauchly W test (Mauchly, 1940), used to test the hypothesis of Type H
form for X, is computed by many computer packages that have programs for the
analysis of repeated measures designs. A brief outline on the details of the test sta-
tistic is given in Appendix 15A.1.
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- The result of the Mauchly W test for the Amiodarone study computed by a sta-
tistical program is shown in Table 15.3, The Mauchly test statistic, W = 0.852, is
approximately distributed as a chi-square variable with v = p(p’— D/2-1 :ie-
grees of freedom, where p is the number of repeated measures. For the Amiodarone
study v =4(3)/2—1=5 The W statistic is not significant, with
P(x3 > 1.72) = .886—the probability of a chi-square variable with 5 degrees of
freedom exceeding a chi-square value of 1.72. If the result of the Mauchly test is
acceptable, then the F tests in the univariate analysis of variance are valid.

Table 15.3 Results of the Mauchly test for a Type H & matrix

Mauchly Sphericity Test
W =852
Chi-square approx. = 1.72 with S D F.
P(xé > 1.72) = 886

The Mauchly test for the variance—covariance matrix ¥ tends to have low
power unless sample sizes are very large, The ability to detect departures from the
null hypothesis is not very good unless the experiments have a large number of
replications. Boik (1981) indicated power of less than .20 for some specific cases of
the Mauchly test when there were three treatment groups and as many as 12 sub-
jeFts per group. Consequently, complete reliance on the test is not recommended.
Given the uncertainty associated with the ability of the Mauchly test to detect
departures from analysis of variance assumptions, our decision to use the univariate

analysis of variance will have to be based on our experience with the specifics of
our research material.

15.4 A Univariate Analysis of Variance for Repeated
Measures

If we can reasonably assure ourselves that the analysis of variance assumptions are
valid for repeated measures on each rabbit in the treatment groups, the split-plot
analysis of variance mean squares can be used to test hypotheses about the treat-
ment means and their interactions with time. The rabbits in the Amiodarone study
are cquivalent to whole plots for the three intravenous treatments, and repeated
measures on the rabbits are equivalent to subplot treatments.

Use the Split-Plot Model for the Analysis

The linear model for the split-plot experiment is -
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ik = p+ o + dix + B + (@i + € (15.4)
i= 12t j=12..p k=127

where p is the general mean, a; is the effect of the th treatment, dj is the random
experimental error for rabbits within treatments with variance ¢3, §; is the effect of
the jth time, (f);; is the interaction between treatments and time, and &5 is the
normally distributed random experimental error on repeated measures with vari-
ance o2. The split-plot analysis of variance for the data from the Amiodarone study
is shown in Table 15.4. The split-plot analysis of variance was exhibited in Chapter
14,

Table 15.4 Split-plot analysis of variance for repeated measures from the
Amiodarone study in a completely randomized design

Source of Degrees of  Sum of Mean

Variation Freedom Squares Square F Pr>F
Total _ 59 93.28

Treatment (A) 2 35.38 . 17.69 19.44 0.000
Error(1) 12 10.94 0.9

Time 3 16.08 5.36 9.24 0.000
A x Time 6 10.06 1.68 2.90 0.021
Error(2) 36 20.82 0.58

The test for interaction between treatments and time, Ip=
MS(A x Time)/ MSE(2) = 1.68/0.58 = 2.90, is significant with Pr > F =
021, The significant interaction between time and the intravenous treatments indi-
cates the ear temperature responses over time are different among the three
treatments.

Use Regression Contrasts on Repeated Measures to Study Time Trends

The global test for significance of the interaction between treatments and time indi-
cates little about the specifics of interaction if it exists. The responses to individual
treatments -over time is an impertant component of the analysis on repeated mea-
sures. The interaction should be investigated as a difference in trend over time
among the treatments.

The observed trends over time for the three freatments in the Amiodarone
study were shown in Figure 15.1. The profile plots exhibited an increase in the ob-
served temperature differences for the rabbits in the Amiodarone treatment. Less
definite trends were observed with the vehicle and saline treatments.

The between-subject treatments and time constitute 2 factorial treatment de-
sign, with time as a quantitative factor and the between-subject treatmenis as a
qualitative factor. The polynomial regression partitions for one qualitative factor in
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the analysis of variance have been illustrated i i i
several times in previous chapt
example, see Example 6.3). P prers (for
Lmear,_ quadratic, and cubic regression sum of squares partitions can be com-
puted for time with corresponding partitions for the treatment x time inferaction.
The sum of squares partitions for the Amiodarone study are shown in Table 15.3

The polynomial regression sam of squares iti i
. partitions for the split-plo i
variance were exhibited in Example 14.1. pllplat analysis of

Table 15.5 Split-plot analysis of variance with i
polynomial contrasts
measures from the Amiodarone study st for repeated

Source of Degrees of  Sum of Mean
Variation Freedom  Sguares Sguare F Pr>F
Total 59 93.28
Treatment (A) 2 3538 17.69 19.44 0.000
Error(1) 12 10.94 0.91 .
Time (T) 3 16.08 5.36 924 0.000
T linear 1 14.52 14.52 25.03 0.000
T quadratic 1 0.60 0.60 1.03 0:3 15
T cubic 1 0.96 0.96 1.66 0.205
AxT 6 10.06 1.68 2.90 0.021
A x T linear 2 7.80 3.90 6.72 0.003
A > T quadratic 2 (.56 0.28 0438 0:622
A x T cubic 2 1.71 0.85 1.47 0.242
Error(2) 36 20.82 0.58

It. was determined previously that interaction between the treatments and time
was significant, but the hypotheses tested with the mean squares in Table 15,5 pro-
vide more specific information about the form of the interaction. The interlaction
between treatments and linear regression on time, A x T’ linear, is significant with
Iy =.3.90/0.58 = 6.72 and Pr > F' = .003. Neither the quadratic nor cubic re-
gression on time has a significant interaction with time. Thus, the linear trends over
time differ among the treatments.

