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Multifactor analysis of variance 

In Chapter 8, we examined designs with a single 
factor where the appropriate linear model had a 
single categorical predictor variable. Commonly 
in biology, however, we design studies with more 
than one factor and there are two main reasons 
why we might include additional factors. First, to 
try and reduce the unexplained (or residual) 
variation in our response variable , similarly to 
multiple regression (Chapter 6). Second , to 
examine the in teractions between factors , i.e 
whether the effect of a particular factor on the 
response variable is dependent on another 
factor. ln this cha pt凹， we will examine two types 
of multifactor design , nested and factorial, and 
describe the appropriate linear models for their 
analysisτ'he emphasis is on completely random­
ized (CR) designs, following 仕om Chapter 8 , 

where the experimental units are randomly all仔
cated to factor groups or combinations of factor 
groups 

9, I I Nest~d (hierarchical) designs 

A common extension of the single factor design, 

and the single factor ANOVA linear model, is when 
additional factors are included that are nested 
within the main factor of interest. An example 
based on a manipulative experiment comes 仕om
Quinn & Keough (1993) who examined the effect 
of di能rent enclosu四 (fence) sizes on growth of 
the rocky intertidallimpet Cellana tramoserica. Part 
ofthat experiment used two enclosure sizes (1225 
cm' and 4900 cm') , wi出 five replicate enclosures 
nested within each size and four or 且ve replicate 

limpets from each enclosure. The response 
variable was limpet shell height. These nested 
designs can also be part of sampling programs. For 
example , Caselle & Warner (1996) looked at 
recruitment densities of a coral reef 且sh at five 
sites on the north shore of the US Virgin Islands , 

with six random transects within each site and 
replicate obse凹ations of density ofrecruits along 
each transect 

Both these examples are two factor nested (or 
hierarchical) d四igns， where the levels (categories) 
ofthe nested factor are different within each level 
of the main factor, Quinn & Keough (1993) used 
enclosure size as the main factor, replicate enclo­
sures wi thin enclosure size as the nested factor 
and replicate limpets 仕om each enclosure as the 
residuaL Caselle & V的 rner (1996) used sites as 
the main factor, transects within each site as the 
nested factor and replicate observations of fish 
densi可 as the residual 

τ'he characteristic feature of nested designs 
that distinguish them 仕om other multifactor 
designs is that the categories of the nested 
facto叫5) within each level of the main factor are 
different. The main factor can be :fixed or 
random whereas the nested factor(s) is(are) 
usual与 random in biology, often representing 
levels of subsampling or replication in a spatial 
or temporal hierarchy, ln theεxample from 
Quinn & Keough (1993) , the enc10sures are repli­
cates for the encIosure size treatments , the indi­
viduallimp巳ts are replicates for the encIosures 
However, fi.xed nested factors can also occur 
Bellgrove et aL (1997), studying the abundance of 
algal propagules along 四posed rocky coastlines , 
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collected volumes of water from an intertidal Grazing by sea urchins 
shore at dif:岳rent dates within rw-o seasons τhe To illustrate the formal analysis of nested designs, 

dates within each season were chosen speci且 we will use a recent example from the marine ec仕
cally to correspond to the start and end of other logical literatu肥. Andrew & Underwood (1993) 
experiments (i.e. they were not randomly chosen 5tudied the effects of sea urchin grazing on a 
and 50 represent a 且xed factor) but they were shallow subtidal reef in New South Wales , 

c1ear1y dif岳rent date5 in each ofthe two season5 Australia. They set up four urchin density treat­
(50 date wa5 a ne5时， fixed , factor). Caselle & ments (0% original , 33% original, 66% original , 

Warner (1996) also analyzed temporal variation 100% original), with four patches (3-4 m') ofreef 
in recruitment of reef fi5h and chose 5pecific 而or each treatment and 且ve quadrat5 from each 
(也æd) months (from the time of the year when patch. The re5pon5e variable wa5 percentage cover 
the 且5h re口uited) nested within each of two of filamentou5 algae in each quadrat. The com 
year5. plete analysi5 of the5e data is in Box 9.1. 

Box 9.1[ Worked example of nested ANOVA: grazing by 
sea urchins 

Anc陀w&U口 der.叫C 才 (1993) manipulated the density of sea urchins in the shallow 
subtidal region of a site near Syd 门 ey to test the effects on 出ep臼'cen恒:ge cover of 
fìlamentous algae. There were four urchin t同 atments (no uπhins， 33% of original 
den到ty， 66% oí original density and 100% of orginal density). The t陀atments were 
rep 四ed in four distinct 阳t白白 (3-4 m') pert陪atment a时 peπentage cover of 
刊lamentous algae (response variable) was measu陀 d in fìve ra们才 om quadrats per 
patch. This 巴 a nested design with treatment (flxed factor) , patch nested within 
treatment (randc 节 fa口叫 and quadrats as the residual 

Null hypotheses 
No difference in the mean amount of fìlamentous algae between the four sea urchin 
density treat门回nts

No difference in the mean amount of 们lame叫:ous algae between all possible 
patches in any of the treatments 

ANOVA 
There were large differences in within-cell variances. Even the variances among 
patch means within treatments 、 aried ， with very low variance among control patch 
means. Th自e data are perce门tages ， although an arcsin飞/had noe他ct In improv­
J咆咀riance homogene叩 nor did a log transformat旧 n. Like Andrew & Ur 才 ervvood

(1993) , we analyzed untransformed data, relying on the r由 J结ness ofte白 in bal-
anced ANOVA designs 

Va r. 
Sourc巳 of vanatlon d汗 MS F P co门lp

1口飞::atment 3 4809.7 1 2.72 0.091 (15 1.98) 
Patches (treatmenl) 12 1770.16 5.93 <0.001 294.3 1 
Residual 64 29 日 6C 298.60 

There w 回到gnl 们 cant 旧riation between the replicate patches within each treat 
ment but the陀 was no Slgnl白cant differ芭nce in amount of fllamentous algae 
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between t陀atments. The very low variances between observations within ∞nt时

patches and between control patch means would cause us concem about the reli­
abil比y 01白白 ana怜到 5. Howeve r; when the contr业 group 150m比ted ， the test com­
paring treatments results in a P value of 0.397. Any t陀atment effect m唱ht be due 
to the low means of. or the low variance between, control patches compa陀d to 
the 陀st， although this analysis cannot sepa日te e百ects on mea 飞 s 1，陀<1 e汗ects on var­
iances. A robust Welch test comparing the four treatment groups, based on patch 
means, al50 did not fìnd any signifìcant diffe陀nces

The variance in algal cover due to patches was very similar to that due to quad­
rats within patches. Because the design was balanced , ANOVA, ML and REML all 
gave identical estimates of components of variance for the random nested factor 
and the residual. If we equate the mean squares to their expected values and cal 
culate the "variance" component for the fìxed treatment e他cts ， we can see that 
less of the total variation in algal cover was explained by the flxe 才 dens此y effects 
than by the random patch and quad日t terms 

A one factor ANOVA compar 们 g the four treatments with patch means as 陀p

licates produces an identical F test for the main e百ect (note 由at the MS values are 
smaller; by a factor of fi四， the number of quadrats , but the F-rat旧s are identical) 

Treatment 

Source of variation df MS 

J 96 1.9 2.72 0.091 

F P 

Residual 12 354.0 
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Part of data set for two factor nested ANOVA, 
Is offactorA (i= I to p), q levels offactor B (j= I 

A. and n replicate observations w恤in each combination (cell) 
。fA and B nested within A (k = I to n) 

9.1.1 Linear models for nested analyses 

Linear effects model 
Complex de5igns can be represented with factor 
relationship diagrams (Bergerud 1996). Let us con­
sider the two factor nested design, shown in 
Figure 9.1 and illustrated 飞"ith the specific 

example from Andrew & Underwood (1993) in 
Table 9.1 卫le main factor A (sea urchin density 
treatment) has p equals four groups (i = 1 to 抖， the 
nested factor B (patch) has q equals four groups 
within each level of A (j = 1 to q) and there are n 
equals fìve replicate quadra臼 (k=l to 叫 within

each combination of Aand B categories (patch and 
density treatment). Note that the groups (levels) of 
factor B, the patches , are different within each 
level of A (sea urchin density) , so any patch within 
0% original den5ity cannot be the same as any 
patch within 33% original density and so on 
Clearly, the same app1ie5 to replicate quadrats 
that are different within each combination of 
densi可 and patch. Analysis of designs with 
unequal numbers oflevels ofB within each level 
of A. and of replicate observations within each 
level ofB will be discussed in Section 9.1 .4 

The mean for each level of A 四川 (the average 
of the means for all possible levels of B within 
each level of A) and the mean for each level of B 
within each level of A 凹的01 (Table 9.1). Note the 
subscripting, where j(i) represents the jth level of 
factor B within the ith level offactor A 
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Table 9.1 I Data structure and sample means fur percentage cover of algae from Andrew & UndeIWood 口9931
Fac [Or A was four densities of sea urchins (100%. 66%. 33% and 0% ofnatural density), factor B was four patches of 
reef nested within each densi可 treatment and there were n equals fi飞le replicate quadrats within each patch 
within each densi可

Patch mean 
Faclor B (BJIiIl Patch 月(i) e吐刊的

34.2 
Z 62.0 
3 2.2 
4 58.4 
5 2.6 
6 。。

B)(2) 7 37.6 

B4(2) 8 35.8 

B'(J) 9 28 .4 

B2(3 10 36.8 

BJ(3) 11 1.0 

B4(3 12 20.0 

B'(4) 13 1.6 

B2(4) 14 。。

BJ(4) 15 1.0 

巳4(4) 16 2.6 

(9.1) 

In this study, sea urchin densi ty is a 直xed
factor. so α; is the effect of the ith densi句， which 
is the difference between the mean algal cover 
for the ith sea urchin density treatment and the 
overall mean algal cover for all the sea urchin 
density treatments 

Factor B is nearly always random in biology 50 
ß,,,, is a random variable with a mean of zero and 
俨j仰

a variance ofσ'(32 ， measuring the va口ance among 
all patches that could have been chosen within 
each of the four sea urchin density treatments 

εis residual or unexDlained error ijk ~~ ~-~.~~~- ~~ ~-~-"r 

associated with the kth quadrat within the jth 
patch within the ith density. This term measures 
the error associated with each replicate 
observation (quadrat) of algal cover within each 
patch within each sea urchin density treatment 
τhe variance of these error terms isσ2 

E 

Faclor A (A,) 

Density mean 
91 estμ1 

39.2 

τ11e model used by Caselle & Warner (1996) 
、~as

(recruit densities)îjk =μ+ (site)j + 
(transect within site)j(i) +ε你 (9 .3)

Densrty 

A, 0% 

A, 33% 19.0 

A3 66% 21.6 

A4 100% 1.3 

τ11e linear (effects) model used to analyze this 
nested design is 

Yîjk= μ+αj+ 卢~(i)+ε批

The details of the nested linear ANOVA model, 
inc1uding estimation of its parameters and 
means, are provided in Box 9.2 and Table 9.2. OLS 
means and their standard errors are standard 
output 仕'om linear models routines in statistical 
software and can handle unequal sample sizes 

τ11e model used by Andrew & Underwood 
(1993)was: 

(% cover algae)ijk =μ+ (sea urchin density)j + 
(patch within sea urchin densi叭。(+ε供 (9.2)

In models 9.1 and 9.2 we have the following 

Y îjk is the percentage cover of algae in the kth 
replicate quadrat 仕om thejth patch within the 
ith density. 

μis the (constant) mean percentage cover of 
algae over all possible quadrats in all possible 
patches in the four sea urchin density 
treatments 
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Table 9.21 OLS estim 
吨ual sample sizes per cell 

Cell mean 

Nested design 

Fador A mean 

Crossed design 

Factor A mean 

Factor B mean 

PO口ulation mea门 Sample mean Standard error 

n 

2:y"k 

旷平μ" 
门

主~'(j)
归叫

q 

d 

2:9, 
vhl μ 

q 

鸟" \/问?lμ 

P 

Box 9.21 The nested ANOVA model and its parameters 

The main factor A has Þ groups (i = I to p), the neste 才 íactor B has q groups w比hin

each level of A (j = I to q) and there are n ， 陀plicates (k 二 I to n) within each com 

bi口 ation of A and B categories. Assume the number of levels of B in each level of A 

is the same and the number of陀同cates (η) in each combination of A and B is the 

same. There are a total of þq cells in 白 is nested design w比飞 n replicate obser咀

tions in each cel l. The mean 玩时 each level of A isμ (the average of the means for 

all possible levels of B w比hin each level of A) a门d the mean f{白 each level of B within 

each level of A is 叫(，)" Note the subscripting, where j(i) 陀P陀咒nts the 卢h level of 

factor B within the 抽 level of factor A. The linear (e忏ects) model used to analyze 

this nested design is 

Y'i~ = μ + 0; +β +E j(l) 

In model9.1 we have the following 

(9.1 ) 

Y'jk is the kth 陀plicate observation from the jth group of factor B within the ith 

group of factor A. 
μis the overall (constant) mean ofthe response variable 

If factor A is frx时I 呵 is the effect of the 此h group which i5 the di他rence

betvveen each A group mean and the overall meanκμIf factor A is 

ra时om ， a; represents a raηdom variable with a mean of zero and a variance 

of σ}， measuring the '1arianζe in mean '1alues of t门 e response 旧riable across 

all the possible levels of factor A that could have been used. Factor B i5 

ne盯Iyalwa'归 randc 节 in biology 50 ~(.) is a random va咱blew位h a mean of 

zero and a variance of (7"/, measuring the '1aria门ce in mean '1alu臼 ofthe

response '1ariable across all the possible le'lels of factor B that could have 

been used within each level of factor A 
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t'ijk. IS 阳sidual or unexplained error associated wi协 the k白陀抖Icate w比hin the 

jt川 evel of B within the ith level of A. These error terms a同 assumed to be 

们 ormally distribL回d at each combination of A and B. w川h a mean of zero 

(E(.气1) = 0) and a variance of气2

忖odel 9.1 is overparameterized (咒e Box 8.1) because the number of cell means 

is less than the number of model parameters to be estimated 归!σI ， ..al扩 β1(1)

/3,(,). In the 咀uals民uation of factor A be鸣 flxed and factor B be时 random， esti 

mation of the parameters of the effects mo 才 el 9.1 ca门 still be achieved using the 

sum-to-zero constraint '2:,[:., 10; = 0, as outlined in Box 8.1. Alternatively, a simpler 

means model could be fltted: 

Y~k =μq+zqk 

where 叫 is the mean of the response variable for each combination of A and B 

(each cell). Cell means models don't offer many advantages for ne立ed de嗯ns b川

do become important when we consider mis引ng cells designs in Section 9.2.6 

OLS estimates of t气 e parameters ofthe nested linear model9.1 follow t气 epro

cedures ou甘 ined for a single factor mc 业 1 in Chapter 8 with the added complica 

tion of two of more factor e忏ects 讪 hen the nested factors are random, the means 

of levels of facto 产 A are estimated from the average of the cell means in each level 

。fA\Nith different sample 到zes within each cell，白白 results in unweighted means 

forfacto 卢 A groups (Table 9.2). OLS standard errors of means inη出ted designs are 

cakulated using the mean squa陀 in the dencηinator of F-ratio statistic used for 

testi鸣 the Ho that the means are 叫ual. With A flxed and B( A) 旧时0町.then MS酬

wiH be used for sta门da时 e町。rs for facto广 A means σ￥ble 9 .2) 
The estimate of the e他口 01 any level of factor A (σ 纠纠巴 simply the d旺

fe陀nce between the sample marginal mean for that group and the overall mean 

月一 y

Factor B is usually raηdom， 50β。 is a random variable wÎth a mean of 0 and a var­

iance of cri and it is this variance which is of interest, the variance in mean values 

ofthe 陀sponse variable between all t门 e possible le咀Is of factor B that could have 

been used within each level of factor A. This is estimated as a variance component 

(Section 9. 1.6) 

Imagine that Cassele & Warner (1996) had chosen 

sites at random 仕O1n a population ofpossible sites 

on the north shore of the US Virgin Islandsτllen 

factor A is random andαhas a mean of zero and a 

variance ofσ2. measurin!!theval;ance in the mean 
" number of fìsh re口uits per transect across a11 the 

possible sites that could have used in theiI study 

Any predicted Y.value is predicted by the sample 

mean for the cel1 (level ofB within each level of A) 

that contains the Y-value. For example , the pre 

dicted percentage cover of algae for quadrat Qne 

in patch one for the zero density treatment is the 

sample mean for patch Dne 且or the zero density 

treatment 

Predicted values and residuals 

The predicted or 且tted values ofthe response var 

iable from model (9.1) are 

Y'k = Y + (ÿ , - ÿ) + (yj(,) - ÿ,) = YiIf , (9.4) 

The effor terms (8ijl.:)仕om the linear model can 

be estimated by the residuals , where a residual 

(e,k) is simply the difference between each 

obselved and predicted Y-value 

E队二y】~k ~YJ{。 (9.5) 

21 J 
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Table 9.4 1 Expected mean 呵uares and F-ratios for tes臼 ofnull hypo阳es for two factor nes 石ble 9.31 ANOVA tablefortwo 趾tor nes时 linear model with fact，叫 (p
levels), factor B (q levels) nes[ed within A, and n replicates within each 
combination of A and B A nxed. B fixed Afi阳ed. B random 

F-r‘ at!o 

A 

B(A) 

问SA

问SResidual

且丛丛
问SResidual

F-rat旧Expected mean squa陀

主qz
t+叫7tT

局
一
。

今
z
r

P
Z叫
一
时
问

+ 

问SA

问5町A)

旦与主L
MSReζ dual 

Expected mean squa陀

去2
σ'+nσ ，2+nσi二己一一

þ 户一|

σ'+ 门σ2
< Þ 

Source MS 

A 

B(A) 

SSA 
p-I 

二k主L
p(q - 1) 

55Re巾a
pq(n - 1) 

df 

p-I 

p(q - 1) 

pq(门 1)

55 

叫主σ1 月2

Source 

2 
ζT 

E 

Z 
" E 

Residual pq门一|

Residual 

Total 

Factor B 
H。但):σ/ equals zero if factor B is random , i.e. no 
added variance due to differences betvveen a11 the 
possible levels of B with any level of A. [n the 
Andrew & Underwood (1993) example , this Ho is 
that there is no added variation due to differences 
in mean percentage algal cover between patches 
within any urchin density treatment 

In the rarer case ofB being a 且xed factor, then 
Ho(B) isμ111)= J.l.2(1) 二 μ川 μ， i.e. no differ. 
ence between the means ofthe specifica11y chosen 
levels of B within any level of factor Aτ'his Ho 
when B is fìxed is equivale且t to Ho: 卢1问二卢2(1) 二 l

=f3川= 0, i.e. no effect of any of the specifically 
chosen levels offactor B within any level offactor 
A. This is a pooled test of differences between the 
leve[s ofB for each level of A and the Ho is false if 
the mean values for the levels of B are dif坠rent

仕om each other within one or more of the levels 
ofA 

i.e. what their expected values are , ifthe assump-­
tion of homogenei ty of variance (see Section 9.1.7) 
holds (Table 9.4). [n the usual situation offactor A 
being fi.xed and factor B random , the MSReSidual 
estimatesσ2 (the variance in the error terms in 

e 、

each cell , pooled across cells) , MSIl{A) estimates σf 
plus added variance due to the effects of factor B 
and MSA estimates the sum ofboth these compo­
nents plus the added effect offixed levels offactor 
A 

9.1.3 Null hypotheses 
There are t\vo null hypotheses thatwe test in a two 
factor nested mode[ , the test for no effects of A 
and the testfor no effects ofB nested withinAτhe 
expected values of the MS (Table 9.4) provide the 
logic for testing these null hypotheses. analogous 
to the single factor model (Chapter 8) 

F-ratios 
The Fratios for testing these Hos are provided in 
Table 9且 [fHo(A) that there is no effect offactor A 
is true , then a11 αiS equal zero and MS ,.. and MSIl创
both estimate (J二'+nσß' so their ratio (F-ratio) 
should be less than or equal to one. [f Ho(B) that 
there is no added variance due to dif:岳rences

between the possible levels offactor B within each 
level A is true, then all 鸟 equal zero (and出refore

nσ'/ equals zero) and MSB 飞 ) andMSR时ual both esti. 
mate 气， so their ratio (F-ratio) should be one. 

These Fratios 币。1l0'飞fV an F distribution under 

Factor A 
Ho{叫:的 =μ.， μμ i.e. no diff桂rence

between the means for factor Aτ'his is equivalent 
to Ho(A):αα'2=αj = 0, Ï.e. no effect of any 
level of f;注ctor A. In the Andrew & Underwood 
(1993) example , this null hypothesis is that there 
is no difference in the mean percentage algal 
cover between urchin densities. This Ho is essen. 
tially that for a single factor mode[ , using the 
means for each patch (B level) as replicate observa­
tions for the test of urchin densi可 (A level) 

[f A is random, then Ho(A) isσg片quals zero , i.e 
no added variance due to differences between a11 
the possible levels of A. 

between each A mean and the overa11 mean , e ,g 
sum of squared differences between the mean 
percentage cover of algae for each density treat. 
ment and the ove四11 mean percentage cover of 
algae 

SS~，.， measures the sum ofsQuared differences B(A) ~~~--~ -~ -~ -~.- ~ ---- - - -~ 
between each B mean (i.e. cell mean) and the 
mean of the appropriate level of A, summed 
across the 1巳vels of A, e.g. the sum of squared dif. 
ferences between the mean percentage cover of 
algae for each patch and the mean percentage 
cover of algae for the densi可 treatment contam. 
ing that patch, summed over all density treat­
ments 

SS_ ., • measures the sum of sQuared differ-Residual ~~~--~---~ _.- ----- -- --" 
ences between each replicate observation and the 
appropriate B mean within each ce11, summed 
across a11 ce11s , e.g. the sum of squared differences 
between the percentage cover of algae in each 
quadrat and the mean percentage cover of algae 
for the patch containing that quadrat, summed 
over a11 patches in a11 density treatments 

τhese SS are divided by the appropriate df to 
produce mean squares (MS orvariances). The dfA is 
simply the number of A levels minus one [p -1]. 
the dfB is the number of B levels within each A 
level minus one summed over the A levels [p(q -1)] 
and the dfn __: A ..., is the number of observations in Residual 
each ce11 minus one summed over a11 cells 
[pq(n 一 1 )]. 

Statisticians have determined what popula. 
tion values these sample mean squares estimate , 

For example , the residuals from the model relat­
ing algal cover to sea urchin density and patch 
nested within density are the differences between 
the observed algal cover on each quadrat and the 
mean algal cover for the patch and density com. 
bination (cell) that contained that quadrat. Note 
that the sum of the residuals within each cell 
(:LZ=lejjk) equals zero. As for all line盯 models.

residuals provide the basis of the OLS estimate of 
σ2 and thev are valuable diagnostic tools for 
checking assumptions and fit of our model 
(Section 9.1.7). The OLS estimate of σ.2 is the 
sample variance of these residuals and is termed 
the Residual (or Error) Mean Square and is deter­
mined as part ofthe partitioning ofthe total vari. 
ation in the response variable described in the 
next section 
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9. 1.2 Analysis of variance 
The partitioning of the variation in the response 
variable Yproceeds in a similar manner to that for 
a single factor model described in Chapter 8. The 
SSTotal in Y can be partitioned into its additive com. 
ponents as illustrated 自or balanced designs in 
Table 9.3.τ'hese formulae are not really used in 
practice (and are for balanced designs only) , as we 
estimate the ANOVA terms and test relevant 
hypotheses by comparing the fit of generallinear 
models (Section 9.1.5). Nonetheless , the formulae 
in Table 9.3 illustrate the logic behind the parti­
tioning of the total varia tion in Y. 

SSA measures the sum of squared differences 
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homoge口eity ofvariance and normality assump­
tions (Section 9.1.7) with one exception. If B is 
random and the number of replicate obse凹atlOns

within each level of B varies , then the F-ratio of 
MS",,, and MSoo,"",' does not fo l1ow an F distribu. B(A) _..- .. -- KeSldUaJ 
tion when σ'ß2 is greater than zero because MSB问
is not distrib'uted as a multiple ofa x' distribution 
(Searle et a!. 1992, see Chapter 8). This also affects 
estimates ofvariance components (Chapter 8) and 
power calculations (Section 9.1.10) for unbalanced 
nested models. Fortunately, the F-ratio of MSB(A) 

and MSResidual does follow an F distribution when 
σ-} equals zero , 50 the F-ratio test ofthe HO 击。rB(A)

with unbalanced data is unaffected 
When B is a random factor, MSB(AI provides the 

denominator for the F-ratio for the test of A, i.e 
the units ofreplication for testing the effects of A 
are the means ofB. This has important considera­
tions for the power ofthe test for factor A (Section 
9.1.10) and the design of experiments based on 
nested models, When B is !ìxed , the expected MS 
for A does not inc1ude a component岛r B so the F­
ratio for testing A uses MSResidual as the denomina­
tor. If A is random, the F-ratios are the same as if A 
15 丘xed. Note that some statistical software 
assumes all factors are !ìxed so will not, by default, 

provide the correct F tests for nested ANOVAs 
when the nested factors are random. This problem 
was pointed out by Ouborg & van Groenendael 
(1996), who correctly criticized the paper of 
Heschel & Paige (1995) for incorrectly using the 
MS....~ ， instead of MSo ,,, in their nested ANOVAs 

.esidual 副A)

comparing populations of the scarlet gilia (a 
species of plant), with random seed families 
nested within populat旧时， and replicates within 
each seed family (see also response by Paige & 

Heschel 1996) 

9 , 1.4 Unequal sample sizes (unbalanced 
designs) 

Unequal sample sizes can occur in nested designs 
in two ways. First, there can be unequal numbers 
of obsenrations within each cell (unequalηJ 
Second, there can be unequal numbers of1evels of 
the nested facto叫s) within each level ofthe higher 
factor. Neither case is different to unequal sample 
sizes for single factor ANOVA models and neither 
causes any computational difficulties. However, as 
for alllinear models 自tted by OLS, tests ofhypoth-

eses using F-ratios are more sensitive to violations 
of the assumptions (normali守" homogeneity of 
variances) when sample sizes are unequal (see 
Chapter 8). Additionally, estimation of variance 
components 岛r random nested factors is difficul t 
with unequal sample sizes (Chapter 8). When the 
test for factor A is based on different numbers of 
B means within each A level , the analysis could be 
based on a missing cells design and the cell means 
model used (Kirk 1995; see also Chapter 8). How 
凹凹， as there are no interactions involved , this 
seems an unnecessary complication. 