The estimated linear contrasts for each of the treatment groups and their stan-
dard errors will indicate more specifically how the linear trends differ among the
treatment groups. The linear contrasts, ay), are calculated for each of the treatment
groups by computing the linear contrast among the time means for each treatment
whe.re a;(1) is the linear contrast for treatment i. For example, the means for thF:
Amiodarone treatment group at 0, 30, 60, and 90 minutes were — 0.24, 1.38,

1.88, and 2.58 in Table 15.1. The linear contrast for the Amiodarone treatment
group is




SR, (53)024) + (1)(1.38) + (1)(1.88) + (3)(2.58)
MO T TEPE P+ )+ 12+ 32

_ 896 _ .
=S5 =0

with standard error

MSE() 0.58
Sy = — = =0.08
\/ (T PL) \/5(20)
The linear contrasts for the vehicle and saline treatments are ae(;) = 0.11 and
gy = 0.10, respectively, each with standard error s; = 0.08.

The 95% SCI for the linear contrasts require the Bonferroni tgs336 = 2.51.
The Bonferroni t has 36 degrees of freedom since the mean square for error,
MSE(?) =0.58 from Table 15.5, has 36 degrees of freedom. The 95% SCI are
computed as a;;) £ 2.5 1(0.08).

The 95% SCI for the Amiodarone treatment is (0.25, 0.65), indicating a signif-
icant linear increase in the temperature over time with the Amiodarone treatment.
The intervals for the vehicle and saline treatments are ( — 0.09, 0.31) and ( — 0.1 0,
0.30), respectively, indicating there is not a significant linear change in temperature
for either the vehicle or saline treatments,

Since neither the saline nor vehicle control treatments resulted in a significant
change in temperature differences we can conclude the significant increase in tem-
perature for the Amiodarone treatment group was a function of the drug and not the
vehicle or the manipulation of the intravenous injection.

Analysis When Univariate Analysis Assumptions Do
Not Hold

When the Huynh—Feldt condition is not satisfied for the repeated measures the re-
sults from the univariate analysis illustrated in Section 15.4 are not valid. Several
alternative analyses are suggested when the usual analysis of variance cannot be
used.

Three Choices for the Analysis

A multivariate analysis is the most general method available, but general multi-
variate methods are beyond the intent of this book and their direct use is not con-
sidered here. A second alternative makes conservative adjustments to the usual Iy
statistics from the analysis of variance to better approximate the significance levels
of the tests. These adjustments will be illustrated in this section. A third alternative
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analysis with attractive features, illustrated in this section, utilizes contrasts among
the repeated measures. The analysis of contrasts uses features of multivariate analy-
sis that can be applied in a straightforward manner to repeated measures. The study
described in Example 15.2 resulted in repeated observations on the experimental
units for which the Huynh—Feldt assumptions were not valid.

Example 15.2  Soil Moisture and Soil Microbe Activity

A productive agricultural soil requires a certain level of soil aeration to main-
tain active plant root growth and soil microbial activity, A soil scientist found
that soil aeration levels had been affected in soils fertilized with the nutrient
rich sludge by-product from a sewage treatment plant. The aeration level of
the soil can be reduced by the high water content of the added sludge soil;
through compaction by heavy machinery used to add the sludge; and, ironi-
cally, by the increased microbial activity caused by adding the high—&;rganic
sludge material to the soil.

Res.earch Objective: One objective for this particular study was to determine
moisture levels at which soil aeration became limiting to microbial activity in
soils.

Treatment Design: The treatments included a control soil treatment with no
sludge fertilizer and a moisture content of 0.24 kg water/kg soil. Three treat-
ments of different moisture content were used for soil fertilized with sludge.
The three moisture levels for the fertilized soil were 0.24, 0.26, and 0.28 kg
water/kg soil,

Experiment Design: Samples of soil were randomly assigned to the four
treatments in a completely randomized design. The treated soil samples were
placed in airtight containers and incubated under conditions conducive to
microbial activity. The soil was compacted in the containers to the degree ex-
perienced in the field. ‘

Microbial activity, measured as COs evolution, was used as a measure of
the soil aeration level. The COs evolution/kg soil/day was measured in each
container on days 2, 4, 6, and § after the beginning of the incubation period.
The microbial activity in each soil sample was recorded as the percent in-
crease in CO; produced above atmospheric levels. The data are shown in
Table 15.6. '

The Univariate Analysis Assumption Is Not Valid

The Mauchly test of whether the Huynh—Feldt condition holds for the repeated
CO; measurements is shown in Table 15.7. The Mauchly statistic is W = 0.180,
and the chi-square distribution approximation to W has » = p(p — 1)/2 — 1
=4(3)/2—1=75 degrees of freedom. The significance level for the test is
P(x% > 11.52) = .042, and the null hypothesis for the Type H matrix is rejected at
the .05 significance level.
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Table 15.6 Repeated measures on CO; evolution from microbial activity in soil

; ‘ e univariate i i ;
under different moisture conditions analysis of variance was to adjust the values of the computed Fy statistics

in the analysis.

% CO4 Evolution/kg Soil/Day

(Kg water/Kg soil) Adjustments to Univariate Test Statistics
Moisture Container Day? Day4 Day6 Day8 If ﬂ?e 'Huynh—Feldt condition does not hold for the repeated measures, then th
Control 1 022 0356 066 089 statistic has only an approximate F' distribution with reduced dEgree; ofe?r t 3 Fy
2 068 091 106 0380 (Box, 1954a, 1954b). Greenhouse and Geisser (1959) suggested an adj e
3 068 045 072 089 based on the work by Box, where the numerator and denominator d Justmen: -
Mean 053 064 081 0386 dgm for the Fj statistic are multiplied by €. More conservative tes:s rZielfs (I}If ﬁtelf-
adjustment is used since € < 1 and the test requi when e
) . = quires a larger valu ;
0.24 4 253 270 210 150 nificant. The calculation of the € adjustment is shown in ippendii ‘;’giuztoarl:; Stlg_
5 750  1.43 135 074 computed in most statistical programs for repeated measures analysis. - o
6 0s6 137 187 121 GreeH}l:ynh _ﬂé\d. Feldt (1976) suggested a less conservative adjustment than the
Mean T8 18 177 LI5 Greenhouse-Geisser  adjustment. Huynh (1978) reported the Huynh—Feldt ¥ ad-
justment produced tests with probabilities of Type I errors closer to the cho
0.26 7 022 022 020 011 yalue of o than did the Greenhouse-Geisser adjustment. The Huynh-Feldt & f::
g 045 028 124 086 il)lstn.lent is computed by most programs for repeated measures analysis, and the
0 0'22 033 034 020 ¢ adjustment computation is shown in Appendix 15A.2 ’
. . . - The adjustments are applied to the usual spli " i
= .. plit-plot analysis of vari -
Mean 030 028 059 039 tistics for the repeated measures factor. No adjustments are necess:rr;ci"ofntzzs
028 10 022 080 080 037 about whole-plot, or between-subject, treatment factors since the treatments are
. . . . . randomly assigned to the experimental units. The split-plot analysis of vari
“ 11 022 0.62 089 095 the repeated measures is shown in Table 15.8 with Moist ysis of vartance Br
12 022 056 069 063 whole-plot factor and Day as the subplot factor. e treatments as the
. Mean 022 066 079 065
: . — . — - Table 15.8 Analysi i :
o Dr. 1 Pepper and 1. Neilson, Department of Soil and Water Science, University of Arizona. GLM) ysis of variance for CO; measurements on soil samples (SAS-
Table 15.7 Results of the Mauchly test for the Huynh-Feldt condition for COq
measurenients on soil samples iouf ce‘ of Degrees of Sumof  Mean GG L-F'
arfatzon Freedom  Sguares Square F Pr>F Pr>F Pr>F
Mauchly Sphericity Test glmsmlfﬁ 3 1136 385 11.15 0003
W =0.180 ror(1) 8 277 035
Chi-square approx. = 11.52 with 5 D.F. Day 1 0.49 016
2 _ _ : : 122 0324 0.
P(xg > 11.52) = 042 Day x Moisture 9 155 017 128 029 gg;g 3'?32
Error(2) 24 321 043 ' '

The Errors of Inference are Compromised T::zz:gz::zz ::::: :1;: :cdlj‘ustment wfth Greenhouse—Gcis_scr epsilon = 0.5245
ljustment with Huynh-Feldt epsilon = 0.8755

Given a significant Mauchly fest we can assume results from the univariate

analysis of variance may not be valid. Boik (1981) showed that very small depar-

tures from the Huynh-Feldt condition seriously affect the Type I errors and power

of the univariate F' tests for the repeated measure factor—the day of CO; measure-

ment in the case of the current study. One of the earliest compromises to the

~ The Greenhouse—Geisser € adjustment shown at the bottom of Table 15.8 is
€= 5245 ‘and the Huynh-Feldt & adjustment is T = .8755. The Greenhoilse—
Geisser an'ijustment reduces the degrees of freedom about 48%, whereas the les

conservative Huynh—Feldt adjustment reduces the degrees of free:iom about 12% 5
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The Greenhouse--Geisser Z adjustments to the numerator and denominator de-
grees of freedom for the test of interaction between moisture levels and days,
Day % Moisture, are 9(.5245) = 4.7 and 24(.5245) = 12.6, respectively. With the
adjusted degrees of freedom the probability of exceeding Fp =128 is
Pr > F = 330, whereas the significance level was .296 without the adjustment.
The net effect of the adjustment is to increase the P-Value for the Fy statistic to a
more conservative test which is less likely to reject the null hypothesis. The less
conservative Huynh—Feldt adjustments result in 9(.8755) = 7.9 and 24(.8755} = 21
degrees of freedom for the test with Pr > F' = .304.

Since the interaction between moisture levels and days was not significant,
similar adjustments are made to F degrees of freedom for a test of the main effects
for days. The degrees of freedom adjustments have only a slight effect on Pr > F.
In either case the main effects for days are not significant.

The F test results for main effects of moisture treatments is the usual Fy for
whole-plot main effects in the split-plot analysis of variance. The calculated value
for soil moisture treatments is Fp = 11.15 with Pr > F = 003, and the null hy-
pothesis is rejected. The average CO, evolution differs among the soil moisture
treatments, and the nonsignificant interaction indicates the levels did not change
over the eight days of measurement.

Tests among the soil moisture treatment means require standard errors based
on the whole-plot equivalent error mean square, MSE(l} = 0.35, in Table 15.8.
For example, the standard error of the difference between two means is
+/2(0.35)/(3)(4) = 0.24, given r = 3 replications and p = 4 repeated measures for
each main effect mean,

Contrasts on the Repeated Measures Provide Specific Inferences

The F tests based on the Greenhouse-Geisser or Huynh—Feldt adjustments are
limited to global conclusions about the equality of treatment means, whereas ques-
tions of greater consequence usually involve interesting contrasts among the treat-
ment means. An alternative analysis for repeated measures is based on important
contrasts among the repeated measures. The analysis provides the appropriate test
statistics from muitivariate methods while using the familiar univariate analysis of
variance,

The analysis requires the calculation of a contrast among the repeated mea-
sures for each experimental unit. The values of the contrast are used as if they were
the original observations on the experimental units, and a univariate analysis of
varfance is computed from the observed contrast values.