9 , 1, 5 Comparing ANOVA models 
The relative importance of different terms in the 
linear model for a nested design can be measured , 

and tests ofhypotheses about these terms can also 
be done , by comparing full and reduced models as 
described in Section 8.1.5. For example , to test the 
Ho that σ'ß 2 equals zero , we would compare the 且t
of the full model (9.1) to a reduced model that 
omits the B(A) term 

Yÿk=μ+α， +εijk (9.6) 
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Using the example 仕om Andrew & Underwood 
(1993), we would compare the 白t ofmode19.2 to 
th巳 reduced model; 

(% cover algae)ijk =μ+ 
(sea urchin density)j + Bijk (9.7) 

follows the procedures outlined in Chapter 8 for 
single factor models τbe sample mean squares 
are equated to their expected values (the ANOVA 
approach) and the added variance due to the 
nested factors and the residual can be estimated 
(Table 9.5)。白le individual variance components 
for nested models with two or more nested 
fact刀rs are straightforward extensions of those 
for two factor models once the expected mean 
squares are known (τ'able 9.6). Note that these 
estimates of variance components for random 
nested factors are only valid for equal sample 
sizes within each level ofthe random factor. If the 
design is unbalanced, estimation of variance 
components and derivation of confidence inter­
vals is more difficult (Searle et al. 1992), although 
Burdick & Graybill (1992) provide formulae. In 
general, the REML approach dicussed in Section 
8,2 is considered more reliable than the ANOVA 
method for estimating variance components of 
random factors above the residual (Searle et al 
1992)。

The difference in 且t of these two models is simply 
the difference in their SSR.臼ìdual' This difference 
can be converted to a mean square by dividing by 
the difference in the dfResidualτ11e Ho of no di他r.
ence in fit of the two models (i.eσ"/ equals zero; 
no added variance due to all the possible levels of 
factor B within each level offactor A) can be tested 
with an F test using MSResidual of the full model as 
the denominator. This is , of course, the identical 
test to that carried out as part of the nested 

ANOVA 

9 , 1, 6 Factor e何'ects in nested models 
The estimation of the effect of the main 且xed

factor in these nested models is described in Box 
9.2 , although biologists usually examine fixed 
factors with planned contrasts or unplanned pair 
Wlse compa口sons. The estinlation of coπlponents 
of variance for random factors in nested models 

Table 9.51 Estimates ofvariance ∞mponents 
(using ANQVA approach) for two factor nested 
design with B{A) random 

Source Estimated variance compo们 ent

A 

川
叫
→

也
带
旦
凶U
F
h

Ej 5

一
卜

-
I

M
-
-

二
r

一
一
们
也

A-n2 5? 
问
-
N

→B(A) 

Residual 问S，
阳叫"'

Note 
来This 陀presents variance between population 
means of spec的c levels of A if factor A is fixed 
and a 廿ue added variance component if A is 
random 

丁丑耻=油ble 9.61 (刨a叫咐}问Esti吭昭timat阳e臼S ofv阳'ar口m阳1an阳C四e 四m呵pone田en盹岱叫叫(1阳us皿lβ血s挝l皿吨n咱gA剧N阳OVAa啊pproach旧卫
h趾ctor臼sA(印p le凹eve四e由k闷)， B within A (q levels) and C within B wi由皿A (r levels) random and n replicates within each cell 
(b) l11ustration ofvariance components 岛r nested d由19n 企om Downes et a1. (1993) - see Section 9.1.6 for details 

(a) 
Source Expected mean squa陀 Estimated variance component F 仁atio

气'+nσy2+nrσFZ+ 门rqo-}
MSA - MSB(A) MSA 

门问 问SB(A)

σ.2+nσY Z+nrσP 2 
MSB(A) 问Sc(B(A)) MSB(A) 

nr MSc阳A))

σE Z 十 ησy2 
MSqB(A)) - MSResidua 问SC(B(A))

n 问SResidl 刮

ζT F 2 MSRe51dual 

A 

B(A) 

C(B(A)) 

Residual 

(b) 
Souπe df MS Estimated variance component % of total variance 

Z 36188.34 -691.94来 。

3 56946.62 2991.15 28 
24 12074.12 2103.87 19 
60 5762.52 5762.52 53 

Site 
Riffle 
Group 
Stone (residual) 

Note 
来Ne.斗gative variance component converted to zero 
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Confidence inte凹als for 气2 are ca1cula ted in 
the same way as for single factor designs and work 
for both balanced and unbalanced designs (Table 
8.5). Confidence intervals on the remaining vari 
ance components can also be calculated , with 
approximations based on unweighted SS for 
unbalanced designs , although the 岛rmulae are 
somewhat tedious (Burdick & Graybill1992). Note 
that for a nested model with A fixed and B 
random，出e test of the Ho that σß 2 equals zero is 
still reliable; it is on飞ywhen σß 2 is grea ter than 
zero that the F-ratio of MS"" .IMS" ，，~， no lon"er B(A)I H .L '"'Resîdual .L.L'-' .L'-'.L.Lb 

follows an F distribution , and estimation of a non­
zero variance component is difficult 

These nested designs are commonly used to 
partition the variation in a response variable 
among levels of a spatial or temporal hierarchy 
and we are often interested in ca1culating the rel­
ative cont口bution of random nested terms to the 
total variation in Y. For example, Downes et al 
(1993) examined spatial variation in the distribu 
tion of invertebrates living on stones in a stream 
They used three randomly chosen sites (covering 
about 1.5 km of stream), two riffles (shallow, fast­
flowing , stony areas) at each si胆，且ve groups of 
stones 仕om each riftle and three stones from 
each group and wished to test the relative contri 
bution of each of the spatial scales to the varia­
tion in total density of invertebrates. The 
components of variance for each of the random 
factors can be estimated using an appropriate 
method (ANOVA for balanced designs，阻ML or 
ML for unblanced designs) and the percentage 
contribution of each random term to the tota1 
variance of the rando皿 terms can be ca1culated 
(Table 9.5) 

In the common situation ofa fìxed main factor 
with one or more random nested factors , we can 
also partition the total variance using the ANOVA 
approach for both the fixed and nested random 
factorsσ'able 9.5). lt is very important to remem­
ber that the interpretation of the true variance 
components 岛r B(A) and Residual is quite d迁往r­

ent 仕om the variance between fi.xed treatment 
e旺ects for A, as we discussed in Chapter 8 
Nonethe1ess , partitioning the total variation in a 
response variable between that explained by the 
白xed factor and one or mOre nested random 
factors is a usefu1 interpretative tool 

9.1 .7 Assumptions for nested models 
卫le assumptions ofnormality and homogenei可of

within咀11 variances apply to hypothesis tests in 
nested ANOVA models and they are checked using 
the same techniques (boxplots , mean vs va口ance

plots and residuals vs mean plots) already 
described in Chapters 4 and 8. Traditionally, the 
observations within each cell (combination of 
main and nested factors) in the data setare used to 
check the assumptions. However, because the test 
ofthe main effectof Ais based on the means ofthe 
levels of B when B is random , the normality and 
homogeneity of variance assumptions for the test 
of factor A apply to these means rather than 
within cell observations. You may, therefore, need 
to look at the assumptions separately for each 
hypothesis that uses a different denominator to 

make up the F-ratio. Transformations are appli 
cable as usual (Chapter 4) but we know of no 
accepted non-parametric or robust (at least to 
unequal variances) tests specifìcally for nested 
designs. Any approach would require the main 
effect of A to be tested u日ng the nested [;注ctor

means as observations with one of the robust 
single factor tests described in Chapter 8. For non 
normal data, the RT (rank transform, see Section 
9.2.9) approach may also be useful, particularly 
when outliers are present. Of course, generalized 
linear models (GLMs; see Chapter 13) would also be 
applicable when the underlying distribution of 
the response variable is not normal but known to 
fitone 仕'Qm the exponential family suited to GLMs 

In many cases , it is the higher levels in the hier­
archy that are of most interest. We would expect, 
from the Central Limit Theorem, that normali艾y
will be satisfied for alllevels other than the lowest 
one in the hierarchy, because we are effectively 
working with means at higher levels. Means are 
more likely to be normally distributed , regardless 
of the underlying distribution of the observa­
tions 
咀le assumption of independence is also rele­

vant for nested ANOVA models. The observations 
within each cell (e.g. level of B with A) are COlll­
monly measured at small spatial scales , such as 
quadrats within patches (旭drew & Underwood 
1993). We need to design our study to ensure that 
these observations are independent of each other 
within each level of B 

9.1.8 Specifìc comparisons for nested 
designs 

白le logic and mechanics ofplanned and unplanned 
comparisons are the same as for single factor 
ANOVA models (Chapter 8) with two exceptions 
First, we are usually only in terested in comparisons 
between levels of factor A if it is fixedηle nested 
factors are commonly random so specifìc compari 
sons of levels of these factors within each level of 
the higher factor are rarely relevant. Second , we 
must use the appropriate standard error for com­
parisons of means of the 且xed factor. The standard 
error for contrasts between A means should be 
based on MSB阳 ifB is random , just as 岛r the F test 
for factor A in the ANOVA model (see Table 9.4) 

9. 1.9 问ore complex designs 
τhese designs can be extended to three or more 
nested factors (Table 9.6(a)) and are often used 
when there are multiple levels of subsampling, 

e.g. plants within treatments, pieces of tissue 
within each p1ant, sections cut 仕om each piece of 
tissue, cells measured 仕om each section. We have 
already described the study ofDownes et al. (1993) 
who used three sites along a river, two riffles 
(shallow stony areas) at each si胆， with five groups 
of three stones wi thin each riffle to examine hier­
archical spatial variation in the distribution of 
stream invertebrates σ'able 9.6(b)). Their linear 
model incorporated site, riffle nested within site , 

group nested 飞Nithin riffle within site and repli­
cate stones within group within riffle within site: 

(densi刷刷=μ+ (site)，十

(riffie within site),,,, + 
'j( í) 

(group within riffie within site)kÜ('[) +ε酬 (9.8)

Another example is from Abrams et al. (1994), 

who examined variation in leaf structura1 param 
eters across three sit，凹 (xeric ， mesic, wet-m巳sic) in 
Pennsylvania, with 且ve or six different species at 
each site , six sapling trees of each species and rep­
licate leaves from each treeτheir linear mode1 
incorporated si恒， species nested within site , tree 
nested within species within site and replicate 
measurements within tree within species within 
slte 

(leaf structure)ükl =μ+ (site), + 
(species within site)j(i) + 
(trees within species within site)吨。[)+εÜk1 (9.9) 
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Both Abrams et al. (1994) and Downes et al 
(1993) calculated variance components for each 
factor (Table 9.6(b)). Since all nested 臼ctors were 
random in these studies , the F-ratio for the null 
hypothesis 岛r each term in the model used the 
term immediately below as the denominator. 

9. 1. 10 Design and power 
lf the main (highest) factor in a nested design is 
fixed , we could use formal power analysis based 
on speci且ed and negotiated ef岳ct sizes (Chapters 
7 and 8) to determine the number of groups 
nested within that main factor that we need to 
detect a particular treatment effect. If the nested 
factor B is random , then the power of the test for 
A will depend on the level ofreplication ofB , and 
on the amountofvariation among levels ofB. For 
example , based on the experiment of Andrew & 

Underwood (1993) manipulating sea urchin den. 
sities , we would specify the desired effect size 
between density treatments and use an estimate 
oftheva口ance between patches within each treat­
ment to determine the number of patches 
required to achieve a given power. This simply 
becomes a single factor design using patch means 
so the methods outlined in Chapter 8 are appro­
p口ate

τhis has implications for the design of nested 
experimental and sampling programs. The higher 
leve1 "units" in nested designs are often increas­
ingly costly, either because they are more expen­
sive (e.g. whole animals vs pieces oftissue) or take 
longer to record (large spatial areas vs small quad­
rats). It is then tempting to take more replicates at 
lower levels in the design hierarchy. It is very 
important to realize that to increase the power of 
the test for fìxed main effects, we need to increase 
the number of levels of the random factor imme­
diately below the 直xed factor. For example , 

Andrew & Underwood (1993) could improve the 
power of the test 岛r dif:坠rences in algal cover 
among sea urchin densities more by increasing 
the number ofpatches per treatment rather than 
the number of quadrats per patch. Nonetheless , 

smaller-scale noise as part of the apparent varia­
tion in factor B can still be important. From the 
expected mean squares for a two factor nested 
design (Table 9.4), we see that the MSB(A( includes 
two components, small-scale variation (σr，z) and 
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Box 9.31 Calculations for optimal allocation of subsampling 
resQurces for two factor nested design based on 
Andrew & Underwood (1993) 

Using the data from Andrew & Unde川ood (1993) as a pilot study and based on 
c。如 of 5 min to record a quadrat within a patch an 才 23 min to set up and work 
a patch (excluding quadrat recording time), we can estimate the optimal numberof 
quadrats per patch 

n~ 

Therefore , we wou!d use a 到ngle quadrat per patch. If we set the total cost per 
density treatment at 4 h (240 min) , we can determine the optimal number of 
patches pe广 treatment if we have one quadrat per patch 

CA =qCB(A丁十门qCC(B(A;)
240二 qX23+ 1 XqX5 
q ~ 8.57 

The optimal experiment design would have nine patches pe 产 densit-; treatment and 
one quadrat per patch 

the true variance between B groups (nσJ)As we 
increase Qur subsampling effort (i.e. raise n), MSB 
becomes increasingly dominated byσJ 

币lere岛血， while subsampling at levels below B 
has no direct effect on the power of the test of A, 

ifthere is considerable small.scale variation, then 
taking some replicates at lower levels will provide 
better variance estimates , and improve power 

At lower levels of nested designs , power is 
much less an issue, as degrees of 仕eedom gener. 
ally increase from top to bottom of hierarchical 
designs. Increases in replication at higher levels of 
the hierarchywill have cascading effects on power 
at lower levels. However, it must be remembered 
that formal power calculations would need to be 
done separately for each level , i.e. , for each 
hypothesis of interest. 

Note that power of tests of particular terms in 
a model may be increased by pooling non, signifi­
cant tenns with their error term , thus creating a 
pooled residual term with more degrees of 
仕eedom for tests of other terms. Issues and guide. 
lines 岛r pooling terms in multifactor ANOVA 
models will be discussed in Section 9.3 

Another important aspect of the design of 
studies that use a series of nested random factors is 
the allocation of limited resources to multiple 

spatial or temporal scales ofsampling. Forexample , 

imagine we were following up the study of Andrew 
& Underwood (1993) who set up four sea urchin 
density treatment with four replicate patches 
within each treatment and five replicate quadrats 
within each patch. The number of treatments is 
obviously fixed , but in the new study, how should 
we allocate our sampling effort to the two difl岳rent

spatial levels in this design? Given limited 
resources , do we use more patches within each 
treatment, or more quadrats within each patch? 

There are two criteria we use to decide on this 
relative allocation. First is the precision of the 
means for each level of the design or, conversely, 

the variance of these means. 5econd is the cos1, in 
terms of money and/or time, of sampling each 
level in the design. We will illustrate the calcula 
tions 岛r determining this relative allocation of 
resources for the study by Andrew & Underwood 
(1993) - see Box 9.3. This is a two factor nested 
design with p levels of A (density treatment) , q 
levels of B (patches) nested within A (B(A)) andη 
replicate observations (quadrats) within each 
combination of density treatment and patch 
(C(B(A)) , i.e. the Residual). Sokal & Rohlf (1995) 
il1ustrate the ca1culations for a three factor 
design. We use the va口ance components for each 

random term in the model to estimate the vari. 
ance associated with each term in the model sep­
arately 仕"Om the other components of variation 
(Section 9.1.6). The costs (C) must also be deter­
mined , preferably 企om our pilot study where 
costs can be estimated empirically. The cost for 
each quadrat is simply the time and!or money 
required to place the quadrat and estimate the 
percentage cover of algae, say five minutes. The 
cost for each patch would be the time taken to 
move all the gear to each patch (20 minutes) and 
the time taken to move between quadrats in each 
patch (three minutes) but NOT the time taken to 
process a quadrat 

A number of textbooks (Snedecor & Cochran 
1989, Sokal & Rohlf 1995, Underwood 1997) 
provide equations for relating costs and variances 
to determine the optimum number of replicates 
at each level of sampling (and s巳e Andrew & 

Mapstone 1987). In a two factor design , the 
optimum number of replicates (e.g. quadrats) in 
each level ofB (e.g. each patch) is 

n~ 
CB(A)5缸i主II
CqB(A)卢i{A)

(9.10) 

where C is the cost for the appropriate level and 52 

is the estimate of the variance , i.e. the mean 
square. Note that if the costs of recording a single 
quadrat are the same as the costs of setting up a 
new patch, then the sample size is just based on 
the ratio of the two variance components. Based 
on the variances and the costs listed above , the 
optimal number of quadrats per patch is 0.88, i.e 
one (Box 9.3) 
古1e number of patches (q) 也r each densi守

treatment can be determined in two ways based 
on either the desired variance of the mean for 
each 旦出 (sA') or the fixed total cost of sampling a 
site (CA) 

5.. 2 =时且卫丛i生D ~.11) 
nq 
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sampling each density and, again using ourvalues 
for ηand the estimated variance components for 
quadrats and patches, solve for q. In practi凹，
having a fixed total cost, in time or money, is likely 
so the latter approach might be used more often 
Ifwe set the total cost for setting up each density 
treatment as four hours (240 minutes) , then the 
numb盯 ofpatches would be 8.6 , i.e. nine (Box 9.3) 
50 based on these estimates , the most efficient 
design would be one quadrat per patch and nine 
quadrats per treatment. Note that these costs are 
guesses on our part so 飞ItIe are not suggesting that 
there was anything wrong with the design used by 
Andrew & Underwood (1993) 

Keough & Mapstone (1995) made a number of 
sensible recommendations for deriving and 
using these values for sample size at each level of 
subsampling. First, the ca1culated sample sizes 
depend on the quality of the pilot data , particu. 
larly the variance estimates , and howwell the var. 
iances in the subsequent main study will match 
those 仕om the pilot study. It is important, there­
fore , that the pilot study is done in similar loca. 
tions and at a simi1ar time (e.g. season) to the 
main study. It is also important to check that 
these variance estimates still hold once the main 
research has started and adjust the sample sizes 
if necessary. It is much easier to reduce sample 
size during an ongoing research program than to 
increase them, so the initial sample sizes should 
be generous. Second , the sample size values will 
usually not be integers so they should be rounded 
up to the nearest integer. Finally, the calculations 
may recommend sample sizes of less than one , 

because the variance at that level is so small or 
the costs so cheap. However, some level of repli日­
tion is necessary for sen日.ble in也rence and , 

remembering that pilot studies may underesti. 
mate the truevariance , we recommend that more 
than one replicate at any level should always be 
used 

CA = 内A付1+ ηqCq啊聊阳圳叫阳唰附A叫呻)川但9叫 9,2 I Factori旧al de臼四s引Ign
In the first case , we fix the desired level of preci 
sion for the mean of each site (5,\2) and , using our An alternative multifactor linear model is used 
values for n and the estimated variance compo. when our design incorporates two or more factors 
nents 岛r quadrats and patches , solve for q. In the that are crossed with each other.τl1e term crossed 
second case, we 且x the total available cost for indicates that all combinations of the factors are 
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τ丑』汕剧b剧ble阳e 9.7川1- I1lust由阳tr曰川a
(口1988) where 臼cto盯rAi凶s I且lmpe旺tde四nsi啡 f血垃àc曰tor 自 is season aI卫ld the r凹 ponse va盯r口la由_ble ìs nu皿m由.ber of egg masses pe町r 
Iìmpe旺t in three r民ep抖licat恒e enclosures per cell 

B, 巳2 B Marginal means A 

A, μ" 11" μ'j /.11=1 
A丁 μ" μ22 μ可 μ1=2 

A, μiI μ" μU μF 

Marg'门al means B ~=I 叫~2 11} Grand mean μ 

FactorB(R) B, B, 
5巳ason Spring Summer Factor A marginal m巳a门3

Factor A (A,) Dens,ty 
A 8 Y" =2.4 17 Y" = 1.833 Yi~' = 2.125 
A 15 Y" =2~177 Y22 = 1 178 Yi~' = 1.677 
A, 30 九= 1.5 65 Y32 = 0.811 Yi~3= 1.188 
A4 45 九， = 1.200 Y42 = 0 .593 Yi=4 =0.896 
Fa口or ß marginal means 月=，= 1.840 月=2= 1.104 y=I .472 

/t\ 
B, 日2
(μ，) (ll,) 

(ll" ) 
Yl(11) 

Y2(11) 

Yk(11) 

8 1 82 
(μ，) v々)

的}
比例
Y2{ji) 

y刷 =Y.加

Part of data set for two factor crossed ANOVA, 
。f factor A (i = I (0 p), q levels of factor B (j = I 

each level of A, and n replicate observations within each 
combination (cell) ofA and B (k= I to n) 

included in the design and that every level (group) 
of each factor occurs in combination with every 
level of the other factors. Such designs are also 
termed factorialτ1üs pattern is in contrast to 
nested designs , where the levels of the nested 
factor are dif:也rentwithin each level ofthe main 
factor. We will first consider factorial (crossed) 
designs with two factors. where every level of one 
factor occurs at every level of the other factor and 
both factors are of equal importance - see Figure 
9.2 and Table 9.7. 

Factorial designs are most often used for 
manipl1lative experiments. For example. P0111son 
& Platt (1996) examined the effects oflight micr任
environment (three levels: beneath canopy, single 
treefall gap, multiple treefall gap) and seedling 
height class (three levels: 1-2 m small. 2-4 m 
medium, 4-8 m large) on the difference in growth 
between sugar maple and beech saplings (the 
response variable was the difference in growth of 
paired seedlings of each species). There were five 
replicate seedling pairs for each ofthe nine micro­
environment-height combinations. Another 
exalnple comes 企'om Maret & Collins (1996). who 
set up an experiment to test the effects ofinverte­
brate food level and the presence or absence of 
tadpoles on variation in size among larval sala­
manders. There were two factors: two 1巳vels of 
ration ofinvertebrate prey (low and high amO l1nts 
ofbrine shrimp per day) and two levels oftadpole 
supplementation (with and without). There were 
originally eight replicate aquaria in each of the 
four cells , although some aquaria were omitted 
仕'om analysis because one or more salamander 
larvae died. The response variable was mean 
snout-vent length of salamanders in each aquar 
lUm 

In these two examples. both [;注ctors in the 
design are fixed , i.e. all possible levels of interest 
for the two [;坦ctors have been used in the stlldy 

and Ollr inference is restricted to these levels. 
世lese are analyzed with fìxed effects linear 
models. also termed Model1 analyses ofvariance 

Factorial designs can inc1ude random factors 
that are often randomly chosen spatial or tempo­
ral units. Designs that inc1ude only random 
factors are analyzed with random effects models. 
termed Model 2 analyses of variance , although 
these are unusual in biology. One example is 仕om
Kause et al. (1999). who examined phenotypic plas­
ticity in the foraging behavior of sawfly larvae 
with an experiment that used six species of saw­
flies and 20 individual mountain birch trees that 
represented a range ofleaf qualities 岛r the herbiv­
orous sawfly larvae τhere were between four and 
six larvae per tree and species combination and 
the response variable was an aspect of foraging 
behavior (e.g. number ofmeals, relative consump­
tion rate etc.). Both sawfly species and individual 
ttee were random factors as they were a sample 
仕om all possible herbivorous sawflies and all pos­
sible trees 

Designs with a combination of :fixed and 
random factors are analyzed with mixed linear 
models , also termed Mode13 analyses ofvariance 
lnc1uding a random factor in a multifactor design 
is important in biology, because it allows us to 
generalize the effects of a 且xed factor to the pop­
ulation of spatial or temporal units (Beck 1997) 
For example , Brunet (1996) tested the effects of 
position on an in白orescence and randomly 
chosen plants on fruit and seed production of a 
perennial herb. This was a tvvo 臼ctor design with 
flower position as the fixed factor and individual 
plant as the random factor. A second example 
comes from Twombly (1996), who randomly 
assigned copepod nauplii from 15 日bships to one 
of four food treatments (high constant 岛od and 
high switched to low at three different naupliar 
stages); there were four replicate dishes (each con­
taining two nauplii) per factor combination and 
the response variable was age at metamorphosis 
Food treatment was a 自xed factor and sibship was 
a random factor. 

Factorial designs can inc1ude three or more 
factors (Section 9.2.12). although we will illllstrate 
the principles based on two factor designs. 
Factorial designs allow us to measure two differ­
ent so!'ts 0[[;江ctor ef:且ects.

FACTORIAL DESIGNS 

1. The main effect of each factor is the effect 
of each factor independent of (pooling over) the 
other factors. 

2.τhe interaction between factors is a 
measure of how the effects of one factor depend 
on the level of one or more additional factors. 
The absence of an interaction means that the 
combin巳d effect of two or more factors is pre­
dictable by just adding their individual effects 
together. The presence of an interaction indi 
cates a synergistic or antagonistic effect of the 
tvvo factors 

We can only measure interaction effect5 in fac­
torial (crossed) designs. ln nested design5 where 
factor B is nested 飞.vithin factor A, different levels of 
B are used in each level of A 50 any interaction 
betllψ'een A and B cannot be asse5sed 飞νhen all pos~ 
sible combinations ofthe two (or ll1ore) factors are 
used in factorial designs they are ca l1ed complete 
factorials. Sometimes this is logistical1y impossible 
because the experiment would be too big and/or 
costly. so a subset offactorcombinations is used and 
the design is ter口led a f云'actional factoria l. Such 
designs are more difficult to analyze because not al1 
interactions can be measured - see Section 9.2.12 

Fecundity of limpets: effects of season and 
adlllt density 

Our first worked example of a factorial ANOVA 
design and analysis is from Quinn (1988). He 
examined the effects of season (tvvo levels , 

winterlspring and summer/autumn) and adult 
densi可(岛ur levels. 8, 15, 30 and 45 animals per 
225 口的 on the production of egg masses by rocky 
intertidal pulmonate limpets (Siphon盯ia diemenen 
sis). Limpets (approx. 10 mm shell length) were 
enclosed in 225 cm2 stainless steel mesh enc1o­
sures attached to the roc均 platform. There were 
eight treatment combinations (four densities at 
each of two seasons) and three replicate enclo 
sures per treatment combination. Note that all 
four densities 飞.vere used in both seasons , hence a 
factorial or crossed design. One of the importa口t
questions being asked with this experiment was 
whether the effect of density on number of egg 
masses per limpet depended on season. Quinn 
(1988) predicted that the density effect would be 
greater in summerfautumn. when algal 也od was 
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scarce , than in winterfspring, when algal food was 
more abundant 

Quinn (1988) described another experiment 
looking at the same species oflimpet lower on the 
shore. Here the limpets were bigger (15-20 mm 
shell length) and there was much less seasonal 
variation in the availability of algal 岛od. algal 
cover being high a11 year round. The same tvvo 
factors were used for this experiment but only 
three densities were incIuded: 6 , 12 and 24 

FACTORIAL DESIGNS 225 

limpets per 225 cm2 • 50 there were six treatment 
combinations (three densities at each of two 
seasons) and three replicate enclosures per treat­
ment combination. The analyses of both experi­
ments are in Box 9.4 

Source df MS F P 

Dens民y z 2.00 13.98 0.001 
Season 17.15 119 日5 <0.001 
Density X season Z 0 日5 5.91 。016

Density 6 vs j 2 & 24 X season 153 10.66 0.007 
linear density X season 1.44 10.07 0.008 

Residual 12 0.14 
Oysters , limpets and mangrove forests 
Our second example is 仕om Minchinton & Ross 
(1999). who examined the distribution of oysters. 
and their suitability as habitat for limpets in a There was a signifìcant inte甩出on betwee门 density and season (P = 0.0 16, Figure 

9.5(b)). Treatment--cc 门 trast interaction tests showed that the comparison be1:v/een 
con廿01 dens即 and •ncreased dens比 '1 varied between seasons and the li门eartl吨nd

in density was also significantly different betwee门 seasons. We also tested simple 
main effects of density separately for each seasor 

Box 9.4 1 Worked example of two factor fìxed effects 
ANOVA 

Quinn (1988) exam阳dt气 ee忏ects of season (winter/spring and sum明r/autumn)

and adu忧 density (8 , 15, 30 and 45 animals per 225 cm1 enclosure) on the produc 
bo门 of egg masses by intertidal pulmonate limpets (Siþho门 orio diemenensis). There 
wen三 th陀e replicate enclosu陀5 pert陀创ment 巳ombination and the response var­
iable was the num七 er of egg masses per limpet in each enclosure 

The null hypotheses were as follows 

50uπe df 问5 F P 

Winter densitv 
Summer density 
Residual 

ZZ2 747214i l6l nu1Lnu 
1.2 1 

18.69 
0.3 31 

<0.001 

The e他ct of density was only sig丁的cant in summ凹~ not in winter. Note that the 
original MSRe s阳启I was used for both tests 

No di百erence be令ween mean nuηber of egg masses laid in each season, 

pooling densities 
No difference in mean number of egg masses laid at each densit严 pooling

seasons 
No interaction between season and den到t严 i.e. the e町ect of dens民y on mean 

temperate mangrove forest. They chose two sites Designs with more than two factors will be exam­
about 600 m apart and at each site recorded the ined in Section 9.2.12. A two factor factorial 
density of oysters in four zones running up the design is il1ustrated in Figure 9.2 with a factor 
shore: seaward zone without mangrove trees , relationship diagram. Factor A has p groups (i = 1 
seaward zone with mangrove trees. middle zone to p). factor B has q groups (j = 1 to q) crossed with 
with trees, and a landward zone at the upper each level of A and there are n

j 
replica田s(k=1 to 

levels. In each of the eight combinations of site n) within each combination of Aand B categories , 

and zone , they used five quadrats to sample Ï.e. each cell. Note that every level of factor B is 
oysters (response variable) on the forest floor. An crossed with every level offactor A and vice ver曰
additional study examined the distribution of For the moment, assume the numberofreplicate 
limpets on oysters on bent mangrove tree trunks. observations (n) in each combination of A and B is 
They used two sites , three zones (obviously the the same. Unequal sample sizes will be discussed 
seaward zone without trees was not inc1uded) and in Section 9.2.6. There will be a total of pq ce l1s in 
two orientations ofmangrove trunk (upper facing this factorial design withηreplicate observations 
canopy and lower facing forest floor). This was a in each celL From Quinn (1988). p was four limpet 
three factor sampling design with five quadrats in density treatments (factor A), q was two seasons 
each of the 12 cells and densities of limpets per (factor B) and n was three enclosures within each 
oyster surface as the response variable. For both cel l. From Minchinton & Ross (1999) , p was four 
designs , site was a random factor, representing all zones (factor A), q was two sites (factor B) and n was 
possible sites within the mangrove forest , and five quadrats within each cell 
zone and orientation were fixed factors. The anal- We need to distinguish between two types 
yses ofthese data are in Box 9 .5. of means in multifactor crossed designs (Table 

9.7) 
9.2.1 Linear models for factorial designs 
In the sections that follow, we w i1l describe two • Marginal means are the means for the levels 
factor designs and their associated 1inear models. of one factor pooling over 吐阻 levels ofthe 

numbers of egg masses laid is independent of season and vice versa. 

50u陀巴 df M5 F P 

口ensrty 3 1.76 9.67 0.001 
Linear 5.02 2758 <0∞ l 
Quadratic 0.24 1.29 0.272 

Seaso们 3.25 17.84 0.001 
口e门sity X season 3 0.06 0.30 0.824 
Residual 16 0.18 

There we陀 no outliers and the 陀sidual plot (Figu陀 9 .4(a)) did not suggest prob 
lems with a目umptions. There was no evidence of an interaction (P = 0.824, see 
F唱U陀 95(a)). The陀 we陀 slgn的cant e忏ects of sea回n (more egg mass巳 In

winterlspring than summer/autumn) and density. The main e他口 01 d凹sity was 
further an叶zed with 0巾 )gonal polynomials (咒e Chapter 8 and Section 9.2 .1 0) 
There was a signi白cant negative linear trend in egg ma目 prc 才 uction with density 
but no quadratic tr凹d

Quinn (1988) did a similar experiment at a lower level of the same shore where 
the limpets were large r. Diffe町门t dens巾es were used (6, 12, 24) but the same two 
seasons with th陀e replicate enclo5ures per treatmeηt combination. The null 
hypotheses we仁e the sa口 e as above. except that there were only three densities 
Again, the residual plO1 did not suggest any problem with vanance heterogenei可
(Flgure 9.4(b)) 
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Box 9.51 Worked example of two factor mixed e忏ects
ANOVA 

Mînchinton & R05S (1999) examined the distribution of oyste凡 and their suitabìl 

眈y as habitat for limpets in a temperate mangrove 币orest. T 丁 ere were 1:\No factors: 
randomly cr 臼凹此白 (two s此自由out 6∞ m apa内:) anc 引 Ked zones (four 怡、 els

running up the shore: seaward zone without mangrove trees, seaward zone with 

mangrove trees, m刷le zone with trees, and a I配 dward zone at the upper !的出)

!n each ofthe eîght combinat旧 ns of site and zone, they used 们 e quadrats to 日mp!e

limpets on oyster she!!s (陪甲onse 旧riable) on the forest 刊。。仁 There was a strong 

relationship between ce!! means and ceU variances (Figure 9.6) , i时icating that 

number of limpets was positive!y skewed. A仕 er transformation to 呵uare roots 

(X 100，陪presenting !impets per ! 00 oystershe屿， much of the mearr-variance 陀la­

tionship was remove 才， indicating that the distribution of the response variab!e was 

more symmetrical. Li ke Minchinton & Ross (1999), we analyzed the transformed 

variable 

The null hypotheses we陀 as fo l1ows. 