Polynomial Regression Contrasts to Study Time Trends

The orthogonal polynomial regression contrasts are the most useful statistics
for investigating the trend over time. For example, the linear contrast for CO; evo-
lution over time in the soil moisture study is calculated for each soil sample as
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zi1y = (= Iwiz) + (= D) + (D) + GXwin)
The linear model for a contrast ¢ is
Bijic) = te + Tie) T €450 (15.5)

where z;) is the contrast value for the jth experimental unit on the ith treatment,
tic is the general mean for the contrast, 7, is the treatment effect for the contrast,
and ey is the normally distributed random experimental error for the contrast
with variance o=,

The contrasts of interest for the current study are the linear, quadratic, and cu-
bic polynomial contrasts computed from the repeated observations on each of the
soil containers found in Table 15.6. The resulting contrast values for each container
are shown in Table 15.9. For example, the linear contrast for the first container in
the control treatment is z;yqy = (= 3X0.22) + (— 1)(0.56) 4 (1)(0.66) + (3){0.8%)

=2.11.

Table 15.9 Linear, quadratic, and cubic contrasts for three soil samples from each
of four treatment groups in the CO; evolution study

Contrasts
Treatment Unit Linear  Quadratic Cubic
Control 1 2.11 —0.11 0.37
2 0.51 - 0.49 —0.33
3 0.90 0.40 — 0.60
Mean 1.17 — 0.07 —-0.19
0.24 4 —3.69 - 0.77 0.77
5 —5.63 0.55 —1.61
6 245 — 147 —0.85
Mean —2.29 —0.56 —0.56
0.26 7 =035 —0.09 - 0.05
8 2.19 —-0.21 —2.47
9 —0.05 —0.25 - 0.05
Mean 0.60 —0.18 — (.86
028 10 045 — 1.01 0.15
11 2.46 —0.34 —0.08
12 1.36 - (.40 0.02
Mean 1.42 —0.58 0.03
Linear{ P);}, ( — 3, - 1,1,3}: quadratic(Py), (1, — 1, — 1, 1); cubic(P5)( - 1,3, -3, 1)
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A Separate Analysis for Each Contrast

The analyses of variance computed for the linear, quadratic, and cubic con-
trasts are shown in Table 15.10. The analysis of variance follows the form used in
Example 15.1. Polynomial contrasts were computed for the day factor along with
their interaction contrasts with the moisture factor.

Table 15.10 Analyses of variance for polynomial contrasts on day of CO; mea-
surements from soil samples

Source of Degrees of Sumof  Mean
Varigtion | Freedom  Squares Sguare F Pr>=F
Day linear 1 0.031 0.031 0.11 0.744
Day linear x Moisture 3 1.320 0.440 1.64 0.255
Error | 8 2143 0268
Day quadratic 0.366 0.366 4.19 0.075
Day quadratic x Moisture 3 0.156 0.052 0.60 0.635
Error 8 0.698 0.087
Day cubic 1 0.093 0.093 2.02 0.193
Day cubic x Moisture 3 0.070 0.023 0.50 0.690
Error 8 0.369 0.046

The primary difference from the analysis for Example 15.1 is the computation
of separate error sums of squares for each of the contrasts and their interaction with
moisture. The estimates of experimental error variance from the *“Error" source of
variation are s, = 0.268, 5%, = 0.087, and s7; = 0.046 for the linear, quadratic,
and cubic contrasts, respectively. Many statistical computing packages can produce
these analyses for repeated measures designs.

The Test for Interaction Between Treatments and Trends

The sum of squares for an interaction between a contrast and the Moisture
treatments measures the variability in the regression contrast among the Moisture
treatments. Therefore, it measures the interaction between the contrast and Mois-
ture treatments. The F) statistic tests the hypothesis Hy: 7y) = 0 for all Moisture
treatments.

The test statistic for no interaction between the linear contrast of time and
Moisture treatments in the analysis of variance for Day linear, Fy = M 8(Day lin-
ear x Moisture)/s%, = 0.440/0.268 = 1.64, and with Pr> F = 255 we conclude

el —

there is no interaction. Likewise, the Fj statistics for Day quadratic and Day cubic
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interaction with Moisture treatments test the hy i i
the l\glpisture treatments and the quadratic anil ]z}ui;?:h cejr?tsr:sisn ° fnteraction between
ince none of the interactions were signi :
ing the existence of any trend in COy evi?liggin:n\:; ‘;?rl:léesrlt“ﬁlﬁ(:theses o
each of the contrasts are used to test these hypotheses about -the mai eal;f Square? o
T}}e statistic,_Fg = M S5(Day linear)/s?, = 0.031/0.268 = ¢ l]nlat oo time.
Pqthe51s th-at the linear contrast is zero for all treatments and the h e ‘th? e
re]ef:ted with Pr > F = 744, Likewise, the Iy statistics ts‘or Day ua):cliJ OIT}ESIS Doy
cubic test the hypotheses that the quadratic and cubic contrasts e g Dy
all treatments, and neither contrast is significant, #re equal to zero for
We can conc}ude from these tests that there was no significant trend i
evolution from microbial activity during the first eight days of the in Eﬂ o 60'2
od.. Howeve?r, t.he analysis of variance in Table 15.8 with a sienifi a atl@ﬂ_Peﬂ'
main effect indicated the average levels of CO, differed among tl%e s;ﬁatl:':aa}\t’:;t;re

The Analysis of Individual Contrasts Are More Conservative

The analysis of the individual contrasts are n i
tests blased on the analysis of the individual contrZZtesnit:;r‘aTI:bie?Sm:graWbaCks- ay
servative and less powerful than those based on the usual spli.t— 12:8 mc;l‘e s in
Table 15.8. The F tests for the contrasts are based on error variaﬁce aﬂfihYSlS N
grees of freedorp in Table 15.10, whereas tests for the same Contrastswi" 5 e
split-plot analysis were based on an error variance with 24 degrees ofs fr rgm t}'le
Table 15.8. Even with the Greenhouse—Geisser or Huynh-Feld: adjustmezfs ?rr:n tii:

Uﬂi ariate ana}y -S th tests e | ¥ \' t n t]l(l 1] (8]
: .V St e fest we €35 conservati c ha

Contrasts May Have Different Experimental Error Variances

The apalysis based on individual contrasts illuminates a common occurrence i
the analy§15 oi:” data wherein the error variances associated with different contre 1tn
can be qmte o.:ilsparate. The disparity in the error variances for polynomial co trals X
in the soil microbe study can be seen in Table 15.10. The individual experirr;leist;sl’
egror mean squarf:s2 for the linear, quadratic, and cubic contrasts were s2, = 0.268
Sgp = 0.087, and Se3 = 0.046. Thus, a threefold difference exists betwe;lll the erro;'
variances of the linear and quadratic contrasts and almost a sixfold difference b
;v:::e; i;hethr"]es; alnsdscuﬂk;;; contrasts. The error variance used in the univaria:e—

of Ta e 158, E =0.13, is the average error vari
c<_mtrasts. In certain settings the disparity between tﬁe error vari::s:sfgrtt}}lli tll:(';‘f
vidual con.trasts and their pooled value in the split-plot analysis of variance can lead
to contradictory conclusions. Therefore, it is recommended that the potential g?s—

parity among error variances for a group of i i
e, group of contrasts be evaluated in any particular
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15.6 Other Experiments with Repeated Measures Properties

An analogy has been made in this chapter between the repeated measures on an
experimental unit and the subplots in a split-plot experiment. Several features of the
subplot in a traditional split-plot design distinguish it from a repeated measure. The
subplots are usually distinct experimental units of a smaller size than the whole-
plots. The subplot treatments are randomly assigned to the distinct subplot experi-
mental units. These two properties of subplots allow a reasonable assumption that
the variance and covariance structure of the observations are compatible with the
requirements for the traditional analysis of variance.

The subplots in a traditional split-plot design ordinarily represent spatial vari-
ability as opposed to the time variability associated with repeated measures. The
covariance relationships between the observations on the subplot treatments would
be similar to those for repeated measures in time if the subunit treatments are not
randomly assigned to the subplots. Randomization is not possible in certain types of
split-plot experiments that have a spatial distribution of subunits.

Repeated Measures in Space

Consider a study for which an animal physiclogist had hypothesized that size of tis-
sue segment would affect the results of an assay for tyrosine concentration. Four
segments of different size were taken from the same diaphragm muscle of an indi-
vidual animal, and the tyrosine assay was conducted for each segment.

The four segments of. different size from a single diaphragm muscle represent
within-subject treatments where the individual diaphragm muscles are the subjects.
The experiment design is a complete block design with diaphragm muscles as com-
plete blocks and the muscle segment sizes as treatments.

The four segments can be taken from random locations of the diaphragm mus-
cle but the spatial relationships among the segments are unknown, If there are dif-
ferent correlations between the segments of different sizes, then the usual
assumptions for the randomized complete block design are not appropriate and a
repeated measures analysis should be considered for the data.

Gradient Treatment Designs

Experiments with a gradient treatment design for the subplots illustrate a second
type of a split-plot experiment without randomization of treatments to the subplots.
Examples include experiments with sprinkler irrigation for agronomic crops used to
create a gradient treatment design. Typically, the objective of the experiment is to
ascertain the drought tolerance properties of several crop cultivars. The cultivars
are randomly assigned to field plots in a randomized complete block design. The
design is illustrated in Figure 15.2 for an experiment with five cultivars in each of
two complete blocks.

A line sprinkler irrigation system is placed between the two blocks of cultivar
plots. The sprinklers on the system can be adjusted to emit a high amount of water
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Figure 15.2 Illustration of a gradient treatment design for crop cultivars

close to the sprinkler line and a lesser amount of water in a gradient away from the
sprinkler line. Consequently, a water gradient treatment is established along the
length of each cultivar plot. Crop vields and other measurements are taken from
subplots established on the irrigation gradient of each cultivar plot.

Three subplots are shown for each cultivar whole plot in Figure 15.2. The sub-
plot treatments shown as “high,” “medium,” and “low” are the amounts of water
applied to the subplots, The water levels are not randomly assigned to the subplots.

The usual split-plot design assumptions may not be appropriate for the obser-
vations on the subplots in the absence of randomization. It is more appropriate to
consider the observations as repeated measures observations and proceed with an
analysis of the data using the methods outlined in previous sections of this chapter.

The F test for the main effects of the cultivars will be valid in the whole-plot
analysis of variance provided the cultivars are randomly assigned to the whole-
plots in each block. The research question of initial interest in these studies relates
to the differential performance of the cultivars over the water gradient treatment.
The statistical test of cultivar x water-level interaction from the within-subjects
subplot analysis will address that hypothesis.

15.7 Other Models for Correlation Among Repeated Measures

The most general structure for correlation among repeated measures is that shown
i Display 15.1 in which all variances and covariances, with ;; = o, have the po-
tential to be unique. Two versions based on assumptions that simplify the structure
are either compound symmetry (Display 15.2), or the Huynh-Feldt conditions for
equality of variances between all differences on repeated measures (Equation 15.2).
Under these conditions a straightforward split-plot analysis of variance will provide
valid inference.
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Derived Variables Analysis When Analysis of Variance Assumptions Do Not
Hold

Highly structured laboratory or field experiments such as the Amiodarone study in
Example 15.1 or the soil microbe study in Example 15.2 are often effectively ana-
lyzed with the analysis used for the soil microbe study. That type of analysis may
be considered an analysis of derived variables, which in Example 15.2 were
orthogonal polynomial contrasts derived from the repeated measures over time.