No di币e陀nce in the mean square root number of limpets per quadrat 

between zone♀ poo1i ng across aH pos由le sites 

Nodi他rence in the mean 5 习 uare root nu口 ber of limpets per quadrat 

between aU possible sites, pooling across zones 

No interaction between zone and site, i.e. t 丁 e effect of zone on the mean 

squa陀 root number of limpets per quadrat 巴 independe门t of a!! possible 

sites that could 卡 ave been used and vice versa 

The two factor mixed model ANOVA tested the fixed e而ect of zone agβinst the 

interactlon term，时由 only 3 and 3 df, because site was ra们 dom

Variance 
Source df M5 F P compone门t P也

Zone 3 13.08 1.24 0.433 ρ25) 

Site t二37 1.84 口 184 0.15 2.90 
ZoneX s吐e 3 10.59 3.06 且042 1.43 28.36 
Residua\ 32 3.46 3.46 68.74 

The Ho of no înteraction between zone and site was rejected，们dicating that 

the effect of zone was not consistent between sites in 廿 s mangrove forest. This is 

clear in Figu陀 9 .7 whe陀 site A has 仨west limpets in the midd!e zone whe陪as 5阻

B has the most limpets in this zone. Most of the variance in limpet densities was 

unexplained , although the interaction explained nearly ten tim白 more than the 

maln e忏ect of site 

Note that the F-ratio for zone would have been 3.78 with 3 and 32 df (P二

0.020) if site had been considered fixed , resulting in rejection of the Ho of no e吓ect

of zone. We would be mo陀 confldent of a zone e忏ect for just the 守 o sites used 

(到te flxed) , than a zo门e effect for all pos由le sites v吨 COl 才 have used (s吃e random) 
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second fact凹， 50 the marginal mean A1 is the 

mean for the first level of A pooling over the 

levels of B. For example , the marginal mean for 

density eight from Quinn (1988) is the mean 

number of egg masses per limpet fro111 a11 

density-season combination ηle cell means 

for each combination of A and B are μ旷

Model 1 - both factors fixed 

possible enc10sures with eight limpets , pooling 

both seasons τbe marginal mean 且or each level 

ofA is 屿 and the marginal mean for each level 

ofB is 问

η1e linear ANOVA model for a factorial design 
with two 且xed 臼ctors is an extension of the model 

used for single factor designs in Chapter 8τ'I1e 

two factor effects model is 

y批 =μ+α1+ 吗 +(α吕)， +ε协 (9.13) • Cell means are the means of the observations 

within each combination of A and B. For 

example, the mean number of egg masses per 
limpet from enc10sures within each 

Statistical detai1s of the crossed ANOVA model, 
including estimation of its parameters, are pro 
vided in Box 9.6 

Box 9.61 The fìxed e忏'ects factorial ANOVA model and its 

parameters 

T 气 e linear ANOVA models for a fa吐oriaJ design with two fìxed factors a陀 e址en

sions of the models used for 引ngle factor designs in Chapter 8. T卡 e effects model 
15 

y你=μ+ 0; 十月 +(σ矶+弘

In model9 日

y作 is the kth replicate observation from the combination of the 协 level of 
factor A and jth level of factor B, i 巳 ce l! lj 

μ 巴 the overal! (constant) population mean of the r巳po门咒 variable

a; 巴 effect of 此h level 也ctorA. pooling the levels of factor B. This is the main 

effect of factor A，廿 ee他ct of A pooling (in 才 ependent o f) factor ß, and 巴

deflned as the di厅erence between each A marginal mean and the overall 

mean G叫 μ)

玛巴 e仔ect of卢h level of factor 且 pooling the levels of factor A. which is the 
difference between each ß η1arginal mean and the overall mean. This 巴 the

maln e他 ct of也ctor ß , the effect of B pooling (independent 。ηfactor A. and 

巴 de引门ed as the di白色咱们 ce between each B marginal mean and the overal! 

mean C刊 μ)

(硝)i is the effect of the interact旧n ofthe 此h level of A and the 卢h le，创 ofB

and is defìned as (.叫一刮 -~+μ'). Interactions measure whether the e徙ct of 

one fa.口:or depends on the levels of the other factor and vice versa. This can 

also be viewed as measu门ng whether the effects of one factor are 
independe门t ofthe ot卡 er second facto r. 

E~k is random or unexplai门ed error associated with the 阳h 陀plicate

observation from the combination of the 此 h level of factor A and jth level of 

factor ß. These error terrns are assumed to be normally distributed at each 

combination of factor levels, with a mean of zero [E(s) = OJ and a variance of 
z 

σ 
r 

This fixed effects model 巴 ove甲arameterized because the number of means 
(combinations of factors plus overall mean) is !ess than the number of model 
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paramete内 to be estimated 仙，呵呵， .../3 1 ，;3".. .，(呐 11' (呐 12 ， ...).Overcomingt卡 S

prc 国 em 50 we can estimate model parameters 陀qUI陀5 a series of"sum-to-zero" 
constraints 

争。去;3，=0 去叫=0 喜叶。
These constraints appear formidable but 日mply implythat the sum of the e阳ects of 
factor A. pooling B. and the sum of the effects of factor ß, pooling A, are both zero 
Add 甘 onally. the 5Um of the interaction elTects for each level A and for each leve l' of 
B are al50 zero. These constraints are necessary for fr巾Ing e忏eds models, although 

such constraints have bee门 criticized (Chapter 8) , and further technical discussion 
of this 日ue can be found in Hocking (1996) , Se盯le (1993) andYandell (1997) 

An alternative to imposing constraints on the effects model is to fìt a much 
Slmpler means 口 odel

Y','k =μ。十气k

whe陀的 is the mean of cell ij and E~k is random or unexplained variation. The means 
model basically 廿'eats the analysis as a large single factor ANOVA comparing all cells 
and tests specifìc hypotheses about interactions and main e百ects. The means model 
estimates A and B means by averaging the cell means acro5s rows or columns 
(5earle 1993) , 50 it has ce时ain advantages for unbalanced designs by ignoring the 
sample 到zes completely. Means models are m臼nly useful for mis引ng cells designs 
(see 5ection 9.2.6) 

Estimating the pa日meters of the factorial linear mc 才 el 9. 13 follow5 the 
methods outline 才 for a single factor model in Chapter 8 and nested models in Box 
9.2 叫h the added complication of estimating interaction effe也 Cell means (,uir) 
for each combi门ation of A and B a陀 estimated from the sample mean of the obser. 
vations in each cell, based on the sample 引ze of the particular cell if saηple size5 
a陀 unequal

τhe factor level (marginal) mean for each le回I of A pooling levels of B is simply 

the mean of the sample means for each cell at level i of factor A, averaged across 
the levels ofB (Table 9.2).An analogous calculation can be done forfactor B means 
These a陀 unweighte 才 means and ig门 ore any di忏erence in sample sizes betvveen 

ce l1s 
An altemative approach is to calculate a weighted marginal mean, which ave俨

ages the observations for each level of A taking into account diffe陀nt n'J within each 
cell. If we have a fully balanced design (all n

rr 
equal) , then the unweighted and 

weighted estimates of fa口。r level means will obviously be the same. If we have 

unequal numbers of obse问ations per cell (some n'J different). then the estimates 
will be di能陀nt. ln unbalanced crossed d四gn孔 only Type 111 55 a陀 base 才 C 飞

unweighted marginal means and therefore only F-ratio stati处 os ba5ed on Type 111 
55 te处 hypotheses about unwe盼ted marginal means (Se吐ion 9.2.6). Our p陪fer­

ence for unbalanced designs 巴 to estimate and test hypotheses about unweighted 
门ìeans

Standard errors for these means are based on the mean squares used in the 
denominator of the apprupriate F test of the Ho that the population means a陪
equal (li也 e 9.1 1). Note thatthe OL5 standa时 error for a spec吊c mean will be dif­
ferent from that calculated if we treat the observations producing that mean as a 
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sing[e sample and calculate the standard e厅or as described in Chapter 2. The 
former uses a pooled variance estimate for the whole data set whereas the latter 
only uses the variance of the observations producing the mean 

T阳 estimates of a; (.μ - J1) and!可(叫 μ，) are the di百erences between the 
mean of each A level or each B level and the overall mean, y, - y and 9i - ÿ respec­
tively. Intera口ion effects measure how much 出ee忏ed of one factor depends on 
the level of the other factor and vice versa. If there was no interaction between the 
two factors, we would expect the cell means to be rep 宅sented by the sum of the 
overall mean and the main effects 

叫=μ+ 0;+玛

Therefore. the e lTect of the interaction between the ith level of A an 才 jth level 
ofB (aj3J '1 日门 be defìned as the di吁erence betwee 丁 the ijth cell mean ar 才出 value

we would expect if there was no interaction: 

qβ=μμμ+μ 
丁\

which 巴 estimated bγ 

F币一旦 -9r+9

丁陆 rep陀sents those elTects not due to the overall mean and the main effects. 

Note that in practice biologists ra悟Iy calculate the estimated factor or interac­
tion e忏ects ， instead focusing on contrasts of marginal or cell means. The exception 
is when we have random factors in our model and estimating variance compc 门 ents

is often of inte陀5t

Using the example 仕om Quinn (1988) 

(no. egg masses per limpet)ijk =μ+ 
(effect of density), + (effect of season)j + 
(interaction between density and season)jj + 

ε供 (9.14)

[n models 9.13 and 9.14 we have the following 

Yijk is the number of egg masses per limpet 
仕om the kth replicate enc10sure from the 

combination ofthe ith densi飞y andjth season, 

i.e. cell ij 
μis the overall (constant) population mean 

number of egg masses per limpet from all 
possible enclosures in the eight density-season 
combinations 

αi is the main effect of仕h density on the 
number of egg masses per limpet. pooling 
(independe曰nt of) season 

鸟 l臼s the main effect of jth season on the 
number of egg masses per limpet. pooling 
(independent o f) densities 

(α卢\j is the effect on the number of egg 
masses per limpet ofthe interaction ofthe ith 

density andjth season. This interaction 
measures whether the effect of density on 

number of egg masses per limpet depends on 
season and vice versa, also whether the effect of 
density is independent ofthe effect ofseason 

8 ijk is random or unexplained error associated 
with the kth replicate enc10sure 仕'Offi the 

combination ofthe ith level of density and jth 
level of season. This measures the random error 
associated with the number of egg masses per 
limpet in each enc10sure and the existence ofthis 
error is why replicates within each cell produce 
different values for the response variable. 

Model 2 - both factors random 

These designs are relatively uncommon in biolog. 
ical re5earch (but see Kause etal. (1999) for a recent 
example) 50 we will not examine them in detail 
5ee Neter et al. (1996). 

Model 3 - one factor fixed and one random 
τhe linear model 苗。r a factorial design with one 
fi.xed and one random factor is the same as 
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outlined in 9.13 although the interpretation of 
the terms is different. Using the exanlple from 
Minchinton & Ross (1999) 

(density of oysters弘=μ+
(effect of intertidal zonel, + 
(effect ofrandomly chosen site)j + 
(interactio旦 betw"een zone and site)ij +εö' (9 ,15) 

In models 9.13 and 9.15 we find the following 

Yii l- is the density of oysters 仕om the kth 。k L~ LL~_ ~_H"LLJ "".. '--'J 

quadrat from the combination ofthe ith zone 
and jth site. 

μis the overall (constant) population mean 
densi可 of oysters 

αi is effect of the ith zone on the density of 
oysters , pooling all possible sites. 

码 is a random variable with a mean of zero 
and a va由nceofσ;， nm阳leasur口nr吨I

meand出ens旦1艾可yofo:句'yst恒er臼s across a11 possible 5目lt胆es
that could have been used , pooling zones 

(α卢:)[i is a random variable with a mean of 
zero and a variance of ~ß measuring the 
variance of the interaction between zone and 
site across a11 possible sites that could have been 
used. Biologically, this interaction term 
measures whether the zone effect is consistent 
across a11 possible randomly chosen sites 

εijk is random or unexplained error associated 
with the kth replicate quadrat 仕omthe
combination ofthe íth level ofzone andjth level 
of site. This measures the random error associated 
with the density of oysters in each quadrat 

Predicted values and residuals 
Ifwe replace the parameters in our model by their 
OLS estimates (Box 9.6) , it turns out that the pre­
dicted or 且tted values of the response variable 
from our linear model (9.13) are 

Yi声 =y+(y1Y)+(jtY)+(yu-fz-yj+Y)=yq(916)

So any predicted Y-value is predicted by the 
sample mean for the ce11 that contains the 
Y-value. For example , the predicted nu自lberofegg
masses per limpet for enclosure one in spring for 
the density of eight limpets is the sample cell 
mean for spring for the density of eight limpets. 

The error terms (飞毛)仕om the linear model can 
be estimated by the residuals , where a residual 

(eÿ ,) is simply the difl坠rence between each 
obse凹ed and predicted Y-value 

eijk=Yijk -Yij (9.17) 

For example , the residuals 仕om the model relat 
ing number of egg masses per limpet to limpet 
density, season and their interaction are the dif­
ferences between the observed number of egg 
masses per limpet in each enclosure and the mean 
number of egg masses per limpet 仕om the enc10 
sures within each limpet density and season com 
bination that contained that enclosure. Note that 
the sum ofthe residuals within each ce11 (2:; ;1 .e...l 飞k=l'ï只Y

equals ze fO. As in a11 linear models , residuals 
provide the basis of the OLS estimate of σf amd 
they are valuable diagnostic tools for checking 
assumptions and 且t of our model (Section 9.2.8) 
η咀 OLS estimate of σ~ 2 is the sample variance of 
these residuals and is termed the Residual (01" 

Error) mean square and is ca1culated as part ofthe 
partitioning ofthe total variation in the response 
variable described in the next section 

9.2.2 Analysis of variance 
ηle ANOVA table for a two factor factorial design 
with equal sample sizes per cell is shown in Table 
9.8. The 55A measures the sum of squared differ­
ences between each A marginal mean and the 
overa11 mean; the 55B measures the sum of 
squared differences between each B marginal 
mean and the overa11 mean; the 55 Aß measures the 
sum of squared dif岳rences for a particular con­
trast involving ce11 means , marginal means and 
the overa11 mean; 55U~e'A..~1 measures the differ-Resîdual 
ence between each replicate observation and the 
appropriate ce11 mean , summed across a11 cells 
τbese 55 represent an additive partitioning of the 
total 55 in the response variable 

55Total 二 SSA + SS, + SSAB + SSRc';du'l (9.18) 

ln unbalanced designs (unequal n) , there is no 
simple additive partitioning of the 55

'lbral' which 
causes some difficulties in the ANOVA. TI1ere are 
three difl岳rent ways of determining the SS that 
represent very dif岳rent philosophies for hand­
ling unequal sample sizes and we will discuss 
these in 5ection 9.2.6 

The degrees of freedom are calculated as usual 
(the number of componen臼 making 11 P the 
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50uπe 55 df M5 

A 叫主α， -9)' p 一|
55A 

p •| 

B 唁VJ 月2 q 一|
55B 
q 一|

AB 门去喜川一俨月2 (p 一 I)(q-I)
55AB 

(p-I)(q-I) 

Residual 主土主问-9，)' pq布】 1)
55"，旦 dual

(pq(门← 1)

Total 主主主闪一月2
P ♀n 一|

Table 9.91 Expected m阻n squares for a two factor crossed ANOVA model 
with both 血ctors flxed (Modell) or random (ModelZ) 

人 B flxed A. B random 

问5A

主qZ
H+吁与 σ'+ 门σ2n+noσ2

ao . a 

问5B
立鸡Z

H+咛士7 对十门σ马+np矿

M5AB 

主主(aß);/
σZ 十门」三」三L←→一一

(p-I)(q-I) 
σ'+ησ.， 

ε 耐

M5 , , , 
KeSIOLMI 

2 
0' 

2 
ζT , 

variance minus one) , with the dfAß being a 
product of the dfA and d乌

The S5 are divided by the df to produce mean 
squares (MS or variances) as we have done pre悦
。usly for single factor and nested ANOVA models 
5tatisticians have determined what p咀pulation
values these sample mean squares estimate , i.e 
what their expected values a匠， ifthe assumption 
ofhomogeneity ofvariance holds (Table 9.9 , Table 
9.10). For al1 three models (且xed effects , random 

6 

e旺ècts and mixed eff注目时. the M5U~e'A..~1 estimates ,. ..u.,- ~'''''''''Resîdual 

σ.e2 (the variation in the error terms in each cel1. 
pooled across al1 cells) 卫1e expected values for 
MS.. MS" and MS ," deoend c 口ticallv on whether A' '.~~B ~~~~ U~~Aß .........t'" '-u..... '-...~..~......u~J 

the factors are fix.ed or random. When both factors 
A and B are 直xed. the mean squares estimate the 
residual variance plus a 皿easure of the fixed 
factor or interaction effects. When both factors 
are random, M5AB estimates the residual variance 
plus the added variance due to the interaction 
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Table 9.10 I Expected mea叫uares for a two versions of a two fact，町
crossed mixl巳d ANOVA model (Mode13: A fixed , B random): restricted version 
imposes constraints on interaction terms and unrestricted imposes no such 
constramts 

Restricte 才、lI'erSlon Unrestricted ver到 on

主σ
MSA 

去qz
σEZ 十门σm气+nq一一- 对+门吗+叫一一

p-I p 一|

MSB 对+门Pσ; σ62+ησ24+nyDσvβ 2 

MSAB σ.2 十 nσ2即 σ52 十 ησ2四

MSR.esidual CT E Z Cr g Z 

terms , the mean squares for the main effects esti­
mate the residual variance plus the added vari­
ance due to the interaction terms plus the added 
variance due to the random main effect ofthe rel­
evan t factor. 

Things get even messier when we have a mixed 
model (A fix时， B random). The two alternative 
approaches for mixed models for factorial 
ANOVAs described in Box 9.7 produce different 
expected mean squares (Table 9.10) , and the 
choice between the two versions of the mixed 
model has created much discussion in the , statisti­
cal literature (Box 9.7). We recommend Model !, 
which results in MS

AB 
estimating the residual var­

iance plus the added variance due to the interac­
tion terms , MSB estimating the residual variance 
plus the added variance due to the random main 
effect of B and MSA estimating the residual vari­
ance plus the added variance due to the interac­
tion terms plus the fixed factor A effects. The 
expectatlOn 自or the mean square of the 且xed

factor in a two factor mixed model inc1udes three 
components: the residual variance, the interac 
tion variance and 且xed factor effects 

As we will see in the next section , the different 
approaches to determining expected mean 
squares in ANOVA models have critical implica 
tions for the construction ofhypothesis tests.η1e 
expected values 岛r mean squares in three 也ctor

random and mixed models are 巳ven more compli­
cated but following the Mod巳1 ! approach , the 
same general principles apply. Expected mean 

squares 且or fixed f;￥ctors and their interactions 
will inc1ude terms 岛r variance due to higher 
order random interactions (Table 9.10). Many texts 
provide algorithms for ca1culating expected mean 
squares 岛r any number and combination of且xed
and random factors (e.g. Neter et aL 1996, 

Underwood 1997, Winer et al. 1991) 

9.2 .3 Null hypotheses 
There are three general Hos we can test in a two 
factor factorial ANOVA.币1e 且rst two are tests of 
main effects and the third is the test of the inter. 
action. The speci直c null hypotheses being tested 
in a factoriallinear model depend on whether the 
factors are fìxed or random (see Box 9.8 for termi­

nology) 

Fixed εffects models 

FACTOR A 
Ho(A):μμ2 二战 μP ηlÎs Ho states 
there is no difference between the marginal 
means for factor A pooling over the levels offactor 
B (Table 9.7). For example, no difference in the 
mean number of egg masses per limpet for each 
level of density, pooling over the two seasons 
(Quinn 1988). This is equivalent to Ho(A):αα2 二
=αí = 0 , i.e. no effect of any level of factor A 

pooling over the levels offactor B. For example , no 
effect of any of the four densities on the mean 
number of egg masses per limpet, pooling the two 

seasons 

Box 9.71The mi阳】11阔〉
controversy 

Return to model 9.13 for a factorial de到gn with two factors: 

Y附=μ+~+鸡+(句句rJ + E,jk 

叭 hen one of the factors , such as ß, is 日ndom then two modiflcations occu r. First, 
巧 is a random variable with a mean of zero and, most importantly. a variance of 0"/ 
measuring the variance in mean values of the 陀sponse variable across all the pos­
sible levels of factor B that could have been u时 Seco时(呐 is a random vari­
able wrt:h a mean oí zero and a variance ofσ乌 (well. strictly [(p - 1 )/p 1σidtosmp|昨
the expe注:ed values of the mean squares 咒e Neter et 01. 199吗 measuring the 
vartan 二 e across all the po臼 b!e intr旷a吐旧n terms. This interaction term measur飞出
whether廿 e 们xed effect of A is consistent across all possible randomly chosen le四15

ofB 
To estimate the parameters of this mc 才 el ， we impose two sum-to-zero con­

straints. The fwst implies that 廿 e sum ofthe e他口s of the fìxed factor A. pooling B, 

βzero and is the same as ψe used for the 白xed e百e口5 mc 才创

主 0; =0

The second implies that the sum of the interaction e吓町ts across the levels of 
A is also zero 

主(α舟。 =0

τhis constraint also defìnes a covariance between pairs of interaction terms 
within each level of factor ß, i.e. any two interaction terms wil!门ot be independent 
within each level of ß. Using the Minchinton & Ross (1999) 臼ample， this model 
allows for the limpet densities per quadrat within a site to be positively or nega 
tlve付 cor陀lated. The version of the mixed model 廿 at imposes this constraint orig 
inates with Sche忏ë (1959) and is termed the restricted (or S 陀stricted) mode' 
(Neter et 01. 1996. Searle et 01. 1992). al50 Modell in Ayres & Thc币 5 (1990) and 
协e constrained parameters (C同时 odel 0l'田s 1999), and is the version mo豆 com

monlY J::它 sented in linear models texts 
An atternative model (Modelll) 巴 one that does not Impose any刷出ons on 

the interaction terms and is termed，门。 t surprisingly, the un陀stricted model or the 
unconstrained parameters model (Voss 1999). This mc 才 el implies that any two 
interaction terms are in 才 ependent， withi 门 eè.ch level of A and ß, and is recc 呐­
meηded by a number of influential authors, incluc吨 H旺king (1996). Milliken & 

John臼n (1984) and 5earle et 01. (1992). USlng the M'lnchlnto门& Ro自( 1999) 
example , this model assumes that the covariance of Ilmpet densities per quadrat 
wlthin a site is the sa门 e for each pair of zones 

The two approaches for mixed models result in difl•erent expected mean 
squar臼(Table 9.10). Model 1 result5 in MSAB e豆imatl鸣 the residual 咀旧nce plus 
the added variance due to the interaction tem毡，问Sß estimating the re 引 dual 咀n­

ance Dlus the adde 才 va广 ance due to the 咱们dom main effect ofßand MS. estimat-
产、

ing the residual v旷iance plus the added variance due to the interaction terms plus 
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the flxe才句吐or A effe白 The alternative approach (问odelll) reω|也 in a d币erent

expectation for MSs' which now estimates the 陀sidual 、 ariance plus the va俨ance
due to the interaction and the variance due to the random main effect of B. Note 
that the differ田二 e in the tWQ approaches is on忡 in the expe吐ation for the mean 
呵uare for the random facto r; not the fìxed factor or the interaction 

The expected mean squares in Table 9.10 in 才 IC且e that the test of the random 
factor B will be different under the two models because the expectation of MSB 
changes. Under the un陀stricted Model 11. B should be tested agaÎnst the 问SA3' in 
contrast to Model I where 注 is tested against the MSResrdual' Which version of the 
mixed model is most appropriate for te而ng main effects of factor B has been an 

issue of cons 才 erable debate among statisticians (Hocking 1985. Schwarz 1993, 

5ea什 e et 01. 1992. Voss 1999) and among biologists (Ayres & Thomas 1990. Fry 
1992) , although the discussion will be difficult for most biologists to appre口ate as it 
involves a 同asonably high level of statistical detai l. Ay陪5 & Thomas (1990) argue 才

that the covariance assumptions behind Mo士 1 11 (Le , independe门t Interaction 
e忏ects) need to be carefully asse5sed befo陀 it could be applied (but see also F叩
1992) , It i5 difficult to detennine , in most ca5es, whether biological data are likely to 

meet the a目umption of completely independent Înteraction terms 
Voss (1999) propose 才 that the test for factor B based on Model 1 i5 correct no 

matter which of the two alternative formulations for expecte 才 mean squares are 
used forthe mixed mode l. He argued that the Ho for no main e忏旺ts of factor B in 
Model 11 is actuallv thatσ'=σ ，2=0 which 陀sults in the same F-ratio test as in '! ..，~~ ~afJ ~p 

Model 1. Voss (1999) claimed that this e忏ectively resolved the controver5y over 
expected mean 5quares for random factors in mixed models and their subsequent 
hypothesis test♀ 

In a more radical approach, Nelder & Lane (1995) proposed that usual sum-to 
zero constraints imposed when us时 overparameterized e他cts models (Box 9.6) 
are unnecessary and pointed Ol丘廿 at if we don't apply such const日ints ， the 
expected mean squares for factors A and B both include the effect of the interac 
tion. Indeed, the expected mean square5, and F-ratios for hypothesis tests, for each 
ter节 become basica!甘 ident 划 for all combinations of fìxed and random factors 
L 吐 er this model for expe吐ed mean squa陀豆、Nhich i5 not con飞lentional ， testing 
flxed main e忏ects 俗陀levant even in the presence of interactions because we are 

te四ng for the e民ct of the fìxed factor over and above the interaction 

FACTO R B no effect of either ofthe two seasons on the mean 

Ho(B): 1'-1 =的叫 μq. This Ho states number of egg masses per limpet, pooling the 
there is no difference between the marginal four densities 
means for factor B pooling over the levels offactor 
A (Table 9.7). For εxample ， no difference in the INTERACTION BETWEEN A AND B 

mean number of egg masses per limpet for each H。从町的问问+μ二 o for a1l 1evels of A and all 
level of season, pooling over the four densities levels ofB. This is testing that there are no effects 

(Quinn 1988)τhis is equivalent to Ho(B)βιin add山on to the overall mean and the main 
=玛= O. i.e. no effect of any level of factor B effects. For example. tl町e are no effects on the 

pooling over the levels of factor A. For example , mean number of egg masses per 1impet besides 
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Table 9.1 I I f.ratios u时 for testi叩阳in effects and interactions in a two factl川NOVAmodel for different 
combinations of fixed and random factors 

A fixed. B random A 币xed， B random 

Source A and B fixed A and B random Restricted version Un陀strjcted version 

A 
问SA MSρ 问SA MSA 

MS只巳iduω 问 SA8 MS且 MSAB 

B 
问S8 问 S8 MSR 问S，

MS""，阎旧 问SA8 问SRes，口u 问 SA8

Aß 
问SAB 问SA8 问SA8 问SA8

MSR，叫旧1 问SReSldual MSRes,dual MSRes也"

Box 9.81 Terminology used for identifying fìxed and 

random e仔ects in expected mean squares 

• D扩 Dq' and Dr 陀flect the terminology p陀sented in Winer et 01. (1991) for fixed 
and random factors. D p = I - plP, whe陀 P is the number of level5 of factor A, 

and P 15 the possible number of levels. q an 才 r denote the levels of factors B 
and C, 陀5pectively. If A i5 a fixed factor, then the Þ levels rep陀5ent all possible 
levels, 50 P = P and 0 p = O. If A 15 random, the p levels are assumed to be a 
(verγsmall) 日mple of a population of p05sible levels. and plP = 口.soDp=1

• n rep陀sents the number of replicat臼 at each combination of A. B and C 
• Term5 associated with fa吐or5A.B and C a罔 denoted by G陀ek letter5 a，β 

and 严阳pectl四年

O"~晴rs to an added variance component when fa吐orA 巴 random and to 

the 、 ariance betvveen 口〉时 A group mean5 ~~'" I Oj21伽 1 )) when factor A 自

fixed. Similar defìnition5 apply for other terms 

the main effects of density and season (Quinn 
1988). This is equivalent to Ho(AB): (呐。斗. l.e. no 
interaction between factor A and factor B; the 
effect of A is the same a t all levels of B and the 
effect of B is the same at all levels of A. For 
example , the effect of density on the mean 
number of egg masses per limpet is the same in 
both seasons and the effect of season on the mean 
number of egg masses per limpet is the same for 
all four densi ties 

F-RATIOS 

We can test these Hos by seeing which of our mean 

squares have the same expected value when the Ho 
is true (Table 9.9) 白le F-ratios 岛r testing these Hos 
are provided in Table 9.11. It is clear that MSA and 

MSRt'Sidual have the same expected value when 
there is no effect of factor A so these two 皿ean

squares are used in an F-ratio to test the Ho(A). MSB 
and MSResîdual have the same expected value when 
there is no effect of factor B so these two mean 
squares are used in an F-ratio to test the Ho{B) 

Finally, MS AB and MSResidual have the same expected 
value when there is no effect of the interaction 
between A and B so these two mean squares are 
used in an F.ratio to test the Ho(AB) 

The degrees of仕eedom associated with these 
F-ratios are simply the df associated with the two 

terms. For example , the df for the F-ratio testing 
出e interaction Ho are (p-1)(q-1) and pq(n-l) 
The F-ratios are compared to an F distribution and 
conc1usions about whether to reject or not reject 
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the Ho are drawn in the usual manner. The worked 
exarnple frorn Quinn (1988) in Box 9.4 illustrates 
these tests for a tixed effects rnodel 

Randomef坠cts models 
With random factors , Ollr focus is an tests of 
added variance components , rather than diff祉­
ences between the means ofthe chosen groups 

FACTOR A 
Ho(A)σ"} = 0, i.e. no added variance due to a11 pos­
sible levels of factor A that could have been used 
For example, there is no added variance in the 
number ofrneals eaten by sawfly larvae due to all 
possible species of sawflies that Kause et a l. (1999) 
could have used 

FACTOR B 
Ho(B)σ"/ = 0, i.e. no added variance due to a11 pos­
sible levels offactor B that could have been used 
For example , there is no added variance in the 
number ofrneals eaten by sawfly larvae due to all 
possible trees that Kause et al. (1999) could have 
used 

INTERACTION BETWEEN A AND B 
Ho(AB)σ'a/ = 0, i.e. no added variance due to any 
of the interaction effects between all possible 
levels offactor A and factor B that could have been 
used. For example , there is no added variance in 
the nurnber of rneals eaten by sawfly larvae due to 
any interaction between a11 possible species of 
sawflies and a11 possible trees that Kause et al 
(1999) could have used in their study 

F-RATIOS 
We can again test these Hos by seeing which of our 
mean squares have the same expected value when 
the Ho is true σ'able 9.9, Table 9.11). The F-ratio for 
Ho(A) uses MSA and MSAB' because the expected 
value 岛r MS A includes the interaction variance 
The F-ratio for Ho(B) uses MSB and MS,\B' because 
the expected value for MSB also includes the inter­
actlOn vanance 币le F-ratio 岛r Ho(皿) uses MSAB 
and MS"__,".._, as in the 且xed effects model. Residual 

Mixed effects models 
The nu l1 hypotheses for main effects in a mixed 
rnodel are basically the same as those in tixed and 
random effects rnodels , for 直xed and random 

factors respectively. Let us assume that factor A is 
fi.xed and factor B is random and that we are using 
the traditional Model 1 values of the expected 
mean squares, i.e. imposing constraints on the 
interaction terms (Box 9.7). 