Other variables can be derived from the repeated observations on each unit, de-
pending on the nature of the study. For example, if the repeated measures reflect
growth or wear response it may be quite reasonable to derive variables based on a
nonlinear growth or wear model. In those cases, the derived variables would be
parameters such as slope, asymptote, point of inflection, and so forth.

The advantage of this approach is its simplicity through inference by standard
univariate analysis of variance. One of the disadvantages is that the derived vari-
ables are not necessarily independent; thus, the inferences for the derived variables
are not independent of one another. The derived variable approach breaks down in
studies with incomplete data because of missing values at some points in time, or in
fess structured studies in which subjects may be measured at different points in
time. Under these circumstances the common variance assumption for standard
analysis of variance methods is no longer valid.

Models with Reduced Number of Correlation Parameters

Multivariate models can be used for inference with the general correlation structure
shown in Display 15.1. However, the model may include an unneccessarily large
number of variances and covariances for estimation. Simpler structures have been
proposed that have fewer covariance parameters to estimate. They also are not as
restrictive as compound symmetry or the Huynh—Feldt condition and can be more
representative of the correlation behavior.

Two such models are the serial correlation and the random coefficients mod-
els. The serial correlation model has errors correlated within subjects or units de-
fined by the relationship

__ Te.e;
p(tl'tj) - 0-2

where p(;, ¢ is the correlation between errors at times 4 and J and o, is the co-
variance between errors at times ¢ and § on the same subject.

Correlation arises among the repeated measures in the random coefficients
model as a consequence of the assumption that the treatment effects or regression
coefficients vary across the subjects or experimental units. The simplest example is
when the intercept of the time response profile varies between the units because
some units are intrinsically low responders while others are high responders.

The model has subject- or unit-specific treatment effects as a result of this as-
sumption. The random coefficient models are most useful when it is desired to
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make inferences about individuals rather than population averages, since the maodel
coefticients for each individual can be estimated for prediction purposes.

Statistical estimation methods for the alternative correlation structures are
based primarily on maximum likelihood methods and are beyond the scope of this
book. Diggle, Liang, and Zeger (1994) provide detailed discussions of the models
and estimation methods available for studies with repeated measurements.

EXERCISES FOR CHAPTER 15

1. A study was conducted on human subjects to measure the effects of three foods on serum glucose
levels. Each of the three foods was randomly assigned to four subjects. The serum glucose was
measured for each of the subjects at 15,30, and 45 minutes after the food was ingested. The data
are shown in the table.

Time (minutes)
Diet  Subject 15 30 435

1 1 28 34 32
2 13 29 27
3 12 33 28
4 21 44 39
2 5 22 18 12
6 23 22 10
7 18 16 9
8 25 24 13
3 9 31 30 39
10 28 27 36
11 24 26 36
12 21 26 32

a. Describe the study in terms of the between-subjects and within-subjects designs.

b. Compute the mean of the observations for each diet at each time of measurement, and make a
profile plot of the results for each treatment.

c. Write the linear model for a split-plot analysis of variance, identify the terms, and indicate the
assumptions necessary for an analysis of the data.

d. Conduct the split-plot analysis for the data, test the necessary hypotheses, and compute treat-
ment means and their standard errors. What are your conclusions?

e. Obtain the residual plots from the split-plot analysis, and interpret them.

f.  Compute the sum of squares partitions for the linear and quadratic contrasts on time and their
interactions with diet, test the null hypotheses, and interpret the results.

g. If a repeated measures analysis computer program is available, test the hypothesis that the
Huynh-Feldt condition can be assumed for the > matrix of the experimental errors for within
subiject variances and covariances. What is your conclusion? '
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h. Suppose it is necessary to conduct a separate analysis for the linear and quadratic regression
contrasts. Write the linear model for one of the contrasts, identify the terms, and indicate the
necessary assumptions for the model. Compute the analyses for the contrasts, and interpret the
results. Are the experimental error variances comparable for the contrasts? Do the results differ
from those in part (f }? Explain.

A s0il scientist conducted an experiment to evaluate the effects of soil compaction and soil mois-
ture on the activity of soil microbes. Reduced levels of microbe activity will occur in poorly aer-
ated soils. The aeration levels can be restricted in highly saturated or compacted soils. Treated soil
samples were placed in airtight containers and incubated under conditions conducive to microbial
activity. The microbe activity in each soil sample was measured as the percent increase in CO, pro-
duced above atmospheric levels,

The treatment design was a 3 x 3 factorial with three levels of soil compaction {(bulk
density = mg soil/m?®) and three levels of soil moisture (kg water/kg soil). There were two replicate
soil container units prepared for each treatment.

The CO; evolution/kg soil/day was recorded on three successive days. The data for each soil
container unit are shown in the table.

Day

Density Moisture  Unit i 2 3
1.1 0.10 1 270~ 034 Q.11
2 290 157 1.25
0.20 3 520 504  3.70
4 360 392 269
0.24 5 400 347 347
6 410 347 246
1.4 0.10 7 260 112 090
8 220 078 034
0.20 9 430 336 3.02
10 390 291 235
0.24 11 190 3.02 258
12 300 3.81 269
1.6 0.10 13 200 067 022
14 300 078 022
0.20 15 380  2.80  2.02
16 260 314 246
0.24 17 130 269 246

18 050 034  0.00

Source: Dr. 1. Pepper and J. Neilson, Department of Soil and Water
Science, University of Arizona.

a.  Describe the study in terms of the between-subjects and within-subjects designs.
b. Compute the mean of the observations for each soil bulk density and soil moisture level at
each time of measurement, and make a profile plot of the results for each treatment.
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. Write the linear model for a split-plot analysis of variance, identify the terms, and indicate the
assumptions necessary for the analysis with this model.

d. Conduct the split-plot analysis for the data, test the necessary hypotheses, and compute treat-
ment means and their standard errors. What are your conclusions?

e.  Obtain the residual plots from the split-plot analysis, and interpret them.

f.  Compute the sum of squares partitions for the linear, quadratic, and cubic contrasts on time
and their interactions with density and moisture treatments; test the null hypotheses, and inter-
pret the results,

g. If a repeated measures analysis computer program is available, test the hypothesis that the
Huynh-Feldt condition can be assumed for the 3 matrix of the experimental errors for within-
subject variances and covariances. What is your conclusion?

h.  Apply the Greenhouse—Geisser adjustment to the F tests in part (d). Do the conclusions differ?
Explain,

i.  Conduct a separate analysis for the linear and quadratic regression contrasts. Write the linear
model for one of the contrasts, identify the terms, and indicate the necessary assumptions for
the model. Compute the analyses for the contrasts, and interpret the results. Are the ex-

perimental error variances comparable for the contrasts? Do the results differ from those in
part (f)? Explain.

The fabric of athletic clothing may change the skin’s hydration state because the fabric serves as a
barrier to the dissipation of body-generated water. A textile scientist conducted a study to evaluate
the effect of fiber type and fabric moisture content on evaporative water loss from the skin,

Five male subjects were used for the study. Each subject was used to evaluate five fabric treat-
ments. The test fabrics were cotton and polyester fabrics commonly used in athletic clothing. The
test was conducted by placing a piece of fabric directly on the subject’s forearm skin surface. An
instrument was used to measure the amount of water that evaporated from the subject’s skin sur-
face. The test was conducted in a controlled environment room at 70° F and 65% relative humidity.

The fabric treatments were (1) cotton at equilibrium, (2) cotton at saturation, (3) stiff polyester
at equilibrium, (4) stiff polyester at saturation, and (5) soft polyester at saturation.

Two of the treatments listed indicate the fabric was at equilibrium, The moisture content of the
fabrics in this case had been allowed to come to equilibrium with the room moisture level prior to
test.

The evaporative water loss was measured by the instrument after 60 minutes of fabric appli-
cation to the skin. The data for all subjects on each of the treatments are shown in the table.

Treatment
Subject ) 2 3 4 5
1 - 4.04 6.50 4,01 1071 10.66
2 225 1823 1.94 8.39 7.42
3 3.55 15.01 1.58 863 13.86
4 3.02 1515 4.15 4.09 5.15
5 1.94 959 12.14 6.30 12.79
Sonrce: Dr. K. Hatch, Family and Consumer Resources, University

of Arizona.
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o

Describe the design.

Write the analysis of variance mixed model for this study, identify the terms, and state the as-
sumptions necessary for an analysis of the data.

The textile scientist was interested in four particular contrasis among the treatments. The con-
trasts of interest were (i) 1 vs. 2, (ii) 2 vs. 4, (iii) 2 vs. 5, and (iv) 3 vs. 4. Write out the table of
contrasts. Are the contrasts orthogonal? Explain.

Conduct the mixed-model analysis of variance for the data. Include an analysis of the contrasts
listed in part (c). Interpret the results.

Obtain the residual plots for the analysis, and interpret them.

Conduct an analysis for each of the contrasts listed in part (c). Write the linear model for one
of the contrasts, identify the terms, and indicate the necessary assumptions for the model.
Compute the analyses for the contrasts, and interpret the results. Are the experimental error
variances comparable for the contrasts? Do the conclusions differ from those in part (d)?
Explain. )

4. An agronomist conducted a yield trial with five alfalfa cultivars in a randomized complete block
design with three replications. Each plot was harvested four times in each of two years. The plot
yields (Ib/plot) from two harvests from each plot in each of two years are shown in the table.

1986 1987
Cultivar  Block April  May April  May
1 ] 204 232 148 229
2 21.5 237 18.8 22.6
3 21.1 234 4.3 221
2 1 19.1 224 145 19.2
2 208 22.1 10.1 220
3 20.5 235 120 215
3 1 19.3 221 145 19.5
2 19.8 254 169 23.1
3 20.5 2438 16.7 20.1
4 1 232 256 149 19.5
2 21.8 244 16.0 18.1
3 222 268 167 21.0
5 1 21.4 245 141 213
2 207 229 126 20.0
3 187 213 143 214
Source: Dr. M. Ottman, Department of Plant Sciences, University of
Arizona.

Describe the study in terms of the between-subjects and within-subjects designs.

Compute the mean of the observations for each cultivar at each harvest of the two years, and
make a profile plot of the results for each cultivar. '

Write the linear mode! for a split-plot analysis variance, identify the terms, and indicate the as-
sumptions necessary for an analysis of the data.

f.
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If a repeated measures analysis computer program is available, obtain the ¥ matrix of experi-
mental errors for within-subject variances and covariances from the four measurements over
months and years. Test the hypothesis that the Huynh—Feldt condition can be assumed for the
% matrix., What is your conclusion?

The agronomist wants to compare the yields of the cultivars. The significance of interaction
between cultivars, years, and months of harvest must be determined before the agronomist can
compare the cultivar averages over months and years. The Huynh—Feldt assumption for the
matrix of experimental errors should be tested for the analysis of months x cultivars and for
the anatysis of years x months % cultivars if your program has the capability. Conduct the
t?sts, C(_)mpute the split-plot analysis for the data, and test the hypotheses for cultivar interac-
tions with months and years. Use the G—G or H-F epsilon adjustments for the F tests if neces-
sary. What are your conclusions from this analysis?

Obtain the residual plots from the split-plot analysis, and interpret them.