FACTOR A (FIXED) 
Ho:μμ2μμ'p' This Ho states ther飞2
is no difference between the marginal means 百or

Factor A pooling over the levels of f:注ctor B. For 
example , no di他rence in the mean density of 
oysters per quadrat 岛r each zone, pooling over all 
possible randomly chosen sites (Minchinton & 

Ross 1999) 吐1Ïs is equivalen t to Ho 叫 =α
α， ~ 0, i.e. no effect of any level of factor A pooling 
over the levels of factor B. For example , no effect 
of any ofthe four zones on mean density of oysters 
per quadrat, pooling aIl possible sites 

FACTOR B (RANDOM) 
Ho:σ82 二 0 ， i.e. no added variance due to all pos 
sible levels offactor B that could have been used 
For example , there is no added variance in the 
density of oysters per quadrat due to all possible 
sites that Minchinton & Ross (1999) could have 
used , pooling the four zones 

INTERACTION BETWEEN A AND B 
The nu l1 hypothesis for the interaction term , 

which is considered a random variable even 
though it is an interaction between a 且xed effect 
and a random variable , is Hoσiβ~ 0, i.e. no added 
variance due to any of the interaction effects 
between the tixed levels of factor A and all pos­
sible levels of factor B that could have been used 
When either factor is random , then the interac­
tion is random because it represents a subset 
(depending on the levels of the random factoI 
chosen) of all the possible interactions (Under­
wood 1997). For the Minchinton & Ross (1999) 
study, this Ho is that there is no added variance in 
the density of oysters per quadrat due to any inter­
action between the tìxed zones and all possible 
sites that could have been used 

F-RATIOS 

We again test these Hos by seeing which of our 
mean squares have the same expected value 
when the Ho is trueσable 9.10)τbe F-ratios for 
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二王E百21 胁in effects and înteraction effects as s由 ofcon阳ts among marginal a由

(功

B, 巳? B3 Ama咱们 al means 

A , μ11 μ" 卢13 μAI 

A2 的 μ22 μ2飞 ρÄ2 

A3 μ3 μ32 '"33 μA3 

ß marginal means μBI μB2 μ田

(b) Ho:noe忏ects of A 

5et I 5et 2 Set 3 

H。 μAI ← ρ.A2=0

H。 μA2 一 μ.A3=0

HoμAI 一μAZ=OHU卢AI 一μA~ 二 O

HoμAI 一 μ/..3 = 0 Ho: !1A2μ'A3=0 

(c) Ho: no interaction e忏ects

Effect of A same at each I巳 elofB

5et I 5et 2 

μ11 约1μ，，+ '"22 =0μ11 的lμ，， +μ.，， =0
μ"μ22μ13+μ巳 =0μ11 ←μ21μ13+ j.123=0
μ21μ31 一 μ'22 +μ.，， =0 μ11 μ31 一一 μ12+ /.132=0 
μ22μ丑 μ'23 +μ]3 =0μ11μ31μ口 +μ'33=0

testing these Hos are provided in Table 9.11. lt is 
clear that MSA and MSAB have the sarne expected 
value when there is no effect of factor A so these 
two mean squares are used in an F-ratio to test the 
Ho(A). ln contrast, the F-ratio for the Ho(B) of no 
effect of the random factor B uses MSB and 
MSResidual" Final1y, the F-ratio for the Ho{础。fno
ef:西ect of the interaction between A and B uses 
MS '" and MS"__,".._, as in the tixed and random R臼iduaJ

effects rnodels. 

9, 2 .4 What are main e忏écts and 
interactions really measuring? 

Fixed effects rnodels 
Main effects and interactions can be considered 
as a set of orthogonal (independent) contrasts 
between marginal means or cell means (Table 
9.12(a)). The SSA is simply the surn ofthe SS 岛rtwo
independent contrasts among the A marginal 
means. With three levels of A, the two contrasts in 

E忏ect of B same at each level of A 

Set I 5et 2 

'"11 一μ"μ'21 +μ22~Oμ"μ12μ'21 +μ." ~O 
μ21μ且 -μ31+μ丑 ~O '""一 μ12 一 μ'31 +μ.32 ~O 
j.112-PI3μ'22 +μ23 ~ 0μ"μ口 μ21 十 μ.23 ~O 
卢22 一μ23 一 μ'32 +μ'33~0 μ11 一μ口一 μ31 +μ33 ~O 

any ofthe three sets in Table 9.12(b) make up the 
main ef坠ct of A. Similar contrasts can be gener­
ated 岛r factor B. Remember 仕om Chapter 8 that 
the number of independent contrasts possible 
will be the number of dffor that factor. Contrasts 
between cell means can be determined for inter­
action effects. For example, if we consider the 
interaction as the effect of A at each level of B, 

then one set offour independent contrasts would 
include 由e dif:岳阳nce between A, and A, atB, and 
B, and at B, and B3, and the difl岳rence between ~ 
and A" at B, and B, and at B2 and 吭， as indica ted 
in the first column ofTable 9.12(c). The sum ofthe 
SS for these contrasts will be SS AB. There are other 
sets of independent interaction contrasts , for 
both the eff坦ct of A at each level ofB and the effect 
ofB at each level of A. The sum of the SS for the 
contrasts within any of these sets will be SSAB 
Milliken & ]ohnson (1984) provide clear examples 
and formulae for determining these contrasts 
Understanding these contrasts is important when 
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20 20 20 丑ble 9.131 恤阳tion ofinteractions for an artifi叫 two factor design with two levels of四ch factOf. Interaction plots of 
cell means of two factors ,A 

(AI.A2.AJ) and B (BI. B2) and 
ptots of marginal main effects 
means for each factor 阴阳rately

(a) no interaction, (b) moderate 
interaction. and (c) severe 
Interactlon 
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second factor. The main effect 
of a given factor (comparison 
of marginal means) pools over 

一一一」← the levels of the other factor. 
which is not appropriate ifthe 
e能cts of the two factors are 
not independent. Figure 9.3 
shows a range of interactions 
between two facto凹; note that 
interactions can be moderate 
(B2 greater than B1 for a l1 
levels of A but relative size of 
difference varies) or severe (B2 
greater than B1 for A1 and A3 

but this difference is reversed for A2). Underwood 
(1981.1997) pro时ded c1ear examples ofhow large 
interactions can result in misleading interpreta 
tion of non-signifìcant main effects in an ecologi 
cal context. He showed how a strong interaction 
could result in non-significant main effects when 
the main effects were actually strong, they were 
just not consistent across the levels of the other 
factor, 

τbis suggests that there should be a sequence 
of hypothesis tests for tixed effects factorial 
ANOVt电s. Most textbooks recommend testing the 
Ho of no interaction first. If this test is not signifì 
cant, then tests ofmain effects can proceed. Ifthe 
lnteractlOn IS slgni且cant， then tests of main 
effects will be dif且cult to interpret. Neter et al 
(1996) suggested a modifìcation of this strategy 
They argued that interactions can sti1l be signifì 
cant without prec1uding interpretation of main 
effects and recommended seeing if interactions 
are "important" before deciding whether main 
effects can be examined , although defìning 
important interactions is subjective. One of the 
arguments for still interpreting main effects in 
the presence ofan interaction is that it is difficult 
to envisage a significant interaction producing 
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between marginal means do not simply reflect the 
effects of each factor. All the问一问- /Lj+μ.) equal 
:!:1.25 , indicating an interaction 

In the third example (τ'able 9.13仕)). there is a 
more complex interaction. Note that the marginal 
means indicate only a small e他ct of A (minus 2.5 
units 仕om A， to A，).ltisclear仕om the cell means , 

however, that there is actually an oppo日te effi配t

of A at each level of B (plus fìve unit change at B, 
and minus ten unit change at B2). A similar result 
occurs for B. The marginal means suggest a strong 
effect (plus 7.5 units 仕om B

1 
to 町， whereas the 

cell means show only a strong effect ofB at A, and 
no effect atA2. Neither set ofmarginal meanS rep­
resents a consistent effect 岛r each factor. All the 
(μu 片叫+μ) equal 土 3.75 ， indicating a 
stronger interaction than the previous example 
In both Table 9.13(b) and (c) , the interaction indi. 
cates the effects of也ctor A and factor B are multi­
plicative, i.e. the response variable cannot be 
predicted by just the two main effects. 

Ifthere are interactions then interpretation of 
main effects becomes more difficult. Remember 
that an interaction is telling us that the main 
effects are not independent of each other, i.e. the 
effect of one factor depends on the levels of the 

11.25 

ß, 
20 (1 .301) 
10 (1.000) 

15 
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-0.301 
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A, 

A, 
问arginal B means 
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(c) 

Note 
Middle entries a陀 cell means w协 loglo values in pa陪nthes自问arginal means are also provided. (a) 
No interaction (all (ι例。= 0) where the e他ct of A is the same at each level of ß and vice versa. (b) 
5imple interaction (all (af巧i， = :!: 1,25) where the e百ect of A is greater at B2 compared to B, and the 
effect of B is gre芷er at A, éompared to A ,. Note interaction e百ects 陀moved by log transformation (all 
(呐。= 0). (c) More complex interaction (all (af!J ij = :!:3.75) where the effect of A is in the op问slte

direction at B2 compa陀d to B, and there is no e他ct ofß atA2 b川 a strong e百ect at A ,. Note 
mteractlon not 陀moved by log t旧nsformation

change by 7.5 units). All the (何一屿一 μJ+μ)equal

zero, indicating no interaction. No interaction 
indicates the effects of factor A and factor B are 
additive and independent of each other, i.e. the 
response variable can be predictlεd by just the two 
main effects 

In the second四ample (Table 9.13仙))， there are 
also effects ofboth A and B as both sets ofmargi 
nal means differ. More importantly, there is an 
interaction between the two factorsτhe effect of 
A is different at each level ofB (fìve unit change at 
B, and ten unit change at B,) and the effect ofB is 
different at each level ofA, altbough tbe effects are 
consistently in the same direction. The differences 

we are dealing with designs with missing cells 
(Section 9.2.6). Note tbat with unbalanced designs 
(unequal sample sizes), the sum of the contrasts 
won't add to the SS 岛r the relevant factor or inter­
action (Section 9.2.6). 

Let's look at the meaning of the interaction 
term in more detail , by comparing three possible 
configurations of cell means in a design with two 
levels of two fixed factors (Table 9.13). ln the first 
example (Table 9.13(a)). there are effects of A and 
B (botb sets ofmarginal means differ) but no inter­
action between the two factors.τ"I1e effect of A is 
the same at each level ofB (a change by five units) 
and the effect ofB is the same at each level of A (a 
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significant main effects where no r巳al effects 
exist. Indeed , the examples in Underwood (1981 , 

1997) illustrated misleading non-significant main 
effects in the presence of an interaction 

We genera11y agree with the traditional 
approach that says that main effects may be diffi­
cult to interpret in the presence ofstatistically sig­
m直cant interactions when all factors are 血xed

and we recommend that examining the nature of 
the interaction is the most sensible strategy when 
it is clearly significant. Significant main effects 
may still be ofinterest despite an interaction but 
common sense must be used. Non-significant 
main effects in the pres巳nce of interactions won't 
have much meaning. 1n fact , interactions are 
often of as much biological interest as the main 
effects. For example , in the study of Quinn (1988), 

the interaction between density and season was of 
most interest because it would reflect changing 
effects of intraspecific competition when food 
availability changes , Interactions should not just 
be treated as a nuisance in factorial ANOVA 
models , They presumably are of considerable 
interest, which is why a factorial design has been 
used , and they nearly always offer important bio­
logical insights , There are numerous techniques 
for 抗lrther exploring the nature ofinteractions in 
the context offactorial ANOVAs (Section 9.2.10) 

Random effects models 
Because the 四pected values ofthe mean squares 
for factors A and B both include the variance 
among interaction terms , the Hos for the main 
effects are actually testing 击。r a non-zero vanance 
component over and above any random interac 
tion effects. Therefore , the presence of an interac 
tion does not cause problems for interpreting 
tests of main effects , Nonetheless. the tests of 
main effects will be less powerful in the presence 
of an interaction because the denominator of the 
F-ratio (MS

AB
) wi11 increase relatively more than 

the numerator (MS A or MS
B
). So strong interac 

tions between the random factors will make main 
effects dif且cult to detect 

Mixed effects models 
Irrespective of which version we use for a mixed 
model (Box 9.7, Table 9.10), the 四pected mean 
square for the :fixed factor includes the variance 

component for the interaction term ， τl1erefore ， 

the test 岛r the 且xed factor actua11y tests for the 
effects of the 且xed factor over and above the varia­
tion due to the interaction and the residual. So 
when Olle factor is random. the test of the :fixed 
main effect is potentially interpretable even in the 
presence of an interactionτ'his is actua11y the j us. 
tification for being able to test main treatment 
effects in a simple randomized blocks design even 
though there is no test 自or a block-treatment 
interaction, as long as the blocks factor is random 
(Chapter 10). Applying the Model I version of the 
mixed model , the tests of the random factor and 
the random interaction term will both use 
MS"~_'L_' as the denominator for the F-ratio. Ifwe Residual 
use the alternative Model II version of the mixed 
model, the test for the random factor changes -
see discussion in Box 9.7. 

Sometimes we might have a random factor 
with only a few levels , e.g. for practical/logistic 
reasons , we can only sample two or three ran­
domly chosen sitesτl1is causes problems because 
the interaction term used to test the :fixed factor 
will not have many degrees of 仕eedom and the 
test of the fixed effect may not be very powerful 
τl1is makes sense because our abili可 to generalize 
to a population oflevels of a random factor should 
depend on how we11 we have sampled this popula. 
tion , i.e. how many levels of the random factor we 
use. This alsoεxplains why, when Olle factor is 
random, it is the F test of the fixed factor that 
changes. Rather than concluding whether there is 
an effect of the 且xed factor, pooling only over the 
specific levels of another fixed factor, we wish to 
conc1ude whether there is a general effect of the 
且xed factor, pooling over a11 the possible levels of 
a random factor. We might expect such a test to be 
less power且11 and to use a different error term 

To illustrate , consider the study by Losos (1995) 
who examined the sun凡vorship of seedlings two 
species of palms in a coastal tropical forest in 
Peru. Along two randomly located transects , she 
defined four diff坦rent successional zones running 
仕om the beach into the forest: early-seral near the 
beach , mid-seral and then late-seral further into 
the forest , and a zone dominated by a broad­
leaved monocot, Heliconia, that may occur any­
where along the sequence. She transplanted 
seedlings into five plots within each zone and 

Ta油b抽le9引14μr;:阳wofo缸a缸川C口阳t
Losos (1995曰)， where successional zone is a flxed 
血ctor and transect is a random factor，币le effi巳ctof

successÌonal zone is tested against the successional 
zone by transect interaction 、.vith 3 and 3 df 

Source df MS F P 

Successional zone 3 0 ,060 0.3 1 0,819 

Transect 1 0 ,045 3.10 0,041 

Successional zone 3 0 , 191 1 3.33 <0 ,001 
X transect 

Residual 30 0 ,014 

transect combination. A two factor model was 
used to an均ze survivorship , with successional 
zone as a fixed factor and transect as a random 
factor (Table 9.14). The effect ofsuccessional zone , 

the main effect of interest, is tested against the 
interaction with only thre巳 and three d f. In this 
example, the interaction was strongly signifìcant, 
indicating spatial variation in the effect ofsucces 
sional zone on seedling SUf\凡vorship. She could 
not reject the Ho of no effiεcts of successional zone 
over and above any variance due to the interac 
t lOn 

This emphasizes an important design princi 
ple in factorial ANOVAs. When a random factor is 
inc1uded , it nearly always represents replication 
that affects the power of the test for the fixed 
factor (Section 9.2.13). Ifwe cannot include many 
levels of the random factor, we need to decide 
whether we would be better to restrict our study 
to a single level ofthe random factor (e.g. a single 
site) but be much more confident of whether 
there are fixed factor effects 

9.2.5 ComparingANOVA models 
ηle methods we have described in Chapter 8 and 
Section 9.1.5 for comparing the fit of fu11 and 
reduced models to test whether a particular 
model parameter equals zero are just as appropri­
ate to factorial models. For example , to test the Ho 
that (呐ij equals zero , i.e. no interaction in a :fixed 
effects model, we can compare the fit of the fu11 
model 

Yijk= μ+αt 十卢Ij+(呐。 +εijk (9.13) 

F'ACTORIAL DESIGNS I 

to the fit of the reduced model that omits the 
term spec植ed in the Ho 

只'1'μ+α;+ 码 +εijk (9 ,19) 

Using the example 仕om Quinn (1988), we 
compare the fu11 model: 

(no. egg masses per limpet)ijk =μ+ 
(effect ofseason); + (effect of densi句r)，+

(interaction between season and density)ij + 
eij' (9.14) 

to the reduced model 

(no. egg masses per limpet)你=μ+
(effect ofseason); + (effect of densi戈y)j+εijk (9.20) 

Thus , we compare the 且ts of additive (no inter 
action) and multiplicative (with interaction) 
models (9.13 and 9.19). The difference in 缸 of

these two models is simply the difference in their 
SSτl1is difference can be converted to a Rcsidual 
mean square by dividing by the difference in the 
dL."..." The Ho of no difference in 直t ofthe two Residual 
models (i.e. (αβ)ij equals zero; no interactive effects 
between the two factors) can be tested with an F 
test using MSResidual of the full model as the 
denominator. With equal sample sizes per cell , 

this model comparison test will produce the same 
result as the traditional ANOVA test. With 
unequal sample sizes , this equality does not hold 
In practice , most statistical software uses compar 
ison of generallinear models to determine SS and 
MS, and test hypotheses , about specific terms in 
ANOVA models. This approach , in contrast to the 
formulae in Table 9.8 , generalizes to unbalanced 
designs and designs with more factors , inc1uding 
crossed and nested, and combinations of categor­
ical and continuous variables 

9.2.6 Unbalanced designs 
Studies involving categorical predictor variables 
should usua11y be designed with equal sample 
sizes for two main reasons. First, hypothesis tests 
are much more robust to the assumptions of nor­
mality and variance homogeneity (Chapter 8, 

Section 9.2.8) when sample sizes are equal 
Second , estimation of variance components fo1' 

random effects is more diffìcult with unequal 
sample sizes. However, it is common in biology to 
end up with unequal sample sizes , even if the 

241 
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丑ble 9.151τ"yp时 11 and III S5 加 unbalanced two factor data 

(a) 
50urζe df Type 1 飞ype 11 Type 111 

Factor A (t陀atment) 347.145 28 1.077 282.752 
Factor B (time) 2 2 884.336 2 884.336 2869.265 
AXB Z 131.912 131.912 131.912 
Residual 23 234.400 234.400 234.400 

(b) 
Source df Type 1 丁ype 11 Type 川

Factor A (Iocation) 3 1778 1.391 21 804.379 49201.833 
Factor B (Iunctional group) 4442.202 4442.202 6919.109 
AXB 3 67782.672 67782.672 67782.672 
Residual 49 59088.060 59088.060 5908日 060

Notes 
(a) From Hall et 0(. (20∞)， where there a陀 six cells w阶日m同e sizes of 们ve in all cells except one that 
has only four observations. (b) From Reich et 0(. (1999) , where there are eight cells with sample sizes 
01 two, two, three, th陀e ， fìve , 5阳， 15, and 21. In this example , the F-ratio test for functional group was 
only significant for Type 川 55 (P = 0.020) but not for Type 1 or 11 55 (P = 0.061 ) 

study was originally designed with equal 
numbers of observations per cell. Ifthe inequality 
of sample sizes is thought to be causally related to 
the factors , then it is probably useful to analyze 
the effect ofthe factors on the 自nal number of rep­
licates in each cell as a contingency table: see 
5haw & Mitchell-01ds 1993 and Chapter 14. In 
many cases , unequal sample sizes are caused by 
random 1055 of observations or by practical con. 
straints limiting the number of observations in 
some cells but not others. Besides the robustness 
issue, unequal sample sizes in factorial ANOVAs 
means that there is no simple additive partition 
ing of the SSTotal into components due to main 
efl岳cts and interactions and the formulae in Table 
9.8 no longer apply. AIso , the determination of 
expected values ofmean squares can be diffìcult, 
especially when there are random factors 

Unbalanced multifactor designs are some­
times termed non叫orthogonal. There are two 
levels of sample size imbalance in factorial 
ANOVAs τ'he fìrst is when there are observations 
in every cell but the numbers of observations vary 
τ'he second, and more diffìcult, situation is when 
there are one or more cells with no observations 

Unequal sample sizes 
A common situation in biology is where the 
sample sizes are unequal but all cells in the design 
have at least one observation. Again, we will focus 
on a two factor model, with two examples. Hal\ et 
a!. (2000) did an 四periment that examined the 
effects ofnutrients (N and P) on the macroinverte­
brate assemblages colonizing small artifi 口al

habitat units submersed in a shallow subtidal 
region in SE Australia.τ'hese arti且cial habitat 
units were loosely rolled sheets of porous c10th 
The two factors were nutrients (two levels: control 
and added nutrients) and time (three levels: two , 

岛ur and six months a仕er deployment) and the 
response variable was species richness of macro­
invertebrates. Five replicate units were collected 
from each treatment after each time period , 

except that one unit was lost on collection so one 
cell (control after six months) had only four repli. 
catesτ'he response variable is log numbers of 
individuals of macroinvertebrates per habitat 
unit. The analyses of these data are in Table 
9.15(a) 

Reich et al. (1999)εxamined the generality of 
traits of leaves from different species across a 
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range of ecosystems and geographic regions. They (no. species)ijk =μ+ (time)j + 
sampled a numberofspecies from dlfferenthne(nut n ent >< Ume)q+84k (9.23) 
tional groups (three levels: forb , shrub , tree) and 
仕om di日垣rent study sites and related ecosystems 
(six levels: Colorado-alpine tundra , North 
Carolina-humid temperate fo因此， New Mexico 
desert grassland/woodland and pinyon寸umper
woodland , South Carolina-warm temperate/sub­
tropical forest , Venezuela-tropical rain forest, 
Wisconsin-cold temperate forest and prairie and 
alkaline fen/bog). To avoid completely missing 
cells , we will use a subset of their data, omitting 
Colorado and North Carolina and only using 
shrubs and trees τ'he response variable was spe­
口直c leaf surface area , there were eight cells (岛ur
sites and two functional groups) and sample sizes 
(number of species) ranged from two to 21 per cell 
The analyses ofthese data are in Table 9.15(b) 

There are three different ways of calculating 
the 55 for the main effects and the interaction 
when cell sizes vary, termed Types 1, II and III SS 
They all provide the same values of SS for the 
residual and interaction terms τ'he former is 
simply the sum of squared deviations between 
each observation and the overall mean , obtained 
from the SS""idu'l when the full model (with both 
main effects and an interaction) is fìtted 白回

latter is based on the comparison ofthe 自t ofa fuJl 

model with the fit of a reduced model without the 
m teract10n term 

The real difference between the methods for 
caJculating 55 with unbalanced designs is for the 
main effects and relates to the way that marginal 
means are calculated. The most common method 
is to use Type III SS that are based on unweighted 
marginal means and there岛re are not influenced 
by the sample size in each cell (Table 9.15). In a 
model comparison framework， τ'ype III S5 for each 
main effect are calculated 仕om the compa口sonof
fitting the full model to the model without the 
mame旺ect of interest. For example, to determine 
the 5S

A
, we compare the fit of the full model 

Yijk 二 μ+α，+吗 +(αβ)， +ε" (9.13) 

(no. species)ijk =μ+ (nutrient), + (time)j + 
(nutrientX time)'j + e,k (9.21) 

to the fit of the reduced model 

Yijk=μ+ 吗 +(αß)， + ε，k (9.22) 

Many authorities on linear models recommended 
Type III S5 for unbalanced multifactor ANOVAs 
(e.g. Maxwell & Delaney 1990, Milliken & ]ohnson 
1984, 5earle 1993 , YandeJl 1997), a recommenda­
tion for ecologists supported by 5haw & Mitchell­
OJds (1993). This recommendation is because tests 
of main effect hypotheses using Type III S5 are 
based on unweighted means , rather than means 
that depend on the sample size within specific 
cells. 5earIe (1993) pointed out that Type III S5 
were the 巳quivalent of his preferred S5 developed 
using the cell means model, although we argue 
that the effects model is conceptually easier 岛r

biologists to understand because the traditional 
main effects and interaction terms are explicit 

Type 1 S5 are determined 仕om the improve­
ment in fit gained by adding each term to the 
model in a hierarchical sequence. For example , SS A 

is determined bycomparing the fit ofthe models 

y批=μ+α， +εijk (9.24) 

(no. species)拆=μ+ (nutrient), +ε供 (9.25)

to the models: 

Yijk= μ + 8 ijk 

(no. species)供 =μ+εijk

(9.26) 

(9.27) 

The additional SS explained by models 9.24 and 
9.25 is the Type 1 S5A• 5SB are determined by com 
p盯ing the fit of the next two models in the 
sequence: 

Yijk= μ+α;+ßj +ε'j' (9.28) 

(no. species)ijk =μ+ (nutrient); 十
(time)j +ε机 (9.29)

versus 

Yijk =μ+α;+ε，k (9.24) 

(口o. species)ijk =μ+ (nutrient), +ε" (9.25) 

It is c1ear 仕om Table 9.15 that SS, are quite differ­
ent岛rType 1 and Type III methods , not surprising 
given the dif坠rent pairs of models being com­
pared. Unfortunately, there are two downsides of 
Type 1 5S. First is that the order ofterms is impor­
tant η1e 55 due to factor B will be different if it 
enters the model after factor A compared wi由



2制 1 MULTIFACTORANALYSIS OFVARIANCE 

before factor A. Second，巧pe I SS use marginal 
means weighted by sample sizes and hence test 
hypotheses weighted by sample sizes. Most biol仔
glS臼 would probably prefer their hypotheses to be 
independent of the cell sample sizes 

Type II SS are also developed 仕om sequential 
model fitting. Now, however, the contribution of 
each term is assessed by comparing a model with 
that term to a model without it, but inc1uding all 
other terms at the same or lower level. To deter. 
mine the SSA' we compare the fit of: 

Yijk= μ+α:十鸟 +8拙 (9.28) 

(no. species)ijk =μ+ (treatment); + (time)j 
+εp ~.~ 

to 

Yijk=μ+ 码+ 8" (9.30) 

(no. species)ijk =μ+ (timelj +ε供 (9.31)

The additional SS explained by models 9.28 and 
9.29 is the Type 11 SSA' Type 11 SS are not dependent 
on the order of terms in the model but still test 
hypotheses of marginal means weighted by cell 
sample sizes. Th巳 main difì岳rence betw"een Type 11 
and Type III SS is that the Type III model compari­
son for main effects inc1udes the interaction terms 
whereas the Type II model comparison doesn't 

In the example 仕om Hall et a1. (2000) , the 
imbalance in the design does not affect conc1u 
SlOllS 仕om the F tests - both main effects and the 
interactlOll ar飞~ signifi.cant for all three 句rpes ofSS 
and model comparisons. However, the degree of 
imbalance is minor in this case τhe different SS 
used to analyze the data from Reich et a1. (1999) 

resulted in different conclusions for the hypothe­
sis test of the main e任ect ofIocation , where the P 
value based on Type III SS was 0.020 compared to 
0.061 for Typ巳 I and II SS 

We prefer Type III SS for unbalanced (but not 
missing ce11s) designs , but this is sti11 an issue of 
considerable debate in the statistical and ecologi­
calliterature. For example , Nelder & l.ane (1995) 
argued strongly in favor of Type 1 SS and recom­
mended that hypothesis testing in linear models 
be based on a hierarchical series of models. They 
saw no role for 巧rpe III SS at all. Stewart-Oaten 
(1995) proposed that巧pe III SS are only useful for 
testinginteractions. He argued that ifinteractions 
are absent, then test main effects with Type 11 SS 

and if interactions are present, then main effects 
would not be tested anyway. However, MaxweIl & 

Delaney (1990) pointed out that this approach 
depends on the power of our initial test for an 
interaction and suggested that Type III SS are 
more broadly applicable 

It is very important to remember that this 
whole debate becomes irrelevant when factorial 
designs are balanced because Type 1, II and III SS 
are identicalτ'herefore， we agree strongly with 
Underwood (1997) that unequal sample sizes 
should be avoided , at least by design. As 
Underwood (1997) pointed out, the肥 is unlikely to 
be a logical reason for estimating different ce11 
means or marginal means with different levels of 
precision and unequal sample sizes make vari­
ance component estimation very difficult. How­
ever, as discussed in Chapters 4 and 8, we don't 
recommend deleting observations to make ce11 
sizes equal. This wi11 reduce power, which is rarely 
adequate in biological experiments anyway, and 
the model comparison approach can easily deal 
with unequal sample sizes as long as we are aware 
of which hypotheses the different approaches are 
testing and we are careful about checking the 
assumptions ofthe analysis 

Missing ceIls 
ηle extreme form of unequal sample sizes is 
where there are no observations for one or ffiore 
ofthe cells in a multifactor ANOVA. Such data are 
very dif且cult to analyze because not all marginal 
and ce11 means can be estimated and therefore 
not a11 main effects and interactions can be tested 
Type III SS based on the effects models and 
unweighted marginal means for main effects are 
inappropriate in this situation. There is no single 
correct analysis for missing cells designs and dif­
岳rent approaches test different hypotheses , aIl of 
which might be of interest. The basic approach is 
to consider tests of main effects and interactions 
as sets of contrasts between marginal means and 
ceIl means respectively (Section 9.2.2). We will use 
n.vo examples to illustrate analyses of factorial 
designs with missing ce11s τhe 直rst is a modifica­
tion of the data 仕om Hall et a1. (2000) we used 
above , where instead of having a single habitat 
unlt mlsslng 仕om the control treatment a仕:er SlX 
months , we have lost a11 of the observations from 
that ceIl (Table 9.16(a)). The second example is 

FACTORIAL DESIGNS 1 

丁丑』油b副1.9.161 A捆旦皿nal即I
D耻e臼s剑l目伊1 structure. (b) ce l1 means model with tests for main e岱cts and interactions. with contra白白r the effecr of 
time, (c) Type III S5 test ofinte四ction oftreatment by time, and (d) subset analyses, omitting 6 months and 
omitting controls 

(a) 
2 months 4 months 6 months 

Cont仁。| μc2 μC4 
Added nutrients IIN2 μN4 ρN6 

(b) 
Source ss df 问S F P 

Celis 32.013 4 8.003 93.17 <0.001 

Treatment 
Control vs nutrient added for (2 and 4) months 1.063 1.063 12.38 0.002 
(μ'C2 +μC4μ'N2+μN4) 

Time 34.991 3 11.664 135.62 <0.001 
2 vs 4 marginal means Gμó+μN2μ'C4 +忡忡) 13.441 13.441 156.47 <0.001 
2 vs 6 for nut门ent added (μ'N2 =IINJ 19.720 19.720 229 .57 <0.001 
4 vs 6 for nutrient added (μN4μN 1.830 1.830 21 .30 <0.001 

Treatment X time 
Control vs nutrient added at 2 months vs 4 months 0.491 0.491 5.72 0.027 
(μc2一 μN2μ'C4+μN4)

Residual 

(c) 

SSFul1 dfFc州 SSReduced 

问odel 32.013 4 31 .522 
Residual 1.7 18 20 2.209 

(d) 
Omitting 6 months 

df 问5 F 

T陀atment 1.063 12.53 
Time 13.441 158.34 
T陀atmentX甘πe 0.491 5.79 
Residual 16 0.085 

from Reynolds et a1. (1997) , who studied competi­
tion between three species of grassland plants 
They identified patches dominated by each ofthe 
species , cleared a plot in each patch and seeded it 
with either the original species or one ofthe other 
species. Not a11 species-patch combinations were 
possible (Table 9.17(a)), so this was a design with 

1.7 18 20 0.086 

dL阳山C回l 
Difference F1,20 P 

3 0.491 5.71 0.027 
21 

Om比ting controls 

P df 问5 F 尸

0.003 
<0.001 Z 10.362 1 18.39 <0.001 

0.029 
12 0.088 

three missing cells out of the nine possible combi 
nationsτhe response variables were percentages 
of soil water, shoot Õ13C and nitrate accumulated 
on ion-exchange resin bags 

τ'he best strategy is to fit a cell means model 
(Box 9.6), basicaIly a single factor model for all the 
cells , and then test relevant contrasts based 00 
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T able 9. 171 Missing cells design and an中is from 
Reynolds et al. (1997). Seeds of each ofthe three 
species were planted into patches already 
dominated by one of the species. Only six of the 
nine species-patch combinations were possîble. (a) 
Design structu町， (b) ANOVA vvith tests ofpossible 
contrasts 

(a) Patch 

Z 3 
Species Plontogo Los仇enio Colycodenio 

1: Plontogo μ11 μ12 μ13 
2: Los的e门旧 μ21 μ22 

3:Colycσden旧 μ33 

(b) 
Source df 

Species 2 

μ13μJJ 

μ11 十五1 12 =μ，， +μ22 

Patch z 
μ11μ口

μ，， +μη= jJll +μ" 
Spe口es X patch 

μ11 一 μ12 一 μ'21 +μ22 

cell means τhe residual 仕om that means model 
is used for all subsequent tests when the factors 
are fi.xed. To test the interaction effects , we need 
to determine which interaction contrasts are 
estimable , where an estimable contrast is one that 
doesn't rely on the missing cells. For the modified 
artificial habitat data from Hall et al. (2000) , there 
is only one interaction contrast that is estimable 
(μ口向2μ臼 +μN4)' the effect of nutrients at 
two and four months , which was significant 
(Table 9.16(b)). There was also only one estimable 
interaction contrast in the plant competition data 
(Table 9.17(b)). Ifthere are more than two 1凹els of 
both factors , and depending on the pattern of 
missing ce11s. there may be more than one estim. 
able interaction contrast and sums of non. 
estimable contrasts might also be estimable 
(Searle 1993). We could also use ηpe III SS to 
compare the 缸 of the full effects model to the fit 
ofthe reduced model; 仕om Hall et al. (2000) , this 

is the comparison of models 9.13 and 9.21 versus 
models 9.28 and 9.29τhis F-ratio is testing the Ho 
that a11 the estimable interaction contrasts aIe 
zero. and since there is only one estimable inter­
actlOn cont四旺， this test is the same as obtained 
from the contrast as part ofthe cell means model守

The point is that the F test based on Type III SSAB 
does not test that a11 interactions between A and 
B are zero but only some subset that depends on 
the pa ttern of missing cells 

What about main effects?τhe recommended 
approach is to determine a set of contrasts ofmar­
ginal means (for the part ofthe data set without 
missing cells) or cell means that test sensible 
hypotheses based on the available data η11S IS 
where the cell means model is very important. For 
the time factor in Hall et a1.'s (2000) arti自cial

habitat example. we can contrast two and four 
months using nlarginal means (Ho 的=μJ
because a11 ce11s have observations. We can con­
trast two and six months and four and six months. 
but only using cell means 面or nutrient added 
treatments (Table 9.16(c)). For the plant competi­
tion example (Table 9.17(b)) , Reynolds et a l. (1997) 
contrasted the ce11 means for Plantago and 
Ca1ycadenia 岛r Colycadenia patches only (one df) 
and also measured the main effect of species from 
the analysis ofthe P1antago and Lasthenia combina 
tions as a subset (one df). The combination of 
these two effects produced the 直nal SSspcdes with 
two df. The SSn...L was determined with a compar. Patch ........, ..............~H~~H...~ .T~..~~.... .......~Hy 

able set of contrasts. In all these cases. the resid 
ual from the ce11 means model was used as the 
denominator for a11 F tests 

Note that these analyses do not represent 
orthogonal partitioning of the SSTotal' because 
these designs are extreme examples of imbalance 
and we have already pointed out that there is no 
simple partitioning of the SS in unbalanced 
designs. We should also mention Type N SS that 
are produced by the SAS statistical software 
package. When there are no missing ce11s.ηpeN 
SS are the same as Type III SS. When there are 
missing cells , Type N SS are calculated for all the 
estimable contrasts as described above , although 
SAS selects a subset of these (see Milliken & 

Johnson 1984 for details). Searle (1993) and 
Yandell (1997) have ar.阴ed strongly that 出e

default Type N SS may not be useful 也r many 

missing cells designs. It is clearly a more sensible 
strategy to carefully think about what subset of 
hypotheses are of most interest仕om all those that 
can be tested when there are missing ce11s 

Another approach to missing cells designs is to 
analyze subsets of the data set with observations 
in all cells σ'able 9.16(c)). In the artificial habitat 
example. we could delete a11 data from six months 
and fit a two factor model to the remaining data 
for two levels of time (two and four months) and 
two treatments (control and nutrients added). The 
SSAß for this subset analysis is the same as the Type 
III SS 仕om the full data set because the only estim­
able interaction contrast is the one from this 
subset (Table 9.16(c)). The 且rst contrast ofthe time 
e任ect in the cell means analysis is also the main 
e任ect oftime from an analysis ofthe subset ofthe 
data omitting six months τhe other subset with 
observations in all cells is using added nutrient 
data only 自or all three times , although that 
becomes a single factor analysis. When both 
factors have more than two levels , and there is at 
least one missing ce11 , there may be more than 
one subset suitable for a factorial model. On the 
other hand , if there is a complex pattern of 
missing cells (disconnected data, sensu Searle 
1993 , Yandell 1997) , then the subsets might be 
quite small compared to full data set. i.e. most of 
the rows and columns may need be to deleted to 
form an analyzable subset ofthe data 

In summary, the analysis of missing cells fac 
torial designs will involve a combination of ana 
lyzing balanced subsets ofthe data , especially for 
interactions , and sensible contrasts of cell means 
forεxamining components of main effects. We 
have only discussed fixed factor models here. The 
tests of relevant contrasts in mixed models with 
missing cells are really messy because of the diffi­
culty of calculating an appropriate error term 

9.2.7 Factor effects 
When the factors are fixed (i.e. ModeI1). we might 
wish to estimate the variance between the group 
means in the spec且c populations from which we 
have sampled. For factor A, this is ~立1α;'!(p-1) ，

where αis the difference between each group 
mean and the overall mean (μzμ). Following 
Brown & Mosteller (1991) , we can equate the mean 
squares to their expected values (the ANOVA 
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approach) to obtain an estimate of this variance 
of the population group means (Table 9.18) 
Analogous calculations work for the other fixed 
effects (B and the interaction A X B) and we simply 
determine the proportion that each contributes 
to the total variance (the sum ofthevariance COffi­
ponents plus the residual). An alternative for 直xed
factor effects is to ca1culate ω， (Hays 1994) as a 
measure of strength of association between the 
response variable and the fixed factor (see Chapter 
创刊is is similar to the EMS measure abo回 except

we are estimating; 2:立1α;'!p instead of 
2:,f=1a/J(P -1) , so the two measures are related by 
the ratio (p -1)lp. The formula 且or w 2 given in 
many texts (Hays 1994 , Kirk 1995) automatically 
determines the percentage of the total variance 
explained (a PEV measure, sensu Petraitis 1998; see 
Chapter 8). For fixed factor A in a two factor 
ANOVA 

…, SSA - (p 一 1) MSResidual r.. ~= 
…A MS岛、 sidual + SSTotal 

(9.32) 

The difference between the estÏmate of w2 and the 
estimate based on equating the mean squares to 
their expected values decreases as the number of 
levels ofthe fì.xed factor increases because the dif­
ference between p -1 and p decreases 

For a random effects model (Model 2) , we wish 
to estimate the added variance component (the 
va口ance between the means for all possible 
groups) for A (σα') ， B (σ./) and the interaction 
(σ'a/)' Again , we can use the ANOVA approach to 
estimate these variance components (Brown & 

Mosteller 1991 , Searle et a l. 1992) and calculate 
each as a proportion of the total (sum of the com­
ponents plus the residual). These are equivalent 
ca1culations to those described above for fixed 
factors 

We emphasized in Chapter 8 that the "vari­
an四" components for fixed and random factors 
are interpreted differently. For a fi.xed factor, we 
are estimating the variance between group means 
from the specific populations we have used and 
the difference between the true population mean 
and our estimate is sampling error at the level of 
the replicate observations (i.e. we have used all 
possible groups but have sampled observations 
仕om those groups). For a random factor, we are 
estimating the variance between all possible 
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丑陆b胁l恒e9引18创r:::剧NO'即，YA们e酬matl田e臼S ofv.咀an阳an配C臼e ∞com即lp阴on配ent盹t臼s 如 bala四nc阳叫C白耐ed 肌
factor ANOVA rnodel with diffi岳er四ent扰t combina咀atìon、S offi血edan卫dr曰'andom'
factors 

A, B fixed 
50u仁ce Expected mean square Estimated variance component 

A 

主q2
问SA - M5Residua 

σ;1+nq一→一 来

p-I ηq 

B 哥+叩L二己哥一 问5B -M5司.esidJa 来
q •| 门户

AB 
主主(O'ß)/

问S且- MSResidual* σF 2+η 
(p 一 1) (q 一 1) n 

Residual ζT dF 2 问SResidu时

A. B random 
50uπe Expected mean squa陀 Estimated 旧nance component 

A σdFz+ησG1U 月十门qσgZ 
问5A - MSAB 

门q

B σ 2+ησq2β +nþσp 二
问5B - MSAB 

ηp 

AB σF Z+ησa2 m 
问SAB - MSRes，山d

门

Residual 0" 2 问5Re到dualE 

A fixed , B random 
Source Expected mean squa陀 Estimated variance component 

A t+ML+ 门q早主一叫z M5A - M5AE 
p 一| 门♀

B σf+nwj 
问Ss - MSResidual 

门p

AB σz2+nσm z 问SAB - MSR.esidu到
门

Residual 0"' 问SReSldual, 
Note 
Note that the "variance component" for fixed effects (来)陀presents
the variance between the fixed group population means 

group means and the difference between the true 
population variance and our estimate is sampling 

error at the level of groups (i.e. we have used only 

a sample of a11 the possible groups) 
For IDixed models , there are two approaches 

The most correct method is to ca1culate true var­
iance componen臼 only 岛r the random effects in 
the model and determine the proportion each 
contributes to the total (inc1uding the residual) 
of the random variation in the response variable 

This approach forma11y recognizes that the "var­
iance" between the fixed group means is not 
rea11y comparable to the added variance due to 
random effects. The second method (Brown & 

Moste11er 1991) takes a more pragmatic line and 
doesn't distinguish between fixed and random 
effects in that the equivalent ofvariance compo­
nents are ca1culated for bothτ'he argument 
here is that the ca1culations are identical for 
b。也可pes of effects (using the expected mean 
square (ANOVA) approach) and we are simply 
t巧ring to apportion the total variation in the 
response variable amongst all the model terms 
in a comparable way. τ'he different interpreta­
tions of estimates of variance between 白xed

group means and true added variance comp萨
nents still must be recognized. Any measure of 
proportion of explained variance for multifactor 
models must be treated cautiously. τhese meas­
ures are obviously dependent on other terms in 
the model (Underwood & Petraitis 1993 , 

Underwood 1997) and are difficult to comp配
between analyses 

The ANOVA approach to true variance comp仔
nent estimation relies on equal sample sizes 
When sample sizes are different, there is no 
straightforward solution to estimating variance 
components ofrandom factors. Sear1e et al. (1992) 
discussed a number of modifications of the EMS 
(ANOVA) method , inc1uding Hendersons's 
Methods 1, 11 , and III , and using ce11 means, but 
could not make defìnitive recommendations 
about which is best， τhey preferred maximum 
likelihood (ML) and restricted maximurn likeli. 
hood (REML) methods of estimation for unbal. 
anced data and these were discussed in Chapter 8 
They did point out that the major limitation of 
these methods of estimation is their complexity 
and the shortage of ava i1able soft兀.vare

FACTORIAL DESIGNS I 

9 ,2,8 Assumptions 
Fortunately, the assumptions of factorial ANOVA 
models are basica11y the same as we have already 
discussed for single factor and multifactor nested 
models 古le assumptions of normali可 andhomo.

geneity of within-cell variances for the error 
terms from the model and the observations apply 
to hypothesis tests in factorial ANOVA models. We 
can check these assumptions for the observations 
within each cell using the same techniques (box­
plots , mean vs variance plots and residuals vs cell 
mean plots) already described in Chapters 4 and 8 

Formal tests ofhomogeneityofwithin-cell var­
iances. as described in Chapter 8, can be applied 
to factorial designs. Levene's test is probably the 
best and also works well when based on random-
ized residuals (Manly 1997). Nonetheless , our res. 
ervations outlined in Chapter 8 about using these 
tests in isolation 仕om more informative diagnos 
tic checks stil1 hold. When the research hypothe 
ses of interest actually concern main effects and 
interaction effects on variances , rather than 
means, modifications of the tests based on 
pseudo唱bservations (e.g. absolute residuals) 
described in Chapter 8 can be used (Ozaydin et al 
1999) 

τl1e assumption of ind巳pendence is also rele 
vant for factorial ANOVA models and the observa 
tions within each ce11 should be independent of 
each other. Problems arise if we repeatedly 
measure experimental or sampling units through 
time (see Chapters 10 and 11) or we design our 
experiment so that the response of some units 
affects the responses of others (Chapter 7) 

Transformations of the response variable 
deserve special mention for factorial ANOVA 
models. Transformations ofvariables with skewed 
distributions can greatly improve normality and 
homogeneity ofwithin-cel1 variances (Chapters 4 
and 8) and should be considered when these 
assumptions are not met. Trans由JrmatlOns can 
also affect the interpretation ofinteraction terms , 

although the effo巳ct depends on the nature ofthe 
interaction (Sokal & Rohlf 1995) 

In Table 9.13(叶， the effects are additive and 
there is no interaction between factors A and B 
τhe difference between the two levels of A is the 
same at each level of B and vice versa. In Table 
9.13(b) , the effects of factors A and B are c1early 
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also Table 9.13; Underwood 
1997 provided a similar 
example and detai!ed explana 

30 tion). ln Figure 9.3(a) , there is 
no interaction between the 
two factors (lines parallel) and 
the main effects (marginal 

mean plots) are straight币。rward to interpret 
When there is a moderate interaction (Figure 
9.3(b)), the marginal mean plots (and therefore 
tests ofmain effects) can become misleading. The 
marginal mean plot for A suggests A2 and A3 are 
similar whereas they are clearly different at each 
level of B. With complex interactions (Figure 
9.3(啡， comparisons of marginal means can be 
completely uninterpretable. For example, the 
marginal mean plot for A suggests no effect when 
there are obvious effects at each level of B. they 
are just opposite 

The interaction plot for the data on the effects 
of adult density and season on egg production of 
Siphonaria limpets 仕om Quinn (1988) shows no 
evidence of an interaction for high shore limpets 
but some interaction for low shore limpets (the 
difference between seasons is greater at density 
six than 12 or 24) - see Figure 9.4 and Figure 9.5 
Such interaction graphs are help且11 ways of 
understanding interactions but are necessarily 
subjective 

Residual pl。臼 from

two factor ANOVA models for data 
on effects of density and season on 
egg mass production by Siþhonaria 
limpets (Quinn 1988). (a) High shore 
limp盹， (b) low shore limpets 

Plots of cell means and 
errors for data on effects 

of density and season on egg mass 
production by Siþhonaria limpets 
(Quinn 1988). (a) High shore 
limpets, (b) low shore limpets 
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τ'he only tricky part of contrasts or pairwise com­
parisons on main effect means is to ensure that the 
correct error terrn is used if the rnodel contains 
random factors. In such situations, the eITor term 
for fixed factors , and therefore anycontrasts on the 
means of those factors , is usually an ìnteraction 
term rather than the MS.凶idual

9.2.11 Interpreting interactions 
τbe presence of an interaction between two 
factors is often of considerable biological interest 
and nearly always dese凹'es further analysis. 

Exploring interactions 
Plotting cell means with the response variable on 
the vertical axis , the levels of one factor on the 
horizontal axis and lines joining the means 
within levels of the other factor (see Figure 9.3) is 
sometimes called an interaction plot. An interac­
tion is indicated by deviation of the lines 仕om
parallel. We illustrate the eff坦cts of interactions 
on interpretation ofmaÎn effects in Figure 9.3 (see 
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factorial designs by analyzing all the cells as a one 
factor design , with appropriate contrasts (like a 
cell means model). Of course, generalized linear 
models (GLMs; see Chapter 13)would also be appli­
cable when the underlying distribution of the 
responsevariable is not normal but is known to be 
one 仕om the exponential 臼mily.

Randomization tests for factorial ANOVAs have 
been described by Edgington (1995) and Manly 
(1997). With both main effects and interactions 
involved , there are a number of different ways to 
randomize obseIVations (or residuals). Observa­
tions can be randomized across all cells and either 
F-ratios or mean squares for main efi挂cts and 
interactions used as test statistics. Randomizing 
residuals across all cells and using Fratios can 
also be used. Edgington (1995) has suggested that 
true randomization tests for interactions are not 
possible and recommended restricted randomiza 
tion 岛r testing main effects , whereby observa 
tions are randomized between groups for one 
factor, controlling for the other factor. Manly 
(1997) summarizes these and other approaches 
and conc1udes 仕'Om simulations (see also 
Gonzalez & Manly 1998) that when based on F­
rati时， a11 methods gave similar results for testing 
main effects and interactions , and these were 
similar to the classical ANOVA tests 

9.2.10 Specifìc comparisons on main 
e胃ects

multiplicative and , on the raw scale, there is 
clearly an interactionτ'he difference between the 
two levels of A is not the same at each level of B 
and vice versa. However, if we log transform the 
cell means, this interaction effect disappears and 
an additive model without an interaction term 
would now be appropriate. After transformation , 

the percentage change 仕om A, to A, is the same 
forboth levels ofB.ln Table 9.13(c), the interaction 
is more complex, where the effects of the two 
levels of A are reversed for each level of B. A log 
transformation does not change the nature ofthe 
interaction term very much 

So a log transformation (other power transfor­
mations can also alter interaction strengths) will 
make effects that are multiplicative on the raw 
scale additive on the transfonned scale (Emerson 
1991 , Kirk 1995, Neter et al. 1996, Sokal & Rohlf 
1995). The decision whether to transform data 
before 直tting multifactor ANOVA models then 
also depends on whether the biological interac­
tion you are measuring is best represented on the 
transformed scale. An additive model after trans­
hπnation 四日mpler but may miss multiplicative 
effects that represent important biological inter­
actions. If, on the other hand, multiplicative 
effec臼 are not considered biologically important 
interactions (i.e. only di他rent rela tive percentage 
changes in one factor at each level of the other 
factor are relevant) , then a log trans岛rmatlOn to 
prod uce an add山ve model might be appropriate 

If there are no strong interactions, interpreting 
main effects is relatively straightforward and 
involves tests of marginal means , e.g. the means of 
factor A pooling over the levels ofB and vice versa 
τ'he tests ofnull hypotheses ofno effect of A or no 
effect of B can include planned contrasts and{or 
trend analyses or be followed by unplanned multi 
ple comparisons , as described in Chapter 8. For 
example , Poulson & Platt (1996) analyzed the dif­
ference in growth between sugar maple and beech 
saplings (the difference was the response variable) 
with a two factor ANOVA model τbe factors were 
light microenvironment (three levels: beneath 
canopy, single tteefall gap , multiple treefall gap) 
and height class (three levels: small , medium , 

large) and they incorpora臼d two planned con­
trasts 岛r each of the main effects , although for one 
response variable , the interaction was significant 

9.2.9 Robust factorial ANOVAs 
There are few accepted robust factorial ANOVA 
techniques. One common approach is to use a 
rank transform (RT) method , whereby the data are 
converted to ranks and the usualANOVAis applied 
to the ranks. Although this method may be use且11

for tests of main ef岳cts， it is inappropriate for 
testing interactions (McKean & Vidmar 1994, 

Seaman et al. 1994, Thompson 1991a ,b) because of 
the nonlinear nature of rank-trans岛rmed data 
τ'he recently proposed aligned rank procedure of 
Salter & Fawcett (1993) maybe more use且11. As dis 
cussed in Chapters 3 and 8, the RT approach may 
not provide protection against unequal variances 
but can help in dealing with outliers 

τ'he Wilcox Z test (Chapter 8) is robust to 
unequal variances and could be applied to 
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Plo岱。f cell variances -against cell means for 刨
untransformed numbers of limpets 
阳r oyster and (b) square root 
transformed numbers of limpets per 
100 oysters from 问inchinton & 
Ross (1999). Note the weaker 
relationship be阳een mean and 
variance after t 广ansformation
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masses produced per limpet. Note 由at the season effects are the strongest and the interaction effects are similar 
to , or less 由an， the densìty effects 
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main effects for B at each level of A partition the 
SS and df for B and AB. When both factors are 
fix时， tests of simple main effects should use the 
original MSResidual as the denominator of their F 
tests , because we have already decided that i5 our 
best estimate ofthe residual variance in our data 
Simply splitting the original data and testing 
across the leve15 of A for any spec植c\evel ofB with 
a single factor ANOVA w il\ result in an F test with 
a di在坦rent denon1Ìnator term with different df 
and different power characteristics than the tests 
in the original two factor ANOVA. This seems inap­
propriate 50 make sure the MSReSidual 仕om theorig­
inal factorial ANOVA is used as the error term for 
simple main effect tests in Model 1 ANOVAs. 

and absent 岛r each P level separately. Theεxpen 
ment examining the effect of density and season 
on egg mass production by limpets (Quinn 1988) 
showed a significant density by season interaction 
for low shore limpets (Box 9.4). A sensible test of 
simple main effects would test the density effects 
自or each season separately. 

Simple main effect5 don't really examine the 
interaction, just separate effects of one factor for 
each level of the other factor. In many cases , we 
might only wish to examine simple main effects 
for one of the factors τhis might be particularly 
true if one factor is random. A signi自cant interac­
tion between the 且xed and random factor sug­
gests the effect of the 直xed factor varies spatially 
or tempora11y and we would usually examine the 
simple main effects 面or the 且xed factor at each 
level ofthe random factor separately. To il\ustrate 
企omMinchinton & Ross (1999). we would test the 
simple main effects of intertidal zone on the 
density of oysters on mangrove trees for each ran­
domly chosen site separately. When both factors 
are :fìxed , then we might want to test simple main 
effects for both factors. If there are many levels of 
one or both factors , then testing all simple main 
effects involves a lot of non-independent single 
factor ANOVAs. These are exploratory analyses 
looking for sign温cant results among a collection 
of tests , so some correction (e.g. Bonferroni-type) 
to significance levels to adjust for multiple testing 
probably should be used (see Chapter 3) 

Simple main effects tests are basically single 
factor ANOVAs at each level ofthe other factor but 
they are best considered as a set ofparticular con 
trasts and part of the original two factor ANOVA 
The simple main effects for factor A at each level 
of B partition the SS and df for A and AB; simple 

Cell mean 马 )', 月十 )'(i= l.j=2) 
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Bar graph of mean (+ standard error) square 
root transformed numbers of limpets per 100 oysters for 
d;何erent zones and sh:es from M阳hinton & Ross (1 999) 

Mid Land 
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interaction can be done (Underwood 1997) 
Unfortunately. there will 0仕en be many means 
involved and multiple compa口son tests can 
produce ambiguous results when there are lots of 
groups (Chapter 8). We do not recommend this 
approach unless the ANOVA is exploratory and no 
sensible contrasts can be determined 

Simple main effects 
Simple main effects test the Ho of no effect of 
factor A at each level of B separately andlor no 
efl岳ct offactor B at each level of A separa tely. As an 
example. Stehman & Meredith (1995) described an 
experiment based on Radwan et aJ. (1992) who 
examined the effects of nitrogen (two levels 
present and absent) and phosphorus (four levels 
0.100.300, 500 kgha-1) on growth and foliar nutri­
ent concentrations of Douglas fir trees τhis 

experiment would be analyzed as a two factor fac­
torial ANOVA. Testing simple main effects might 
involve comparing the four P levels separately for 
N present and N absent or comparing N present 

Another descriptive approach is to decompose 
the ANOVA into a table representing the main 
effects and interaction effects. The general tech­
nique of splitting up the data into effects and 
residuals is termed sweeping (Schmid 1991) and is 
described 西or a two factor ANOVA. using the data 
on the effects of adult density and season on egg 
production of low shore Siphonaria limpets from 
Quinn (1988) as an example , in Table 9.19. The 
border row and column show the main effects and 
the central entries show the interaction effects for 
each cell. The season effects were stronger than 
the densi可 and interaction effec阻. the relatively 
small interaction effects matching the conc1u 
日ons 仕om the ANOVA and interaction plot for 
these data (Box 9.4) that there is a statistically sig 
nificant interaction but it does not swamp main 
effects 

Unplanned multiple comparison 
An unplanned multiple comparison 阻st (e.g 
Tukey test) on all cell means involved in the 
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When one factor (say, B) is random (Model 剖，
then the main e旺ect of A was tested against the 
AB inte四ction and the interaction was tested 
against the residual 50 there is no single denomi 
nator for tests of simple main effects of A 仕oma
partition of (55 A + 55皿). Under these circum 
stances , Qne approach mightbe to calculate a new 
pooled error term 

SSA + 55" 
(p-1)+(p-1)(q-1) 

(9.33) 

This is based on the strategy recommended by 
Kirk (1995) and Maxwell & Delaney (1990) for 
partly nested models where we have both 且xed

and random factors (Chapter 11). We can use this 
pooled error term as the denominator 岛r simple 
main effect tests 面or factor A, although tests will 
only be approximate 

Keep in mind a150 that planned contrasts and 
trend analyses and unplanned comparisons can 
be incorporated into tests of simple main effects 
of fixed factors. Underwood (1997) recommended 
simple main effects tests to interpret interactions , 

although he did not use this term. He also focused 
on multiple comparisons , recommending SNK (or 
Ryan's) tests to compare the A means at each level 
ofB separately. rather than considering the F tests 
for the simple main effects 

Treatment-contrast and contrast-contrast 
interactions 

Treatment-contrast interactions partition the 
interaction term by testing contrasts (e.g. group 1 
versus group 2) and trends (e.g. linear, quadratic) 
in one factor against the levels of the second 
factor. We test whether a particular contrast of 
groups of one factor interacts with the second 
factor. In the study by Stehman & Meredith (1995) 
examining the effects of nitrogen and phosph任
rllS 011 growth and 岛liar nutrient concentrations 
of Douglas 且r trees , a number of treatment­
contrast interactions make sense. First, is the dif­
ference between no P (control) and the average of 
P，帕， P 300' P 500 consisten t 岛r treatments with N 
present and N absent? Second , are the linear or 
quadratic trends across P the same for N present 
and N absent? In the example for low shore 
limpets 丘om Quinn (1988) , we could test whether 
the contrast of natural density (s皿 limpets) with 
increased density (12 and 24 limpets) interacts 

with season, i.e. whether this contrast was consis­
阻nt between season (Box 9.4). Alternatively, we 
can test whether the linear trend in density inter­
acts with season (Box 9.4) 

Contrast-contrast interactions are a particular 
case of treatment-contrast interactions and test 
the interaction between contrasts or trends in one 
factor and contrast or trends in the second factor 
For example , Corti et a!. (1997) set up a factorial 
experiment to test the effects of hydroperiod and 
predation on macroinvertebrate communities in 
ponds on the Mississippi River floodplain. The two 
factors were pond (four levels: two permanently 
wet ponds, two temporary ponds which dried 
occasionally) and predator access (three levels: all 
access, srnall-fish access , no access). The design 
was actually slightly more complicated as there 
were also repeated measurements on dates (see 
Chapter 12) butwe canjust consider it a two factor 
analysis 也r the moment. They used a nllmber of 
contrast-contrast interaction tests to interpret 
significant pond by predator interactions. For 
example , did the contrast between pond one and 
pond two (comparing the two temporary ponds) 
interact with the contrast of all access versus com 
bined no access and small-fish access treatments? 
Did the temporary versus permanent pond con 
trast (ponds one and two vs three and four) inter 
act with the contrast of a11 access versus combined 
no access and sma11-fish access treatments? 