An agronomist conducted an experiment to evaluate the drought tolerance of four barley cultivars
He used a line source sprinkler system to create a water gradient treatment design on each cuitiva;
plo‘t. A description of the design was presented in Section 15.6. The four cultivars were randomly
assigned to the plots in a randomized complete block design. The amount of water applied to each
of the plots decreased with distance from the sprinkler line. The grain yield was measured on 12 sq
ft subplots on each cultivar plot at four equally spaced distances from the line sprinkler. The data
(grams of barley grain per 12 sq ft) for the subplots are shown in the table.

Distance from Sprinkler*

Variety Block I 2 3 4
| 1 4167 376.1 3289 178.1
2 490.2 5137 4384 3481
3 341.2 4520 5415 4588
2 1 6447 5554 5878 4137
2 526.8 4814 4903 468.1
3 540.6 5043 4959 5233
3 1 3889 4918 3550 2222
2 298.8 4073 5000 3203
3 386.7 3884 4924 4382
4 t 512.0 5989 4421 186.0
2 4848 5425 463.1 3832

3 368.5 5478 7029 4453

* .

1 = closest to sprinkler, 4 = greatest distance from sprinkier
Source: Dr. M. Ottman, Department of Plant Sciences, University
of Arizona.

Describe the study in terms of the between-subjects and within-subjects designs.

Compute the mean of the observations for each cultivar at each distance, and make a profile
plot of the results.

_Wri.te the linear model for a split-plot analysis of variance of the data, identify the terms, and
indicate the assumptions necessary for an analysis of the data.
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d

Conduct the split-plot analysis for the data, test the necessary hypotheses, and compute treat-
ment means and their standard errors. What are your conclusions?

Compute the sum of squares partitions for the linear, quadratic, and cubic contrasts on distance
from the sprinkler; test the null hypotheses and interpret the results.

If a repeated measures analysis computer program is available test the hypothesis that the
Huynh-Feldt condition can be assumed for the 33 matrix of the experimental errors for within-
subject variances and covariances. What is your conclusion?

Apply the Greenhouse—Geisser adjustment to the F tests in part (d). Do the conclusions differ?
Explain.

Conduct a separate analysis of the linear, quadratic, and cubic regression contrasts. Write the
linear model for one of the contrasts, identify the terms, and indicate the necessary assump-
tions for the model. Compute the analyses for the contrasts, and interpret the results. Are the
experimental error variances comparable for the contrasts? Do the results differ from those in
part (¢)? Explain.

15A.1 Appendix: The Mauchly Test for Sphericity

The Huynh-Feldt condition for the matrix of variances and covariances of the p re-
peated measures of subjects requires (p — 1) normalized orthogonal contrasts for
the repeated measures to be uncorrelated with equal variances. Let 2 be the
covariance matrix of the repeated measures. Let the matrix C' be a (p—1) X p
matrix, where the rows are normalized orthogonal contrasts on the p repeated
measures. The required Huynh—Feldt condition for the covariance of the contrasts
is €S C' = Al where I is the identity matrix and ¢’ is the transpose of C. If
the condition is satisfied, the covariance matrix AI is said to be spherical.

Let s;; be the element in the ith row and jth column of the pooled p X p co-
variance matrix for the within-subject experimental errors §, with v degrees of
freedom. Choose (p— 1) normalized orthogonal contrasts on the p repeated
measures. Let the matrix € be the (p— 1) x p matrix, where the rows are
normalized orthogonal contrasts on the p repeated measures. Compute the
(p—1) % (p— 1) matrix CSC’. The test statistic (Mauchly, 1940) for the null
hypothesis Hp: CE €' = Al is

w_ @= 1 CSC |
B (rescy-t

(15A.1)

where tr CSC" is the trace of the matrix. The trace of a matrix is the sum of its
diagonal elements. The test statistic is scaled to improve the accuracy of its
approximation by the chi-square distribution. The scale factor for the chi-square
approximation with f = 1p(p — 1) — 1 degrees of freedom is

2p* —3p+3

L (15A.2)

The null hypothesis is rejected at the o level of significance if — inW > xi__ Iz
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15A.2 Appendix: Degrees of Freedom Adjustments for
Repeated Measures Analysis of Variance

The Greenhouse—Geisser & {Greenhouse & Geisser, 1959), and the Huynh—Feldt &
{(Huynh & Feldt, 1976) were proposed as degrees of freedom adjustments for F
tests in the analysis of within-subjects treatment factors. The adjustments, based on
work by Box (1954a, 1954b), were developed for designs with only one within-
subject treatment factor. The Huynh—Feldt ¥is a simple function of the
Greenhouse—Geisser €. The computations are outlined in the following paragraphs
beginning with computations for €.

Let 5;; be the element in the ith row and jth column of the pooled p x p co-
variance matrix for the within-subject experimental errors, S. Choose g = (p— 1)
normalized orthogonal contrasts on the p repeated measures. Let the matrix C be a
g X p matrix, where the rows are normalized orthogonal contrasts on the p repeated

measures. Compute the ¢ x ¢ matrix A =CSC’ with elements {a;;}. The
Greenhouse—Geisser £ adjustment is compuied as

B (15A.3)
q Z a?j
=1 j=1
The Huynh—Feldt ¥ adjustment is computed as
p o WE=2) 15A
o — ) (1549

where N is the number of subjects and v is the error degrees of freedom for the ex-
perimental error from the between-subjects analysis of variance. If the experiment
consists of N subjects each with p treatments, then v = N — 1. With t between-
subjects treatments in a completely randomized design, then v = N —¢. With r
replications of £ between-subjects treatments in a randomized complete blocks de-
sign, then v = (t — L)(r — 1).

Given a within-subjects Fp statistic based on mean squares with 4 and 4
degrees of freedom the adjusted degrees of freedom for the test are vy and gin,
where € is used for the Greenhouse—Geisser adjustment and € is used for the
Huynh-Feldt adjustment. The Huynh-Feldt &’ is not used if © > 1.
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