Both 可pes of contrast were used by Mills & 
Bever (1998) , who examined the effects of plant 
species (four levels: four species of perennial 
plants) and strain of pathogenic oomycete of the 
genus ηthium (six ]eve]s: control and five strains) 
on plant mass. Their design also induded a block 
effect (see Chapter 10) butwe canjust consider the 
factorial component (plant species crossed with 
巧局"hium strain) here σ'able 9.20). They induded a 
treatment-contrast interaction test (does the 
e丘ect of plant species interact with the contrast 
between the control and the average of the 且ve

ηthium strains?) and numerous contrast-contrast 
in teraction tests (e ιdo巳s the contrast between 
any two of the plant species interact with the con­
trast between the control and the average of the 
five l)thium strains?) 
阻rk (1995) has provided computational formu­

lae for developing such tests but they can usually 
be obtained 仕orn linear models routines in 

丑ble 9.20 I PartofANOVAtablefromMills& 
Bever (1998) for experiment tes[ing effects of白ur

plant species (An =Anthoxan由um， Da = Danthonia , 

Pa = Panicum, Pl =凹antago) and six pathogenic 
oomycete treatments (control and fiye strains of 
市thium) on plant mass and root:shoot ratios 

50urce df 

ßloζk 

Plant spp. 3 
Treatment 5 

Contol vs average Pythium 
Among Pythium 4 

Plant spp. X Treatment 15 
Plant spp. X Contol vs average P严hium 3 
An-Da X Contol vs average 尸ythium

An-Pa X Contol vs average Pythium 
An-PI X Contol ys average Pythium 
Da-Pa X Contol 回 average Pythium 
Da-PI X Contol vs average Py价lum

Pa-PI X Contol vs average 即thiυm

Residual 167 

Note 
5peci白c comparisons for treatment main effect 
were control treatment versus average of the 
flve Pythium strains and among the Pythium 
strains. Interaction contrasts were plant 
species by control treatment versus ave日ge of 
the 们 ve Py的旧m 到rains ("treatment-contrast 
interaction") an 才 the di百erence bet灿een all 
pairs of plant species by control treatment 
versus average of the 白ve P'川ium stralns 
("contrast-contra吐 interaction")

statistical software that allows flexible coding of 
contrasts 

9.2.12 More complex designs 
τhe two factor ANOVA model can be extended to 
handle more complex designs in three ways (i) 
three or more factor factorial designs, (ii) 仕ac­

tional factorial designs , and (iii) combinations of 
crossed and nested factors 

Complex factorial designs 
Extending linear models to three or more factors 
is relatively straightforward, except for interpret­
ing complex interactions. As an 四ample， Ayres & 
Scriber (1994) studied climatic adaptation in 
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caterpillars and tested the e能cts of sex (male , 

female) , population (Michigan, Alaskan) and 
laboratory temperature (120, 180, 24', 300C) on 
mass ofpupae produced τhe 吐lfee factor ANOVA 
model included a three factor interaction (is the 
interaction between temperature and population 
consistent for males and females?) , three two 
factor interactions (e.g. is the difference between 
temperatures the same for both sexes , pooling 
populations?) and three main effects (e.g. is there 
a diti坠rence between sexes , pooling population 
and temperatureηNote that the three factor 
interaction is symmetrical - "is the interaction 
between temperature and population consistent 
for males and females?" , "is the interaction 
between sex and population consistent across the 
four temperatures?" , etc. 

We can estimate factor effects , as either fixed 
factor "variances" or variance components fOI 
random factors , using modifications of the 
approaches described in Section 9.2.7. We can 
compare the relative contribution of the different 
main effects and interactions by eqllating the 
mean squares to their 巳xpected val ues as 
described in Section 9.2.7. Keep in mind the fun 
damentally different interpretation of variance 
components 岛r random factors and the "vari­
ance" among 自xed treatment effects. Note that 
when two or more random factors are inc1uded , 

caIculation of variance compone口ts is difficult 
(see below) 

τ'he strategies for exploring complex interac 
tions follow those outlined in Section 9.2.11τ11e 
equivalent of simple main effects are simple inter­
action effects , where the A X B interaction is 
exanlined at each level of C or the AX C inter 
action is examined at each level of B, etc. These 
simple interaction tests could then be followed by 
simple main efj坠cts. One difficulty is that the 
number of significance tests can quickly become 
very large when exploring complex interactions 
like this and some sort ofBonferroni correction to 
the significance levels of the tests to control the 
Type 1 error rate might be needed (Chapter 3) 

If fixed and random factors are combined in 
these complex factor日1 designs , then the 
expected mean squares nlust be determined 
beforehand (Table 9.21) because including one or 
more random factors can mean that some tests 
will use interaction terms rather than the 

255 
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Table 9.21 I Expected mea叫uar时or出ree factor ANOVA model (after 
Winer et al. 1991). Factor A has p levels , B has q levels and C has r 1凹'els with 
n rep1icates in each ceI1 

T丑』油bl迦e 9.22川~呻pe缸C削 me咀an盯吨叩quares臼s叫(归EMS町)a四nddenom阳皿M时O盯r川F皿ratlo川O剧 ofH问， t由ha旺t曲ct ofe四ach t阻e盯ermη1e呵q甲啊u山1咀a
zero 岛rt出h阻e 臼cto町r crossed ANOVA model. Factor A h田 p levels. B has q levels , C has γ1巳vels wi由 n replicates per 
cell. (a) Modell (all factors fixed) and Mode12 (all factors 四ndom). (b) One possible Mode13 (factors A and B fixed 
factor C random) i1lustrated with example 丘üffi Minchinton & Ross (1999) - see Section 9.2.12 for detai1s 50urce General expected mean squa陀

(a) 
A, B, C fixed 人 B, C random 

50uπe E问5 Denominator EM5 Denominator 

A σ52+叫rσ二 问SResid旧1 σ5Z 十门σ4Zy十门'"。 σuZy十 ηrσdZ+ 门σqnσσ2 Quasi (1) 

B σ62+npr气卢2 问SRes， dual σ 2+nσ句2gy+np俨 σVβ2y+ηrσZd+n川þnσz Quasi (1) 

C σJ+npvJ MSRESidual 气2+nσLY+np哈+叫σ乌+n问σy2 Quasi (1) 

Aß σs2 十门rσmz MSRes[dual σE2+nσq2βy +nrσa β 问SABC

AC 气2+ 门qσL M50阳叫, , σE Z+ησqZβy 十门qσ叮2 问5ABC
BC σ52+nDYσF2 y 问SResldual σg2+ησ2go月y十门pσZpy M5ABC 
AßC σ， 2 十 nσ24y M50阳门阳"'， σ62+ησ02 8y MSResidual 
Residual CT dp 2 CT F 2 

(b) 
Source Minchinton & Ross (1999) EM5 Denominator 

A Zone σJ+nqσL+叫fσgz 问5AC
B Orientation σ.2 十门Fσjy+nprσJ 问5BC
C 5ite 对+η问σy2 问SResi明
AB Zone X orientation σ52+ησ4Zy +ηrσq2 β 问SABC

AC ZoneXsite 气2 十叫σL 问SResidual
BC Orientation X 5吐e σ6Z+nbYσF2 y 问5R国dυd
AßC Zone X orientation X site σ62+nσ42 y MSRe5i口lual
Residual CT dF Z 

BCC3 

A
B
C
A
A
B
M

州

气.2+nDqDr'σ乌+叫DAy+n叫σ主+nqlí.气2

σZ+nD Dd y十门户Drd+η们Dσ:+nFrσ2þ-(句ββ'y '-p- aß β 

σrZ+ηDpDqσ马'y + 门PDAP+nqDdy+ 门pqv
σ'+ 门。 σ气十ηrσ[ apy ap 

σ2+nD σ飞+门Gσ2
q aþy 寸。y

σ '+nD σ2 +nnσ2 p 
"
β'y "/"'βy 

σ2 十门σ飞
F 句。y

z 
σ 

< 
Residual 

Note 
Coding used for expected mean squa陀s outlined in Box 9, 8 

MSResidual as the denominator 面or their F-ratioτ'his 
can result in reduced dfand less power than antic­
ipated 岛r some tests. For example, as pa址。ftheir
study of limpets on oyster shells in mangrove 
forests. Minchinton & Ross (1999) used two ran. 
domly chosen sites, three zones (seaward zone 
with mangrove trees. middle zone with trees , and 
a landward zone at the upper levels) and two 
orientations of mangrove trunk (upper facing 
canopy and lower 岛cing forest floor). There were 
five quadra ts in each of the twelve cells and the 
response variable was densities of limpets per 
oyster surface , Although there were 48 df茧or the 
residual, the test of the interaction between the 
tìxed factors (Zone by Orientation) used the three 
factor interaction with only two df as the denom­
lnator，咀le tests of the tìxed main effects (Zone , 
Orientation) used the respective two factor inter 
actíons with the random factor (Zone by 5ite, 
Orientation by Site) as denominators with only 
two and one df respectively. To increase the power 
ofthese tests, the number oflevels ofthe random 
factor (in this example , sites) needs to be 
increased , rather than the number of replicate 
observations in each cell (quadrats). 

If two or three of the three factors are random 
(e ,g ,A, B and C random; seeTable 9.22) , then there 
will be no appropriate F-ratio tests for some terms 

in the model, i.e , under the Ho' there will be no 
other mean square with the same expected value 
as the term being tested. For example , in a three 
factor fully crossed design where a11 three factors 
are random, there are no appropriate F-ratios for 
testing for any ofthe main effects. There are two 
solutions to this problem 

1. Quasi F.ratios must be calculated by com. 
bining mean squares until a suitable numerator 
and denominator combination is found that 
tests the hypothesis of interest (Blackwell et al 
1991) , For factor A in a three 臼ctorrandom
e任坦cts model , there are two possible quasi 
F-ratios Unfortunately, quasi F.ratios do not follow an F 

distribution under the Ho and quasi-F tests are 
approximate at best (Burdick 1994)τ'he problem 
becomes almost intractable if multiple random 
factors are combined with an unbalanced design. 
Our experience is that multifactor designs with 
more than one random factor are not common in 
biology, so we don't come across this situation 
often. 

require too many replicate units. Fractional 也cto­

rial designs are often used in these situations , 

especially when we have a large number of 
factors , each with two levels τ'he terminology in 
the literature identi直es this as a 2p design where 

P is the number oftwo level factors. Ifwe had four 
factors (p equals four) , then the number of model 
terms for a fully factorial design would be 16 and 
the total number of experimental units required 
would be 16 times the number of replicates per 
celL When much 也werεxperimental units are 
available and the main purpose of the 四pen
ment is to screen for important effects , a 仕aε

tional factorial design might be used τ'here are 
two ways in which the required number of units 

F~MSA!(MSAB+MSAC-MSAllcl (9.34) 

F~(MSA+MS且c)!(MS且+MSAC) (9 , 35) 

τ'he second of these is more useful , as the 
fìrst method can lead to negative F-ratios , which 
should not, by de直nition ， Qccur. The degrees of 
仕'eedom afe a150 complex, and formulae are pro 
vided by Winer et al , (1991) 

2. Alternatively, ifwe are primarily interested 
in the random factors , we can ca1culate 
confidence intervals for the variance compo 
lleuts and see ifthose confidence intervals 
include zero (Burdick 1994). 

Fractional factorial designs 
Sometimes we ffiight wish to explore the effects 
of a number of factors but the number of combi­
nations of factor levels is 50 large that the experi­
ment is logistical1y impossible because it would 
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can be reduced. First, the design is nearly always 
unreplicated , so there is only one replicate unit 
within each of the cells used. By definition , this 
means that there is no estimate of theσJ SO some 
higher order interaction terms must be used a5 
the residual for hypothesis tests. Second , the 
logical basis of these designs is the assumption 
that most of the important ef坠cts will be main 
effects or simple (e.g. two factor) interactions , and 
complex interactions will be relatively unimpor­
tant. The experiment is conducted using a subset 
of cells that allows estimation of main effects and 
simple interactions but confounds these with 
higher order interactions that are assumed to be 
trivial 

The combination of factor levels to be used is 
tricky to determine but, fortunately, most statisti­
cal software now inc1udes experimental design 
modules that generate 仕actional factorial design 
structures. This software often includes methods 
such as Plackett-Burman and Taguchi designs , 

which set up 仕actional factorial designs in ways 
that try to minimize confounding of main effects 
and simple interactions 

A recent biological example of such a design 
comes from Dufour & Berland (1999) , who studied 
the effects of a variety of different nutrients and 
other compounds on primary productivity in sea 
water collected 仕om near atolls and from ocean 
sites. Part of their experiment involved eight 
factors (nlltrients N, P, and Si; trace metals Fe , Mo 
and Mn; combination ofB12 , biotin and thiamine 
V1tamins; ethylene diamine tetra-acetic acid 
EDTA) each with two levels 刀1Îs is a 28 factorial 
experiment. They only had 16 experimental units 
(test tubes on board ship) so they used a fractional 
factorial design that allowed tests of main effects , 

five of the six two factor in teractions and two of 
the fOllr three factor interactions 

It is difficul t to recommend these designs for 
routine use in biological research. We know that 
interactions between factors are of considerable 
biological importance and it is difl自由lt to de口de
apno时 m most sltuations which interactions are 
less likely than others. Possibly such designs have 
a role in tightly controlled laboratory experi 
ments where previous experience suggests that 
higher order interactions are not important 
However, the main application of these designs 

飞凹II continue to be in industrial settings where 
additivity between factor combinations is a realis­
t1c expectation. Good references include Cochran 
& Cox (1957), Kirk (1995) and Neter et al. (1996) 

Mixed factorial and nested designs 
Designs that combine both nested and factorial 
factors are common in biology. One design is 
where one or more factors , usually random , are 
nested within two or more crossed factors. For 
example, Twombly (1996) used a c1ever experi. 
ment to examine the effects of岛od concentration 
for dif坠rent sibships (eggs 仕om the same 岳male
at a given time) on the development ofthe fresh­
water copepod Mesorydops edax ηlere were 自our

food treatments , a fixed factor: constant high food 
during development, switch from high food to 
low food at nallpliar stage three, the same switch 
at stage four, and also at stage five. There were 15 
sibships, which represented a random sample of 
possible sibships. For each combination of food 
treatment and sibship , four replicate Petri dishes 
were used and there were two individual nauplii 
in each dish. Two response variables were 
recorded: age at metamorphosis and size at meta­
morphosis. The analyses are presented in Table 
9.23 and had treatment and sibship as main 
effects. Because sibship was random , the food 
treatment effect was tested against the 岛od treat­
ment by sibship interaction. Dishes were nested 
within the combinations oftreatment and sibship 
and this factor was the denominator 岛r tests of 
sibship and the food treatment by sibship interac 
tion. For age at metamorphosis , individual 
nauplii provided the residual term and the linear 
model was 

(age at metamorphosisL", =μ+ r~~~~~~lijkl 1'" 

(岛od treatment); + (sibship); + 
(岛od treatment X sibship)ii + 
(dish within 岛od treatment and sibship)kliil + 

ε~ ~~ 

For size at metamorphosis , replicate measure­
ments were taken on each individual nauplius so 
the effect of individuals nested within dishes 
nested within each treatment and sibship combi­
nation could also be tested against the residual 
term, the variation between replicate meaSllre 
mentsτ'his linear model was 
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, • Table 9.23 I AN口'VA table for 四P盯irnent frorn Twombly (1996) examining 由e effi是cts oftreatment (fi元ed fact叫
汽'~nd 巾血ip .(random factor) on age at rnetarnorphosis and si~e at metamo叩hosis of copepo也叩hrandomly
二二 chose川 dishes for each combination oftreatment and sibship for age and randomly d >osen individual copepods 
", from each randomly chosen dîsh for size 

Age at metamorphosis 

50u陀e

一
Treatment 
5ibship 
T陀atment X 5ibship 
Dish (Treat节 ent X 5ibship) 
Residual 

Denominator df 

Treatment X 5ibship 
Dish (T陀atment X 5ibship) 
Dishσreatment X Sibship) 
Residual 

3, 42 
14, 153 
42, 153 

153 , 166 

Size at metamorphosis 

Source Denominator df 

Treatment X Sibship 
Dish (Treatme门tX Sibship) 
Dish (Tr陀atment X Sibship) 
Individual (Dish (T reatment X Sibship)) 
Residual 

气
'
L
《
U
t
l
t
l
n
M
U

j
j
ω
M
ω
 

写
J
A

斗
'

l
l

气
L
t
l
t
l

A
I
A
U
A
叶l

Treatment 
Sibship 
Treatment X 5ibship 
Dishσreatment X Sibship) 
Individual (Dishσreatment X Sibship)) 
Residual 

(size at metamorphosis)!ik!m =μ+ 
(food treatment); +付出ship)j 十

(food treatment X sibship)ij + 
(dish within food treatment and sibship)，w汁
。ndividual within dish within food 
treatment and sibship)"""", +ε(9.37) rl!(k(ij)) -ijklm 

Note that both models could be simplified to a 
two factor ANOVA model by simply using means 
岛r each dish as replicates within each treatment 
and sibship combination. We would end up with 
the same SS and F tests as in the factorial part of 
the complete analyses. Note also that individuals 
within each dish (and replicate measurements on 
each individual) simply contribute to the dish 
means but make no real cont口bution to the df而or
tests ofmain effects or their interaction. Power for 
the tests of sibship and the treatment by sibship 
interaction could only be improved by increasing 
the number of dishes and for the test oftreatment 
by increasing the number of sibships 

Some designs require models with more 
complex mixtures of nested and crossed factors 
For example , factor B might be nested within factor 

A but crossed with factor C. These part与 nested

linear models will be examined in Chapter 12 

9.2.13 Power and design in factorial 
ANOVA 

For factorial designs , power cakulations are sim­
plest for designs in which all factors are 且xed

power for tests of main effects can be done using 
the principles described in the pr"叽ous chapter, 

eff坦ctively treating each main effect as a one 
factor design. Power tests for interaction terms are 
more di值cult， mainly because it is harder to 
specity an appopriate form of the effect size. Just 
as different patterns of means lead to different 
non-centrality parameters in one factor designs , 

combining two or more factors generates a large 
number of treatment combinations , and a great 
diversity of non-centrality parameters. Ca1cula­
ting the non-centrality parameter (and hence , 

power) is not difficult, but specilÿing exactly 
which pattern ofmeans would be expected under 
some a1ternative hypothesis is far more difficult 
Despite the difficulty speci命lng e岳阳， the 且xed
effect factorial models have the advantage that 
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power for a11 e旺ects is increased by increasing the 
nurnber ofreplicates in each treatment combina 
tion, and any such steps that are taken to increase 
the power of a test 0口 partìcular main effects will 
a150 improve power oftests ofinteractions. As for 
nested designs, interaction tests often have more 
degrees of 仕eedom than corresponding main 
ef:坠Ct5 ， 50 power may be more of a problem 岛r

tests of main effects 
We have already emphasized the increased 

complexity that can arise when random factors are 
inc1uded in factorial designs (see a150 Underwood 
1997). Fixed factors and their interactions are often 
tested against interactions with random factors 
and the power of these tests will depend on the 
number oflevels ofthe random factor. In the case 
of a two factor mixed model design, the power of 
tests ofthe random factor and the interaction will 
be improved by increasing the number of repli 
cates within each combination , but the test ofthe 
fixed factor will not be improved much by this 
tactic. Extra care needs to be taken when designing 
studies that include random factors. and separate 
power ca1culations may need to be done for the 
fixed and random factors 

9.3 I Pooling in multifactor designs 

In multifactor ANOVAswith random factors , some 
main effects and interactions are not tested 
against the term wi th the greatest df (the Residual 
term). For example. in a two factor design with A 
缸ed and B random, A is 恒sted against B(A) if B is 
nested or against the AB interaction ifB is crossed; 
in neither case is the Residual used for the test of 
A. What ifB(A) or AB , which are tested against the 
Residual, are not statistically significant? Could 
we pool B(A) and the Residual , or AB and the 
Residual, to provide a test for A with more df and 
therefore more power? 

Recommendations about whether to pool one 
or more non.signifìcant SQurces ofvariation with 
the Residual in multifactor ANO\也s have been 
varied Uan均r 200时. Most textbooks adopt a 
"sometime-pool" strategy where pooling under 
certain conditions is supportedτ'he risk in 
pooling a nonsignificant result is that we may 
have made a Type 11 error, i.e. not rejected the Hn 
that the source ofvariation equals zero when , in 

也ct， it is false , For this reason, Underwood (1997) 
supported Winer et al. (1991) in suggesting that 
the test for the source of variation to be pooled 
with the Residual be done at αequals 0.25 to 
protect against a Type 11 error. Hays (1994) sug­
gested an even more conservative approach withα 
equals 0.50. which corresponds to an F.ratio of 
about one. although he recommended usingα 
equals 0 ,25 in practice. Sokal & Rohlf (1995) also 
used conservative "s (0.25 , 0.50) in their pooling 
guidelines. We a1so recommend that, be岛re

pooling, any test of the Ho that the pooled term is 
not different from the Residual should use a con. 
servativeαof atleast 0.25 

Is there a potential cost to pooling? The main 
risk is that pooling terms that really do have d耳
聋rent expected means squares wi l1 result in 
biased F.ratios for other terms that use this pooled 
error term. Using the pooled term as the denomi­
nator for subsequent Fratios means those F.ratios 
may not necessarily fo l1ow an F distribution if Hn 
is true. Also, we may have designed our experi. 
ment by care也lly considering power required to 
detect a certain effect size and chosen our sample 
size accordingly(Chapter 7); ifwe then change our 
error term by pooling, our original design strategy 
and sample size may no longer be relevant. There 
is also some concern in the literature that a pre­
liminary test to determine whether to pool or not 
may affect the power of any subsequent test (Hines 
1996, Janky 2000. 阻rk 1995) 

Hines (1996) and Jan均 (2000) have recently 
reviewed strategies for pooling terms in ANOVA 
designs. Hines (1996) argued that pooling is only 
beneficial if another te口n in the ANOVA is signi白­
cant after pooling but not before. We do not agree 
that pooling can only be bene直口al if it changes 
the result of another test in the ANOVA. A partic 
ular term 皿ay still be non-significant after 
pooling, but because of greater dffor the test, the 
probabili ty of a 可pe 11 error is less for a given 
effect size than without pooling. Janky (2000) 
studied the effects of pooling various error terms 
in a partly nested model (see Chapter 12) and 
showed that the supposed power advantages of 
poolingwere not always realized. Ourview is that 
for designs with random factors , the power of 
tests of 且xed factors can be improved by pooling 
nominal denominator terms ofFratioswith lower 
terms in the model. This is particularly true in 

field biologywhere the units ofthe random factor 
(either nested or crossed) are often expensive to 
obtain and our des吃ns are restricted to only a few 
levels. However, we recommend a "sometime­
pool" strategy based on a conservative test of the 
term to be pooled 

Relationship between factorial 

and nested designs 

τ'he sources ofvariation used in the partitioning of 
the total variability in the response variable depend 
on the experimental designτhe parti tioning ofthe 
nested designs we have j ust discussed can be rela ted 
to the partitioning for a fu11y factorial design. For 
example , consider the comparison of a two factor 
nested 队， B within A) and a two factor factorial 
design. SS A and SSReSidual are the same in both analy 
ses , whereas SSB(A) 仕om the nested model equals SSB 
plus SS础企om the factorial model. 

Similar equalities exist for more complex 
ANOVA models. For a three factor design , SSA and 
SSRes idual are again the same in both analyses , SSB(A) 
equals SSB plus SS脯， and SSC(B(Al( equals SSc plus 
SSAC plus SSBC plus SSABC Nested and factorial 
ANOVAs are just di旺erent ways ofpartitioning the 
variability, These equalities allow nested ANOVAs 
to be done with software that only analyses facto­
rial designs (阻rk 1995) but such equalities only 
hold for 且111y balanced designs 

9.5 I General issues and hints for 

analysis 

9.5.1 General issues 

• Nested designs usually include levels of 
random subsampling nested within higher 
levels. Tests at each level are the equivalent of 
single factor ANOVAs using the grou p means 
仕om the level below as observations 

• We recommend Type III SS for unbalanced 
factorial designs because they are based on 
unweighted marginal means. 

• lfyou have missing cells , you need to use cell 
nleans models and test a restricted set of 
hypotheses about main ef:也cts and interac-
tlOnsτhese analyses are difficult and should 
be done in consultation with an experienced 

GENERAL ISSUES AND HINTS FOR ANA仁:YSIS

linear models statistician 
• Interactions are nearly always biological1y 

important and can be further analyzed in a 
number ofways , including tests ofsimple 
main effects , treatment-contrast and con. 
trast-contrast interaction tests , and less for. 
mally by cell mean plots and data sweeping 

• Rank-based tests for factorial designs should be 
avoided because they do not reliably detect 
interaction effects 

• Avoid fractional factorial designs as they must 
assume that certain complex interactions are 
negligible 

• Nested factors can be included as subsampling 
in factorial designs and the analyses are 
straightforward , although the random nested 
term will become the denominator for F tests 
。f main effects and interactions 

• Pooling two terms in a multifactor design can 
increase the power of some tests. However, test 
the equality of the two terrns to be pooled with 
a conservative significance level, e.g. 0.25 

9.5.2 Hints for analysis 
• Make sure that when testing the Ho for factor A 

in a nested design that you use the B(A) term 
for the denominator ofthe F test ifB is 
random. Your favorite software may default to 
testing all terms against the residual 

• To increase power of the test for factor A in a 
two or more factor nested design, you need to 
increase the number oflevels ofB within each 
level of A, Increasing the number of levels of 
lower factors won't help much 

• When inc1uding random factors in factorial 
designs , ensure that you have work，巳doutthe

expectlεd mean squares and you know which 
terms are used as denomina tors for F tests of 
自xed factors and interactions. You may not 
have as many df as you think and might need 
to increase the number oflevels ofthe random 
factor, which basically forms part of the 
replication in these designs 

• When testing simple main effects and 
treatment-contrast or contrast-contrast 
interaction tests , make sure yOl1 use the 
appropriate term as the d巳nominator of the F 
test. When a11 factors are fixed , this will be the 
MSResidual from fitting the orginal factorial 
ANOVAmodel 
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Chapter 10 

Randomized blocks and simple repeated 
measures: unreplicated two factor designs 

In Chapter 9, we described the analyses of com­
pletely randomized (CR) designs where the f且ctors
were either crossed with, or nested ill. others 
There are several other experimental designs that 
have special analytical requirements , and are 
used very commonly in the biological sciences. 
These include unreplicated factorial designs and 
designs that combine crossed (factoriaI) and 
nested arrangements. We deal with these two 
groups of designs in the next two chapters. In 
most cases, the main aim of these designs is to 
reduce the unexplained variation (MSResidual) COffi­
pared to a CR design. Such designs can be more 
efficient than CR designs , i.e. , they off甘 ffiQfe

pre口se estimates of parameters and more power­
且11 tests ofthe null hypotheses ofinterest, with no 
increase in the overall reSQurces needed for the 
experiment. In contrast to CR designs, however, 

they involve restricted randomization of factor 
levels to experimental units and usually have 
additional assumptions. We will consider the sim 
plest of these designs i口 this chapter 

We also recommend that biologists distin 
guish between the physical design (or structure) 
of an experiment and the linear model used to 
analyze it. The same model can be applied to a 
number of dif坠rent experimental designs and we 
find some ofthe literature on these analyses con­
且lsing because the label used for the design is 
often interchanged with the label used for the 
analysis 

10, I I Unreplicated two factor 

I experimental designs 

Aclass of experimental designs commonly used in 
biolo自， is based on a two factor crossed (factorial) 
design with a single observation in each cell. A 
completely randomized version of this design , 

where one experimental unit is allocated ran­
domly to each combination ofthe two factors , and 
both factors are of巳qual interest, is rarely used in 
biology. This is because interactions between the 
two factors are likely to be of some interest in such 
settings and interactions cannot easily be 
detected without replication in each cell. Such 
exp凹 imental designs might only be useful in 
exploratory experiments where interactions are 
unlikely, such as industrial settings (Milliken & 

]ohnson 1984). The linear model for a two factor 
crossed ANOVA with one observation per cell can , 

however, be used to analyze two 可pes of experi­
mental design that are verγcommon in biological 
research - randomized complete blocks (RCB) and 
simple repeated measures (阳~) designs. Although 
the physical structure of these types of experi­
men ts is differe时，阳rk (1995) , Mead (1988) and 
others have emphasized , as we do in this chapter, 

that the appropriate null hypotheses and linear 
models are identical 

10.1.1 Randomized complete block (RCB) 
designs 

These are experimental or sampling designs where 
one factor is a "blocking" variable and the other 
factor is the main treatment factor ofinterest. The 
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basic principle ofblocking in experimental design 
is to group experimental units together into blocks 
(which are usually units ofspace ortime) and then 
each level of the treatment factor(s) is applied to 
one experimental unit in each block (Figure 10.1) 
Such designs are used when we suspect that the 
background environment is patchy enough to 
increase the variation in the responsevariable sub­
stantially. If experimental units are placed ran­
domly through space (or time), we may get such 
high levels of background variation as to obscure 
any effects ofthe factor ofinterest. Ifwe group the 
experimental units into "blocks'" that have similar 
background conditions (e.g. because they are 
doser together in space or time), we might be able 
to explain some of the total variation in the 
response variable by differences between blocks 
and thus reduce the 四sidual (unexplained) varia 
tion. This will permit more precise estimates of 
parameters and more powerful tests oftreatments 
Although blocks are commonly spatial groupings, 

blocks may also represent experimental units 
matched by physical or biologicaI characteristics 
吐lat do not have to be grouped in space or tìme , e.g 
using organisms of similar size or age , plots of 
ground with similar soil characteristics 

Randomized block designs are common in the 
biologicalliterature 

• Robles et a1. (1995) examined the effect of 
increased mussel (M)耐lus spp.) recruitment on 
seastar numbers on a rocky shore.古lere were 
two treatments: 30 - 40 1 of Mytilus (0.5-3.5 cm 
Iong) added, no M:庐山s added. Four matched 

pairs of m ussel beds were 
chosen, each pair 
representing a block 
Treatments were assigned 
randomly to mussel beds 
(experimental units) within a 
pair (block). 

• Faeth (1992) applied one of four leaf damage 
treatments to four branches within eight 
randomly chosen trees of an evergreen oak 
Trees were blocks and leaf damage was the 
treatment. Each damage treatment was 
represented once (on a single branch , the 
εxperimental unit) in each block 

• Evans & England (1996) applied one ofthree 
artificial honeydew treatments (honeydew 
followed by water ten days later, water 
followed byhoneydew, water followed bywater 
as control) to three plots in each often rows 
(30 plots in total) in a cultivated alfalfa field 
η四 treatment was type ofhoneydew 
application and each row of three plots was a 
block, with ten blocks in total: a plot was the 
experimental unit. This experiment also 
inc1uded two repeated measurements , 

although we can ignore these for the purposes 
ofthis chapter and imagine analyzing either of 
them two times , or the difference between 
them, as the response variable in a RCB design 

It is apparent仕om these examples that blocks 
can be established in two ways (see also Newman 
et al. 1997). First , experimental units may be 
grouped into blocks at a spatial scale chosen by 
the investigator as part of the experimental 
design. The success of RCB designs then depends 
on establishing blocks at a scale that explains 
some of the variation in the response variable. 
Evans & England (1996) used plots (experimental 
units) in rows (blocks) and the spatial scale ofplots 
within rows and between rows was determined by 



264 |RANDO问IZED BLOCKSAND SI问PLE REP队;rED MEASUR囚

the investigators. Second , experimental units may 
be 自xed in tìme or space and blocks are naturally 
occurring groups of such units and their scale is 
not under control ofthe investigator. Faeth (1992) 
used branches (experimental units) on trees 
(blocks) and the spatial scale of neither was under 
the investigator's control. 

In RCB designs, factor levels are randomly 
applied to separate experimental units within 
each block. This design was originally developed 
for agricultural expe口ffients where blocks are 
often paddocks (or fields) that are subdivided for 
the application of [;注ctor levels. RCB designs also 
extend logically to split-plot experiments 
陆apter 11), where another set of factor levels is 
applied to the whole blocks in addition to the 
treatments within blocks. Note that the RCB 
design can a150 be compared to an equivalent­
sized single factor design (factor equals treat­
ments) in which the residual is split into variation 
due to blocks. representing an attempt to control 
"nuisance" variables related to the scale ofblock-

ing, and the remainder. RCB designs involve a 
restriction on randomization , in contrast to a CR 
two factor design (Hicks & Turner 1999) 
Randomization for the RCB design is restricted to 
experimental units within each block whereas for 
a CR two factor 口ossed design with one observa~ 
tion per cell , randomized allocation of experi 
mental units is to all combinations of the two 
factors , i.e. randomization across both factors 

Mites and domatia on leaves 
Walter & O'Dowd (1992) were interested in testing 
the hypothesis that leaves of the shrub Vibu门wm
tinus with domatia (small shelters at thejuncture 
of veins on leaves) have more mites than leaves 
without domatia. Fourteen paired leaves (blocks) 
on a shrub of V. tinus were randomly chosen and 
one leafin each pair had its domatia shaved while 
the other remained as a control; the number of 
mites was recorded on each leaf (experimental 
unit) after two weeks. The analyses of this experi~ 
ment are in Box 10.1. 

Box 10.1 I Worked example of randomized complete 
block analysis: mites on leaves 

Walter & O'Dowd (1992) 四川ined the role of domatia (small shelters at the junc 
ture of veins on leaves) in determining the numbers of mites on leaves of plant 
species with domatia. They dîd an ex阳riment using 14 pairs of leaves (random付
chosen) w性h one leaf in each pair with shaved domatia an 才 the other as a control 
(norrnal domatia). The response variable was total 门umber of mites per leaf. which 
Walter & O'Dowd (1992) tran5fonn时 to 10g,(0.5 + (mite X 10日， 0红ensibly to 
improve normal比y and homogene即 of variances between t陀 atmen江 the 0.5 
added because of zeros although mu!tiplication by ten seemed unnecessa 沪 The

data we陀 ana 卢:ed using model I 0.1 ,the factors being block and treatment and the 
陀spon目 variable be 们 g log,,(O.5 + (m时 X 10)) 

The main Ho ofinte月反 was that there was no effect of如 ng domatωonthe 

mean log,(O.5 + (m阳 X !O)) per leaf, poo!ing across all possible blocks , 

$ource 

Treatment 

四ock (Ieaf pair) 

Residual 

S5 

31 .341 

23.058 

36.007 

df 

13 

13 

MS 

31 .341 

1.774 

2.770 

F P 

1 1.3 1 S 0.005 
。可64ô 'ψ0.7归飞

The ANOVA 5howed that the 刊。 of no effect of domatia shaving, averaging over 
leaf pairs, should be rejected 川th signi白cantly 自ewer m比.es on leaves without 
domatia (Figu陀 10.4(a)). There were no e忏ects of blocks although given the 
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用ndom blo巳ks (Ieaf pairs) , this test is only possib\e if we assume no treatment by 
i 睐。ck interaction (hencethe shading in theANOVA table).We could have achieved 
the same test 古时 treatment by running a "repeated measu陀s" analysis, with bloc业
(阳的 as subiect and treatment as the 陀peated measures 也ctor. There wo 叫 d be 
no adjusted univa旧te or multivariate output because there are only two t陪atment

k三'vels
We also checked for the possibility of an int町action by plotting the I吨~trans

f旷med number of mites for each leaf against bloc轧 separating the two treatments 
(an "interaction" plot Figure 10.4(功). The number of mites on \eaves vv 白。咀

domatia was consistent甘 le旦 than the number on leaves vv民 h domatia for all blocks 
except leaf pair 3. Tukey's test fo俨 ad 才 itivity did not reveal any evidence of a strong 

interaction 

问5non-add = 0.0 136. M5Rema，nd旷= 2.917, F"8 = 0.0 12, P= 0.914 

Inte陀stingly， for untransform巳d data, Fnor • add(E lg)=4l9B!P<003|!SUEgestlnE a 
strong block by t陪'atment interaction. Clearly. a log transformation improved addi­
tivity, as it 0仕en does , a阳hough the diffe陀nce In st陪ngth of the interactio门 be协Neen

t用nsformed and untransformed data is not obvious from the interaction plots 

(Figure 1 0.4( a,b)) 
The plot of 陀siduals against comparison values 什'om a median polish clearly 

shows outlying values 而rom leaf pair number 3 at the bottom left a们 d top right of 
甘 e plot (Fψe 1 0.5 (a)). This i5 the leaf p副r that shows t阳 oppos归 patt町n of 
U电且ments compared 叭民 h the other leaf pairs. Note that there appear fewer poin恒
tha门 the tota\ number of observations (28) because some observations have iden. 
tical values for 七 3由 axes. The plot of陀siduals against pred 口:ed values from the 缸
。fthe mo 才 el ba咒d on mean5 (the standard ANOVA; Flgure 10.5(b)) al50 shows 
the obse凹抽ons from leaf pair 3 as u门 usual (those w怕陀siduals near 3 a门d -3), 

although not as clea叫 y as the median-based plot. Ne民her plot shoy，币 a门y conSIS一

tent pattern indicating the陀 is no strong interaction between block (Ieaf pair) and 

t俨'eatment

10. 1.2 Repeated measures (RM) designs 
币lÎs is another experimental design based on an 
unreplicated tvV'o factor crossed ANOVA design 
where 也ctor levels are applied to whole experi­
mental units , called subjects. or where experi­
mental units are recorded repeatedly through 
time. For example , Blake et al. (1994) made t、"nce
yearly bird counts of 500 n1 segments from ten 
transects in forested areas in each of Michigan 
and Wisconsin. The segments in each transect 
were separated fro111 each other by 50 m and were 
treated as the experimental units in the study 
some segments were omitted (because they were 
logged or because they 飞，vere recorded at the end 
of an observation period when bird numbers had 
dec1 ined) leaving 53 segments in Wisconsin and 
51 in Michigan. Separate analyses were done for 

each state; segments were the subjects and time 
was the repeated measures factor. 

In repeated measures designs , treatments are 
applied sequentially to the whole su时ect， which 
is the equivalent of the block in RCB designs. 111e 
RM design was originally developed for psycholog­
ical andfor behavio囚1 experiments where the 
block or subject was usually a person. Two differ­
ent terms are sometimes used for these sinlple RM: 
designs (阳rk 1995) 

1. Subjects X treatments designs , in which the 
order of factor levels is randomized for each 
S11时ect. The repeated measures factor is a set of 
treatments that can be ordered independently of 
time , e.g. a set of drugs applied to experiInental 

animals 
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2. Subjects x trials designs , in which the to some extent and the nature of these correla~ 
order offactor levels cannot be randomized. The tions is the main determinantofthe analysis strat~ 
repeated measures factor is actually time , as in egy for these designs (see Section 10.2). 
the 巳xample 仕om Blake et a l. (1994). 刀le distinction between the structure of RCB 

and RM designs is important. The 岛rmer allocates 
古lere are specl且c difficulties associated with levels of the factor of interest (treatments) ran~ 

repeated measures experiments (Neter et al. 1996), domly to different experimental units within 
especially when the factor involves experimental blocks; the latter applies the treatments succes~ 
treatments applied by the investigator (e.g. drugs sively to whole blocks , commonly termed sub 
given to experimental animals). The first is the jects, although the order of treatments can be 
problem of carryover effects , where the effect of randomized 
one treatment may be affected by the preceding 

treatment in the sequence. This can only be solved Burning and frog numbers in catchments 
by ensuring that the time intelval between treat- Driscol1 & Roberts (1997) examined the effects of 
ments is long enough to allow recovery of the fuel~reduction burning on the abundance of a 
"subjects". The second problem is the order or species of仕og in Western Australia. They used six 
sequence effect, where mea5urements early in a drainages within a catchment, which represent 
sequence may be differ飞ent from those later in a the subjects.lneach drainage, they had a matched 
sequence , irrespective of treatment.τhis p严ro伪blem burnt s曰It恒:e and cωon旧1江trol (仙u旧lnbu盯rnt时 site and the 
can b快e al1e肝viated b均'y r阳阳a盯ndomi

W呻h叫lC叩C斗牛:h a 呻日e回ct 陀阳C臼e阳 e且ach口treat田me臼n叫1
dωoml山z

each drug). ln many biological experiments, espe- age. Note that the analysis ofthis studycould have 
cially in ecology, the factor of interest is com~ included the burnt and control sites as an ad函，
monly time and carryover effects are not 50 tional factor, although we will analyze the data in 
relevant and order or sequence effects are implicit the way Driscol1 & Roberts (1997) did. usin~ the 
in the hypo旺the凹s阳is bei白l口吨x

betweenw巳回eks ，阳son盯so肝ry'归'ea川r臼s ， N胁ot恒巳 t由hea汕b咀)senc臼e each 口tIm卫le as the response variable. This variable 
of carryover effects does not imply absence of cor~ was recorded three times (repeated measures 
relations between 5uccessive treatments in a factor): pre-burn ( 

Box 10.21 Worked example of simple repeated measures 
analysis: frogs in burntlunburni catchments 

DriscoU & Robe门5 (199乃 e明nined the e他cts olluel 陀duction burning on the 
abundance of a species of什'ogln认lestern Australia. They used six drainages vv 比 hin
a catchment, which 陀present the subjects 0 广 blocks. In each drainage, they had a 
matched burnt 5比e and control (unburnt) site and the 陀sponse variable for the 
experiment was the di忏e陀nce in the numb町 of calling male frogs between the 
burnt and control site in each d咱的age. This variable was 陀corded three times 
(repeated measu陀men怡) - p陀 burn (1992) and 1wo times post-bum (1993 , 

1994). This is a classical 陀peated measures (subjects by trials) design 
The main Ho of inte陀st was that the陀 was no d肝e陀nce between years in the 

mean diffe陀nce in the number of cafling male frogs between burnt and unburnt 
catchments 
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The r巳sults from the ANOVA are as 毛才 lows

Source df GG-df HF-df MS F P GG-P HF-P 

Years 2 1.42 
Residual 10 7.12 

1.83 
9, 15 

184.722 9.660 0.005 0.01 30 0.006 
19, 122 

The following a陀 as published in 0门scoll & Roberts (1997) 

50uπe 55 F df MS P 

Year 369.44 

955.61 

19 1.22 

9.66 

八
υ

Z5l 
184.72 0.005 

19 1.1 2 、 飞9.99. .句句

19 , 12 

四ock (drainagβ) 

Residual 

Gr飞:!enhouse-Geisser epsilon = 0.712, Huynh-Feldt epsilon = 0.91 S. Note that 
the Greenhouse-Geisser epsîlon estimate is more conservative than the 
Huy们 h-Feldt estÎmate and the former results in a mo陀 seve陀 correction of the df 

and a mo陀 conservative test. Although both epsilon estimates a陀 less than one , 

the conclusions from the univariate ANOVA are unchanged ir陀spe吐 ve of whether 
adjusted 旷 unadju自d df and P values are used. We ag陀e with the conclusion of 
Dr旺011 & Robe时s (1997) , that the Ho of no difference between years shou 才 be

陀卢cted. The te式。fbl田k (drainage) is c 巾 valid if we assume no year by block 
interaction. This test indicates signifìcant variation between drainage二
队le also included a planned contrast of the pre~burn year versus the 全:) post 

burn yea目 uSlng a separate error te厅n just for 由JS contrast 

F1•5 = 29.72, P= 0.003, indicatir唱 that the post-burn years ar它 signifìcantly different 
from the pre~burn year in the burnt-control di他rences in the number of calling 
frog~ 

问ANOVA results 

Pillai Trace 二 0.873 wlth 2.4 df,F = 13.69, P二 0.016

问auchly sphericity test, W= 0.5959 , chi-square approx. = 2.ü709 (2 d句f

P = 0.355; Mauch竹￥ test does not reject the Ho of spheric此ybut 巴 senSltive to non 
normality 

We use 才 some graphical checks an 才 1日ukey￥ test for non~add 甘 vity to see if an 
interaction was present. First, an "interaction" plot 协咀陀 blocks a陀 along 甘le hor 
izontal axis and di他月ntli阳的ymbol5 陀p陀 sentthe d 忏erent years (F唱ure 10.6(吟)

Note there is a cha门ge in the rankings of years 2 a们 d 3 lor blocks 5 and 6 but no 
evidence of any strong interactior 叭le also plotted residuals against predicted 
values and residuals against comparison values for the 币位ed additive model base 才

on means, i.e. the standardANOVA (Figure 1 0.6(b)). The陀 is no curvilinear pattern 
in the fìrst plot and no pa位ern at all in the second plot, suggesting that there is no 
式rong Interactic 门 between years and blocks. The results of Tukey's test for non­
additivity (咒e Box 10.5) were FCO'-"d = 0.026/2 1.244 =0.00 1 with 1 and 9 dl, 
P = 0.974, again no evidence of an interactior 

We al50 tested the Ho that the陀 was no linear t陀nd in burnt-unburnt differ 
ences in frog numbers through the years 
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MS 

A, Aj 
(;1,) IPj) 

/\ /Ì'\ 
B, B, W BJ B, B, L乓LJj) (;1,) Lμ，) (;1,) (;1,) 

(;1,,) (;1,,) 的)
y叫") Y1(12} y" 的 = Yi!响

Source df P 
Yij is the number of ffiites per leaf仕om theith 

domatia treatment and thejth leafpair (block) 

μis the overall (constant) mean number of 
mites per leaffor a11 combinations ofdomatia 
treatment and leafpair (block) 

If factor A is fixed ， α:j is the main effect of the 
ith domatia treatment (removing domatia or 

leaving domatia) on the number ofmites per 

leaf, pooling leafpairs (blocks).lffactor A is 

Gene时也ta layout for randomized complete I random , then αi is a random variable with a 
blockANOVA where 旬cwr A has Þ (i= I to p) groups and variance (u}) measuring the variance in the 
there are q (j= I to q) blocks and a single observation within I number ofmites per leaf among a11 possible 

groups that could have been used 

F 

Year 
Residual 5 

Note that the e厅'Or term used is di忏e陀nt from the MSResidlJ创 in the origi旧IANOVA;

t丁 is is because we used a separate errorterm in case sphericity was not met. The陀

Îs a signifìcant linear t陀nd from 1992 to 1994, W吐h the di能阻nce between the 

burnt and control sites changing from 们 egative to inc陀asing positîve. A quad仁atlc

trend test is also possÎble ('阳ars has two df) b旺 is difficult to ju到ilY阳ing a quad 
ratic t同时 through thr巳e means 

352.083 
23.283 

15.122 0.012 

Table 10.1 I Data layout for a RCB design wi问 levels offactor A (treatmcnts j = 1 回到 and q levels of factor B 
(blocks j = 1 to q) and n equals one in 巳ach cell 

AI A2 A3 AI 四ock marginal means 

ßlock I Y" Y" Y" 只 l Y,=! 

ßlock 2 Y" Y22 Y32 只2 月~2
ßlock 3 YI3 Y23 Y33 Yi3 刊~3
ßlockj y,) y" YJ, Y~ 叫
A marginal means Yi=1 Y,=2 只=3 y, Overall mean ÿ 

ln models 10.1 and 10.2 

Box 10.31 The randomized complete block (or simple 

repeated measures) linear model and its 

parameters 

Consider a RCB design with factor A (i= 1 to p) being t陀atments and factor B 

(j ~ 1 to q) being blocks. Each observatic 门 is Y, (the 咀lue in each cell), the margi­

nal t尸eatment means pooling blocks are }', an 才 the marginal block means pooling 

treatme门ts are 月 (Table 10.1). Such data structures, where we have two factors and 

a single observation in each ce!l, are sometimes referred to as two-way tables 

(Eme巧。门& Hoaglin 1983). Contingency tables of frequencies (Chapter 14) are 
another exam抖e of a two-way table 

The linear model we usually fìt to these data is an additive e忏ects mode!. in 

which the response variable in each cell represe门ts an additive combination of 

factor A (t陀atments) and block effects and we assume no interactic 门 between

treatments aηd blo 二:ks:

Note 
From Walter & O'Dowd (1992) , treatments (factor A) are leaves with domatia and shaved domatia, 

blocks are leaf pairs, ir 才 ividualleaves are the experimental units and the 陀spo门se variable is number of 
m吐es per leaf. For the simple RM design from Driscoll & Roberts (1997) , t陀at节 ents (factor A) a陀

year (1992, 1993, 1994), blocks (i.e. subjects) are dramges, which are also the experimental units, and 
the 陀sponse variable is di忏erence in number of frogs betwee门 burnt a门d unburnt sites 

10,2 1 Analyzing RCB and RM 

I designs 

10.2.1 Linear models for RCB and R问
analyses 

Linear effects model 

Consider the RCB design from Walter & O'Dowd 

(1992) with factor A (domatia treatment) having 
户 1 to p being groups (p ~ 2 , shaved and unshaved 

domatia) and factor B (leaf pairs) having j ~ 1 to q 
blocks (q ~ 141eafpairs) - see Table 10.1 and Figure 

10.2. The linear model we 直t to these data is an 

additive effects model , in which the response var­

iable in each cell represents an additive combina­

tion offactor A (treatments) and block effects and 

川自 the 刨出 of the response variable from the 肋 level of factor A and the灿
block 

μis the (constant) overall population mean ofthe 陀sponse variable 

If factor A is fìxed , a; is e而已吐 of ith level of factor A (μ1 μr) pooling 0\.旷 blocks

If factor A is random , a; represents a random 、variable 川由 a mean of zero 

and a va门ance ofσ二， measuring the variance in mean values of the 陀sponse

va门able across all the possible levels of fa吐or A that could have been used 

If blocks are f,xed,ßj Îs 由e eff，旺t of阳卢h block 归功 ρooling over levels of 

factor A. If blocks a陀 random， which is more con 响。n，玛 represents a 

同时om 咄'iable w吃h a mean of zero and a variance of 与?， measuring the 

va门ance In mea门 values of the response variable across all the po目ible

剧ocks that could have been used 

4lsm门才om or unexplained error associated w民h the observation at each 

combination of the ith level of fa口orA and jth level of factor B and is 

we assume no interaction between treatments 

and blocks 

}}=μ+α+玛+气l

lnmc 才 el 10.1 we 刊nd the fol!owing 

Yij = μ+α， +β+ε 
''J引

(10.1) 

Details of this linear model , including estimation 

of its parameters and means , are provided in Box 

10.3 
Using the example 仕om Walter & O'Dowd 

(1992) 
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measured as 盯-同-t<; + μThis is the error in the value of the response 
、 ariable within eaζh treatment-block combination that is not due to the 
t陀atment or block. These error terms are assumed to be nor 节 ally

distributed at each combination of factor A level and bl。此， with a mean of 

zero [E(Eif) = 0] and a variance of 0",
2 

This model is over阴阳meterized (咒e Box 8.1) 50 to estimate model parameters, 

we impose the usual restrictions that 2~= 1 0;二 o if factor A is 们xed and L~"'Ißi 二 o if 
blocks are fì用才 Alternatively. we can tìt a cell means model 

Y\;=叫 +E~

whe陀钊 is the populatio门 mean for each cell and 气 is the error term assoc四ed

w此h the observation in each cell , which we assume are normally distributed with a 
mean of zero and a variance of气2. The cell means model ÎS pa门icularly useful when 
dealing with missing obser飞过 ons (Section 10.9) 

In p甩ctice ， we fìt the additive effects model when analyzi门g RCB or simple RM 
designs. However，白 is model does not allow for an inte旧ction between factor A 
(treatments) and blocks. In biological experiments, especial作 fìeld experiments 
whe陀 bloc阳 a陀 spatial units, interactions between treatments and blocks are likely 
and we can conceptualize an alternative no门 additive 盯 :::>del that allows for an inter­
action between t陀atments and blocks 

Y，j=μ+ 0;+玛+ [(呐~]+Eij

whe叫σ;，j.可 and Ej are defìned as previously and (.呐; is the interaction between 
treatments and blocks. Note that the interaction term is in pa陀ntheses ， because 
although we include it in this model, we can never estimate this term sepa日tely

from the 陀sidual because we only have n equals one in each t陀atment-block com 
bination. T七 e RCB or 引mple RM experimental design does not permit us to sepa产

at伪 estimate the interaction term and the error term ass∞ated with individual 
observations with each t陀atment-block combination. As Gates (1995) has pOÎnted 

ou1:, the residual or errorterm in a RCB design actually estimates th陀e component立

ωblock by treatment interactic 门， (均 M叩 block variability between experimen 
tal uni毡， and potentially (iii) 川thin exper 节 ental unit sampling 咀 iation. The impor 
tant issue is that these di叮旨rent cc 响 ponents cannot be distinguished because we 
。n竹 have one experimental un民 for each treatment in each block. Although a formal 
test of the Ho of no interaction is not possible, we can check for interactions in a 
less formal manner using g咱phical methods and use Tuk町's test for non-ad 才 itiv比y

to detect some types of interactions (Section 10.3 .2) 
Conceptualizing the model in the non-add比ive form does have a practical use 

We 臼n include the interaction term when determining the expecte 才 mean squares 
for our analysis of va门ance and therefore assess what effect the presence of an inter­
action will have on the choice of F-ratios fo 产 testing both treatment and block 
e忏ects

Estimating the parameters of the factoriallinear model 10.1 follows the proce­

dures outlined for a single factor model in Chapter 8, and for nested and factorial 
models in Chapter 9. Con引der a RCB or 引mple RM design, with the usual con们E
uration of Factor A 白xed and blocks/subjects random. The estimate of each cell 
mean 叫 IS 引mply the single observation within each cel l. Estimates of the marginal 

ANALYZING RCBAND RM DESIGNS 

means 风 and 叫 a陀 al50 straightforv.lard. The marginal means for factor A a町 esti­

mated from the observations for that level of fador A ave仁aged across the blocks 
and vice versa fo 寸 he marginal means for blocks. The estimate ofμis the average 
of all the observations, or the average of the A marginal means or the average of 
the B marginal means. S恒nda叶 errors for these means a陀 based on the estimate 

of the variance of the e斤。r terms 气2 ， the MSResidual (see Box 9.6) 
The estimate of a; is the di忏erence between the mean of each A level and the 

overall mean. Interaction effects measure how much the effect of one factor 
depends on 阳 level of the other factor and 、 ce versa If th盯 IS no Interactlon 

betvveen the two factors, we would expect the cell means to be represented by 
the sum of the overall mean and the main e百ects

叫=叫+叫 μ

The陪fore ， the effect ofthe interaction between the 协 level of A andβh block (，呐a

can be deflned as the di百erence betwee 飞 the ijth 臼11 mean and its value we 叭~lJ时

expect if the陀 was no interaction. This 陀Fγ-esents those e忏ects not due to the 
overall mean a口d the main effects 

Note that in practice we don飞t calculate the estimated factor or interaction 

e他cts ， usually fo巳using on contrasts ofmarginal orcell means (Section 10.6) 

Iffactor B is 自xed， 吗 is t吐hema且in ef1舱t岳缸ect oft由he

s叩pe缸C口l且fic\eafp归a1町盯r臼s (blocks) on the number of 
mites per leaf, pooling domatia treatments. If 
factor B is random , t由hen 鸟 IS a rar 
wlt由ha川va皿r口旧1旧a皿nc臼e(σ巧/)me曰asun盯Jfl口nn吨1咯gt由he凹va盯皿na皿nc臼emn 
the number of m卫u让te臼s pe盯rleafam口lOng all possi拍blee 
leafpair臼s (仙似b剧locks) t由ha旺t could have been used 

εij is random or unexplained error associated 
with the number ofmites per leaf at each 
combination ofthe ith domatia treatment and 
jth leaf pair (block). This error has at least two 
components (Box 10.3). First , the true error d l1e 
to random variability between replicate 
obseIVations in the populations within each 
combination oftreatment and block. Second , the 
error due to any interaction between treatment 
and block. With only a single observation in each 
block for each treatment, we cannot separately 
estimate these two sources of error 

Predicted values and residuals 
If we replace the parameters i l1 model 10.1 by 
their OLS estimates (Box 10.3) , it turns out that the 
predicted or fi.tted values ofthe response variable 
仕om our linear model are 

Yij~5'+(Yi-Y)+(马 y)~y，+乌 Y (10 .4) 

50 any predicted Y-value is predicted by the margi 
nal domatia treatment mean , the marginal leaf 
pair (block) mean and the overall mean. For 
example , the predicted number of mites per leaf 
岛r the domatia shaved treatment in leafpair one 
is the marginal mean for the domatia shaved treat. 

ment (pooling leafpairs) plus the marginal mean 
for leaf pair one (pooling domatia 甘eatments)

minus the overall mean number of mites per leaf. 
τbe error terms 怡。k) from the linear model can 

be estimated by the residuals, where a residual 
(eijk) is simply the difference between each 
obse凹ed and predicted Y-value 

eij 二 Yij - Yij = Yij - j\ 一乌 +y (10.5) 

For example , the residl1als 仕om the model relat 
ing number of mites per leaf to domatia treat 
ment and leaf pair are the differences between 
the obseIVed number of mites per leaf and the 
marginal mean for the domatia treatment 
(pooling leafpairs) minus the marginal mean for 
leaf pair (pooling domatia treatments) plus the 
overall mean number of mites per leaf. These 
residuals actually estimate 出e effect of the inter­
action between blocks and treatments for each 
cell although this cannot be distinguished 仕om
the variation associated with each observation 

271 
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Table 10.21 ANOVA 恒ble for RCB design 

50u陀巳 55 df 问5

A (treatments) q主(只一月2 p 一|
55A 
p 一|

ß (blocks) p主归)' q一|
55B 
q 一|

Residual 辛辛以 1 月十月 (p-I)(q-I) 
55，四 d'Jal

(p-I)(q-I) 

Total LL(Y,,-ÿ)' pq 一|

7商M￥油bl恒el阳0ω31 Thec∞om呻panson川of阳1pl趾e旺由t田呻e
p treatrnents and q ε臼xpe盯nm臼四1t田al units p 巳盯r treatment and t由he example 仕om丑1 Walter & Q'Dowd (1992) wit由htwo
treatments aI丑1d e田lt由he盯r 14 r阻ep抖licates per treatment (completely randomized) or 14 blocks (block design) 

Randomized block Completely randomized 

50u陀e general df 

Treatments 
ßlocks 
Residual 
Total 

P 一|

q-I 
(户一 I)(q- 1) 
pq-I 

within each cell (because n equals one 西or each 
treatment-block combination). As in a11 linear 
models , residuals provide the basis ofthe OLS esti­
mate of σ~ 2 and they are valuable diagnostic tools 
for checking assumptions and fit of our model 
(Section 10.4) 

10.2.2 Analysis of variance 
The classical partitioning ofvariation 仕om a least 
squares fìt ofthe additive effects model for a RCB 
or simple RM design is shown in Table 10.2. The SS 
are based on marginal means (Table 10.1) as for 
any factorial ANOVA model (see Chapter 9). SSA 
measures the sum of squared differences between 
each treatment margînal mean and the overall 
mean; the SSß measures the sum of squared dîff址"
ences between each block marginal mean and the 
overall mean; the SSResidual measures the sum of 
squared differences for a particular contrast 

speCl们 c df general df 

p•| 

Table 10.4 1 Structure of ANOVA table for 
"ct码也cal" repeated measures d臼ign. Note that this 
'ANOVA is identical to a randomized blocks ANOVA, 

where subjects are blocks 

Source Gene仁al df 5pecific df 

ßetween q-I 5 
"su同ects"

(drainages) 

Within "subjects" q(p- 1) 12 
(drai nages) 

Treatments p-I Z 
(yea内)

Residual (q- I)(p 一 1) 10 

Total pq 一| 17 

Note 
The specific example is from Driscoll & 
Roberts ( 1997) with three treatme门ts (years) 
and six su同ects

For the analysis of a c1assical RM desîgn, the 
ANOVA table is sometimes presented slight1y dif­
ferently compared with the analysis of a classîcal 
RCB design, to distinguish sources varîation 
between subjects (i.e. blocks) and sources ofvaria 
tion within subjects - see Table 10.4. This ANOVA 
table is actually the same as for the usual RCB 
design except that within and between subjects 
(or blocks) sonrces of variation have been made 
explicit. The same linear model is used to analyze 
RCB and simple RM designs , an additive two factor 
ANOVAmodel 

τhe expected mean squares (EMS) for different 
combinations of 且xed and random factors are 
given in Table 10.5. Note that we can derive these 
EMS is two ways. First, assuming there is no A by 
blocks interaction and fìtting the standard addi­
tive model lO.1. Second. by including the possibil­
ity of an A by blocks interaction with a 
non-additive model (Box 10.3). In practice, we 
cannot really fit a non-additive model because we 
cannot estimate the interaction term separately 
仕om the true error. τhe non-additive form of the 
EMS , however, does allow us to evaluate the effect 
of an interaction on the relevant F-ratios for 
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factor A is fì.xed and blocks are random is based on 
由e classical approach for mixed models (one 
factor :fixed and one random) as outlined in 
Chapter 9. The interactîon is considered a random 
effect and the interaction effects sum to zero 
across the levels of the 缸ed factor (McLean et al 
1991). The a1ternative 岛rmulation of EMS only 
changesthe 四pected value of the mean square for 
the random block effect anyway, a1though the 
interpretation ofthe blocks term in theseANOVAs 
still creates considerable debate among statisti­
cians (Samuels et al. 1991 and subsequent com­
ments in same issue). Note that the EMS for the 
non-additive model are îdentical to those derived 
for the two factor crossed model described in 
Chapter9. 

10.2.3 Null hypotheses 
τhere are two null hypotheses of interest in RCB 
(or simple RM) designs 四e most împortant îs the 
test for treatment effects , but the test of block 
effects might also be ofsome interest ηle statisti­
cal tests of these null hypotheses depend on the 
expected mean squares (EMS) which in turn 
depend on whether we consider an interaction 
likely and whether the factors (treatments and 
blocks) are considered fìxed or random. The most 
common situation in biological experimen臼 1S

where block or subject is a random factor (the 
blocks used in the experiment are a random 
sample from a larger population ofblocks and we 
wish to generalize our results to this population 
of blocks) and factor A ("treatment") is 缸ed ，

although other combinations are possible 

Factor A (fìxed) 
Ho(A)μ1 二 μ2二屿 μ'p' This Ho states that 
there is no difference between the factor A margi 
nal means, pooling blocks. Using the experiment 
from Walter & O'Dowd (1992). 出e Ho is no differ­
ence between the mean number of mites per leaf 
for the two domatia treatments , pooling leafpairs 
(blocks) 

τhis is equivalen t to 

H。 αααi = 0, i.e. no effect of any level 
of factor A and therefore all treatment effects 
equal zero. For this example , there is no effect of 

testing the null hypotheses. domatia treatment on the mean number of 
卫1e EMS for the non-additive model whεre mites per leaf (Walter & O'Dowd 1992) 

specific df 

『
〈J

《4
J
『J
r

i
l
l
-

「
L

p(q 一 1)

pq- 1 

26 
27 

involving cell means , marginal means and the 
overall mean, i.e. the interaction between treat­
ments and blocks. The mean squares (MS) are 
dete口nined by dividing the SS by their df. 

The comparison between the ANOVAs for a 
RCB design, where experimental units are 
grouped into blocks, and the equivalent sized 
single factor CR design , where the allocation of 
treatments to experimental units is randomized, 

is shov.注1 in Table 10.3. Note that the RCB design 
has fewer dffor the residual than the single factor 
CR design. The residual term in the CR design has 
been simply split into blocks and "residual" com 
ponents. We are making a trade咱ffin that wi巳 are

accepting fewer dfin the residual term ofthe RCB. 
mεxpectation that the SS and MS will be lower, 
and more than compensate 岛r the loss of df in 
terms of the power of the test of treatments 
(Section 10.7) 
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10.2.4 Comparing ANOVA models 
τhe 55, df and M5 for each term in the classical 
ANOVAσ'able 10.2) can also be derived from com­
paring the fìt ofa 缸11 and a reduced linear model, 
where the reduced model simply omits the param­
eterspecified to be zeroin the Ho - see Box 10.4. The 
approach of comparing linear models also offers 
strategies 岛r handling missing values (Section 
10.9) whereas the formulae in Table 10.2 are only 
applicable when there are no missing values. We 
Use 55 (and M5) to measure the fìt ofthe different 
models , although likelihoods could also be used 
with the likelihood ratio replacing the F-ratio for 
testing whether the reduced model fìts sign诅
cantly worse than the full model (Chapter 13) 

Blocks (random) 
Ho(B) 与2 = 0, i.e. no added variance due to all pos­
sible blocks that could have been used. From 
Walter & O'Dowd (1992) , the Ho is that there is no 
added variance due to all possible leaf pairs that 
could have been used. 

Interactions in RCB and R问

models 

10.3 

10.3.1 Importance of treatment by block 
Interactlons 

Ifwe do assume an underl归ng additive model , with 

F-ratios 
We can test these null hypotheses by seeing which 
of our mean squares have the same expected val ue 
when the Ho is true. The F-ratio 仕om these mean 
squares 飞咀11 岛llow an F distribution if certain 
assumptions (see 5ection 10.4) hold. It is clear 
仕om Table 10.5 that M5A and M5Re,;Ò""' have the Residua! 
same expected value when there is no effect of 
t且ctor A 50 these two 口lean squares are used in an 
F-ratio to test the Ho' Note thatwhen there are only 
two levels of factor A (treatment叶， the F test for 
tτeatments in a RCB or RM design is equivalent to 
a paired t test (Chapter 3) ofthe Ho that the mean 
of the paired treatment differences equals zero 

There is no test for block effects if we allow for 
an interactìon between treatments and blocks 

的
。
-
ω
Z
R』l

its associated expected mean squares , then the Ho 
for factor A is that there is no effect of treatmen ts in 
any block (Newman et al. 1997).η1e additive model 
a1so allows a test ofthe blockeffects , although these 
are usually not of much interest in practice except 
for determining the effìciency of blocking com­
pared to a CR design - see Section 10.7. Also , assum­
ing an additive model alIows a test of factor A and 
blocks if both are 自xed; neither is testable in the 
presence of an interaction using the non-additive 
model. How realistic is the addi tive (no in teraction) 
model for biological experiments? 

Newman et a l. (1997) argued that ifblocks are 
spatial units defìned by the investigator, then we 
might consider them simply large , randomly 
chosen , experimental units , and hence treatment 
by block interactions are unlikely. In contrast, 

others (e.g. Mead 1988, Underwood 1997) have 
argued that factor A by block interactions are 
quite likely in biological experiments , particu 
larly for field experiments where experience sug 
gests that treatment effects may vary spatially. 
Newman et al. (1997) suggested that interactions 
are more likely when blocks are naturally occur 
ring units (e.g. organisms , genotypes) than when 
the scale ofblocks is chosen by the investigator 

when blocks afe random because there is no MS 
that has the same expected value as MSB10巾 when

Ho is true (the MSResidual has two components , 

rather than just 气斗As飞回 pointed out in the pre­
vious section, the hypotheses being tested about 
block effects depend on which version of the EM5 
we use for mixed models (Chapter 9) and is an issue 
of debate among statisticians (5amuels et al. 1991) 

For other combinatìons of :fixed and random 
factor巾locks ， tests of null hypotheses depend on 
whether we are wil1ing to assume an underlying 
additive (no treatment by block interaction) 
model or not. For example , ifboth factor A (treat­
ments) and blocks are 且xed ， there is no test for 
either unless we assume an underlying additive 
model. Iffactor Ais random (Ho: σo'=O)butblocks 
are :fixed (an unusual combination in practice) , 

there is also no test for A unless we assume an 
addi tive model. 

The complete ANO飞战s and interpretation of 
the studies 仕om Walter & Q'Dowd (1992) and 
Driscoll & Roberts (1997) are presented in Box 10.1 
and Box 10.2 respectively. These are both mixed 
models wi由 blocks (or subjects) random, so the 
tests for blocks are only valid if there is no A by 
blocks interaction 
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Box 10.4 1 Fitting general linear models to test factor A in 
RCB design from Walter & O'Dowd (1992) 

Full model fitted 

(Log mite number)~ =μ十 (t陀atme时l. + (block\ 十气

55 df MS 

Exolained 54.399 14 3.886 
u门explained 36.007 13 1.770 
乒 =0.602

Reduced model fitted 

(Log mite 阳mber)产μ+ (block)j +气

55 df M5 

Explained 23.058 13 1.774 
Unexplained 67.348 14 4.811 
{l = 0.255 

Difference in fìt of two models 
Full 55，呐irled (54.399) - Reduced SS;::xo'a时 (23 .058) ~ 31 .341 wlth 1 df 
M5A ~ 31 .341 , wh lCh is M5A from randomized blockANOVA (see Box 10.1) 

Test 01 A 
F~M5‘/ Full M5. .. ~ 31 .341 12.770 with 1, 13 df ~ 1 1.32. P ~ 0.005 

< 附叩""'

Fortunately, the test for treatments effects would Qccur when the treatment rankings 
(MSAfMSResidua!) is statistically va1id 岛r a mixed are consistent for each block, even if the actual 
model (A fixed , blocks random), whether we differences behveen treatments change from 
assume an additive model or not. Ifwe allow for block to block (a treatment by block interaction) 
an interaction between A and block by using the The treatment by block interaction is only statisti­
expected mean squares from the non-additive cally critical when blocks are 且xed ， in which case 
model ITable 10 日， both MS. and MSD~_"' .-I，， ~I inc1ude there is no test of treatments unless we assume 飞 l' ....'V...... H .L '"'A ........... .L..L....Residual 
σaZ+ofφin their四pectations ， the variance due to the A by block interaction is zero (Kirk 1995 , Neter 
random differences between observations within et al. 1996) 
each cell and the variance due to the interaction Even if we allow for an underlying non-addi­
between treatments and blocks. With only n tive model when determining Ollr EMS and con­
equals one per cell, we cannot separately estimate structing our F-ratios for the mixed model case , 

these two variancesτ'hese expected mean squares the presence of A by block interactions can res111t 
suggest that the test for factor A is really for the in two other dif且c111ties when interpreting the 
presence ofan effect oftreatments over and above treatment effects. First, if there is an interaction. 
the interaction between A and blocks (which sti11 then the MSD~~' .-I ..~I' whose expected value contains 飞 Rcsidual' ".........u ~ ~'"1' 
might exist, even if we cannot measure it in our 气 2+ (巧tβ ， will increase proportionally more than 
unreplicated RCB or RM experiment) and true MS!\, whose expected val l1e also inc1udes treat­
error variation. Berl!erud (1996) suσσested that ment efl岳cts. The F-ratio for A will therefore 

b 飞 I U~bb 

treatment effects over and above interaction have relatively less power in the presence of an 
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lIIustration of 
treatment by block 

Interaction w陆 (a) interactîon plot 
and (b) resîdual plot - artifkial data 
Note that the dîfference between 
treatments is much greater for 
blocks 2 and 3 compared to block I 
but there is change in direction of 
treatment effects - n。 ζrossmg over 
in interactîon plot.There is dear 

20 I evidence of a curvilinear 严'elationshîp

in the residual plot where the 
陀siduals change from positive to 
negative and back to positive as the 
predi口ed values increase 

interaction. Second , if the interaction is very Cell "mean" plots 
strong, then there can be a logical difficulty with We discussed plots of cell means to interpret inter­
the interpretation ofmain ef:坠cts ， as discussed in actions 画or factorial designs in Chapter 9. These 
Chapter 9 and by Underwood (1997). Complex are simply plots (usually line graphs) of cell 
interactions. where the effects of treatrnents are 
strong but in different directions between blocks. 
can result in a non-significant main effect of A 
averaging over blocks. Meaningful interpretation 
of such a non-significant main effect is difficult 
Howev;町 interpretation of signi且cant main 
e旺ects can still be valid in the presence of an 
interaction (see 由apter 9). A significant main 
effect indicates that, averaging over blo巳ks ， there 
is a treatment effect even if the magnitude of 
tha t effect varies 仕om block to block 

We recommend that you should check for A by 
block interactions in analyses of RCB 刷刷
designs. Interpretation of main effects in the non­
additive model may need to be constrained if 
strong interactions are present; the additive 
model , which may be necessary ifblocks are fixed , 

relies on the absence of interactions 

10.3 .2 Checks for interaction in 
unreplicated designs 

With only one replicate experimental unit in 
every treatment-block combination , there is no 
formal test for an interaction. However, there are 
three ways in which an interaction between A and 
blocks might be detected τhe first two are graph 
ical and the third is a test for a partic111ar 可pe of 
interaction. We illustrate a11 three methods 岛r

the two worked examples in Box 10.1 and Box 
10.2 

means , where the levels of one factor are used to 
de直ne groups along the horizontal axis , the 飞!ertl­

cal axis is the value of the response variable and 
the dif元rent levels ofthe second factor are repre­
sented by different symbols (joined by lines). We 
can use the same plots 岛r RCB or RM designs, 

except that the horizontal axis represents blocks 
or subjects and we plot the single values within 
each treatment-block combination (Figure 
10.3(a)). Note that we still refer to population 
means for each cell (treatment-block combina 
tion) although we only estimate those lneans with 
ηequals one in each ce11 in a RCB (灿的 design. Af; 

with CR factorial designs , the lines should be 
roughly parallel ifthere is no interaction 

Residual plots 
Another way to detect interactions is to exanline 
the residuals. An interaction would be suggested 
if the pattern of the residuals changed markedly 
仕om block to block (Neter et al. 1996). Two graph­
ical diagnostic techniques using residuals have 
been described in the statistical literature for 
showing interactions in RCB (RM) designs 

1. A plot of residuals against predicted values , 

the 可pical residual plot we have used extensively 
for assessing the adequacy of linear models in 
earlier chapters, is important in checking 
homogeneity ofvariance and the presence of 

277 
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whe阻 a， and ~ are the e忏ects of fador A and blocks respect阴阳5 defìned in Box 
10.3. We replace these parameters by their sample e5timates to obtain the esti 

rnated value of 0 

仕om a median polish (see Section 10.5), to 
distinguish systematic non-additivity 丘om the 
effects ofjust one or two unusual values 
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means 

四ock Block means 

13.0口

一1.00

-8.00 
-9 口0

0.67 
2.00 
0.389 

1994 
881ZDl 

4.33 

1993 

7
1
0
6
5
一
川

which equal立

i去捂皇 (σF 川内
立(仿R 内古(切且一 F内)'

1992 

4
0
5
4
4
0一
旧

logging 
angove 
newplpe 
oldquinE 
newquinW 
newquinE 
Year means 

D 

Tukey's test for (non-)additivity 
Tukey (1949) developed a test to detect one partic 
ular type of interaction in unreplicated factorial 
designs. Tukey's test for additivity can b巳 viewed

as a test of the curvilinear relationship between 
the residuals and the predicted values from the 
originallinear model (Box et al. 1978) , the relation 
ship we were trying to detect with the residual 
plot described above. It is also a speci直c con~ 

trast-contrast test on the interaction (Hays 1994, 

Kirk 1995) where the contrast coefficients are 
()'广列 and (ÿj - )'). Kirk (1995) pointed out that 
Tuk町's test for additivity is best at detecting rela­
tively simple interactions which involve different 
magnitudes of treatment effects for each block 
but not different directions of the treatment 
effects (i.e.lines in interaction plot are not parallel 
but do not cross). He also suggested that a liberal 
significance level should be used (α= 0.10 or 0.25) 
to reduce the risk of aτ'ype 11 error (not detecting 
a real interaction) , a recommendation we support 

The computational details are provided in Box 
10.5 and illustrated using the data 仕'Om Driscoll & 

Roberts (1997). Basically the SSR";d""1 is split into 
that due to the specific type of non-additivity 
described above and that remaining. Th is 
SSnon-add is a single df component 仕om the origi 
nal SSResidual and the remaining (q 一 1)(p-1)-1 df 

outliers and can a150 detect some types of 
interactioD. A curvilinear relationship in this 
plot, where the residuals change 仕om positive to 
negative and back to positive again as the 
predicted values increase , indicates a particular 
sort ofblock by treatment interaction (Neter et 
al. 1996), where th巳 relative magnitudes ofthe 
treatment effects differ between blocks but not 
the direction of the effects (i.e. no crossing over 
in interaction plot) - see Figure 10.3(b). Tbis is 
the 50rt ofinteraction that can often be removed 
by transformation (Box et a l. 1978). ln contrast, 
complex interactions where the direction of 
treatment effects changes between blocks are 
not easily detected with residual plots 

2. A plot of residuals against estimated 
comparison values (Emerson & Hoaglin 1983) , 

where each comparison value is (α冯)1μfor each 
cell ij 仕om the fit ofthe additive model10.1. Tbe 
estimates ofμ ， αi and 吗 are described in Box 10.3 
Any consistent pattern suggests the presence of 
an interaction. Emerson & Hoaglin (1983) argued 
that this plot is particularly use且11 for 
determining the strength of an interaction 
already suggested by the first residual plot or a 
cell means plot and helps choose a 
transformation that might restore additivi粤 If

the slope of the best~且t line on this plot is k, then 
a power transformation using a power of 1 - k 
will be effective. Emerson & Hoaglin (1983) also 
recommended using robust estimates of effects 
for ca1culating comparison values , such as those 

Using the equatÎon above 

[:E:E(ÿ, - ÿ)σ; - ÿ)y,]' ~ [( 13-( -0.389))( -6.50-( -0.389))(4) + 
(-1-( 旧的))(-6.5- (-0.389))( - 10) +... + 
(2 -( -0.389))( 4.33- (-0.3日 9))(1)]'=510.34Box 10.5肌I Tuke句:y'~￥st臼es贝t for (仙no】阳阳oαn忏1卜-识ddi比tív川v呐ity. iIIustrated for 

da臼 from Driscoll & Roberts (1997) 
S(ÿ，内':E(乌月'=(61 .54)(318.53)= 19 602.34 

5\00-'00 = 510.34/19602.34 = 0.ü26 with 1 df 

55Remalnder = 55恤- 55A - 55B - SSnan-add = 
1516.278-369 .444-955.611-0.026= 191.197w比h 9 df. 

M5 ..=0.026 
m一'""

Recall the non-additive lînear mo 才 el fro ηBox 10.3 for the RCBlRM design 

Yij=μ + !1í+玛+[(，σ月~+句

Wecan 陀define (呐~ as DaA whe陀 o is a 坦cond-order polynomial function of 
a; and只 and rep陀自由 the multiplic且阳陀lation由ip between fa吐:orA and blocks 
(Neter et 01. 1996, 50阳1 & Rohlf 1995). The value of D is, using the terminology of 
Neter et 01. (1996) 

M5_ = 191.197月= 21 .244 
陆rnal"oer

主主唱片
D 25;王军

F___ 二 0.0261 21.244 = 0.00 1 wlth 1 an 才 9 df, P = 0.974 CIOn-aao 

No evidence of strong Înteraction between blocks and years, even using a libe时 g

of0.25 
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component represents other sorts of interaction 
and the variation between experimental units 
(SS'e~";""eJ These SS are converted to MS and an F-Rerna.ìnder 
ratio constructed which is MS .. I MS non-add I u~~Remainder' 

this F-ratio follows an F distribution and the Ho of 
no interaction can be tested in the usual manner. 

Additivity and transformations 
If evidence of an interaction is detected, there is 
an argument that we should try and reduce the 
effect of such an interaction, as this will increase 
the power and interpretability ofthe test for tr巳at
ments. Presumably, a factor A by block interaction 
is not important to us biologically or else we 
would have replicated each treatment-block com 
bination as a generalized RCB design (see Section 
10.12). lf the non-additivity is due to the scale on 
which the response variable is measured and 
therefore a multiplicative relationship between 
the response variable and treatments and blocks, 

then a transformation to a dif也rent scale of meas­
urement (e.g. logs) may feffiove the interaction 
and make the relationship additive (Chapter 9) 
τhis is the type ofnon-additivityTukey's test and 
residual plots are likely to detect, so a significant 
result from Tukey's test would suggest a transfor­
mation will reduce the extent ofthe interaction 

10.4 I Assumptions 

10.4.1 Normality, independence of errors 
We have already discussed the "assumption" ofno 
factor A by block interaction, pointing out that 
the presence of an interaction does not invalidate 
the test for treatments ifblock is a random factot. 
In addition , the usual assumption that experi 
mental units afe randomly sampled 仕omapopu
lation of experimental units is still important. We 
a150 assume , as usual, that the residuals are nor~ 
mally distributed and have constant variance 
within treatments across blocks (homogeneity of 
variance assumption). Plots of residuals , both 
within treatments and against predicted values , 

are interpreted in the same way as described in 
Chapters 8 and 9; watch out forwedge-shaped pat­
terns suggesting an under1丁ying skewed distribu­
tion. If 出e RCB or RM design is a mixed model 
with random blocks. the common scenario in 
biology, then the homogeneity of variance 

assumption can be incorporated into a more 
general assumption about variances and covari­
ances (Section 10.4.2). Outliers 仕'Qm the 直tted

model are as important to detect for RCB (RM) 
designs as for CR designs. Observations with large 
residuals can be identified 仕om residual plots and 
most statistical software wi11 warn of outliers 
when the model is fitted 

Even in RCB designs and RM designs , we 
assume that the residuals are independent of each 
other, even though the observations within a block 
or subject are not (阻rk 1995) 币is is beca use we 
assume that blockeffects are independent ofresid­
ualeffo巳cts ， an assumption which is justified by the 
random a11ocation of levels of factor A to experi­
mental units within a block (Brownie et al. 1993) OI 
the random orderoftreatment application within 
a subject. Spatial heterogene叮 between experi 
mental units within blocks can be modeled as part 
of the analysis (Brownie et al. 1993), which may 
increase the precision oftreatment means and the 
power oftests oftreatment effects. Note that even 
though we acknowledge that observations from 
experimental units within a blockare possibly cor. 
related. sensible interpretation of biological 
experiments usua11y relies on the 四perimental

units within blocks being f:画renough apart so that 
the effect ofone treatmentdoesn't affect any other 
experimental unit, e.g. animals crawling off one 
experimental unit in response to a treatment and 
onto another. Similarly, in repeated measures 
designs , carryover effects must be 四plicitly

avoided (by randomizing order of treatments 
andfor leaVÌng a long enough gap between treat 
ments) or be explicitly incorpo目ted into the 
design and the hypotheses (see Kirk 1995). 

1 0.4.2 Variances and covariances 一
sphericity 

We have already indicated that in two factor linear 
models where one factor is random, the observa­
tions 丘om the same level ofthe random factor are 
correlated with each other (Chapter 9). This corre' 
lation is exacerbated in RCB designs , because the 
experimental units in a block are often located 
c10s巳 together， and in RM designs , becallse we have 
repeated observations on the same subject. This 
implies that the observations within a block, i.e 
the observations 仕om different treatments 
within a block (or within a subject in the repeatecl 

Box I 0.6 I IIlustration of compound symmetry and 
sphericity assumptions using data from Driscoll 
& Roberts (1997) 

Compound symmetry assumption: 
σt I = 0"~2 = 0"~3 and吧!二 σ31σ32' I.e. treatments 旧旧时es a陀 equal and treat 
ment covanances a陀 equal

General covariance ma甘1X Specific covariance matrix 

Year I Year2 丫ear 3 Year I 丫ear 2 Year3 

在，， 1 ET? I| 59.90 
Year2 σ? E| σI Zl 79.40 113.20 
在ar 3 σ" σ " σD 34.8口 57.80 56.27 

Estimates from data sugg自t di忏erence between variances and between covari 
ances 

Spherici句 assumption:

σLz=σ1-3 二 σ~_ 3' i.e. variances of differer 

Year 1 Y色ar 2 Year 3 Year 1-2 Y主ar 1-3 Year2-3 

Block I 4 17 18 -13 -14 
B!ock 2 10 8 -9 18 9 
Block 3 一 15 一 10 5 16 11 
Block 4 -14 -11 2 3 12 9 
Block 5 一4 。 。 -10 一4 6 
四ock6 D o 5 4 
S2 14.3口 46.57 53.87 

The estimates of the 、ana们 ces of the treatmer此 di能陀nces va叩" with the variance 
of the year I minus year 2 d町'erence considerably smaller than the other 舍 o dif­
fe陀nces， a strong indicatioηthat sphericity is not met 

ASSUMPTIONS 

llleasures context) are not independent of each assumption) but the covariances (i.e. the correla­
other(Kirk 1995). Therefo凹， wenotonlyhavetobe tions be tw"een treatments within each block or 
concerned about variances in these analyses but subject) also have to be the same. Ifthe variances 
also about covariances (correlations). These vari- are a11 equal and the covariances are a11 equal, i.e 
ances and covariances can be expressed in the the correlations between a11 pairs of treatments 
岛rm ofa variance-covariance matrix (see Chapter are equal , then the variance-covariance matrix 
15) whose diagonal matrix contains the variances shows compound symmetry. This is a sufficient COll­
betvveen observations within each treatment and dition forthe F-ratio to follow anF distriblltion but 
the other entries are the covariances between it is too restrictive an assumption, i.e. it is not a nec­

treatments (i.e. the covariances between observa- essary condition 币1e F-ratio for factor A in the 
tions from different treatments). analyses ofmixed model RCB and RM designs will 

ηlere are two conditions that must be met for follow an F distribution ifthevariance-covariance 
the F-ratio for factor A to follow an F distribution matrix shows a pattern known as sphericity. Put 
when we fit a two factor mixed ANOVA model to simply, the sphe口city condition is 由at the vari 
data from a RCB or simple RM design. Not only do ances of the differences between values of the 
the variances have to be the same across treat- responsevariable are thesamefor a11 pairs oftreat 
ments (the usual homogeneity of variance ments (see Box 10.6) 白回 spheri口ty assumptlOn IS 
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much less restrictive than compound symmetry 
because it does not require equality of variances 
and equa1ity of covariances. Note that compound 
S严nmet可 is simply one form of sphericity; a vari­
ance-covariance matrix which shows compound 
symmetry also shows sphericity by definition. If 
the sphericity assumption is not met. then the F 
test for treatments in RCB and RM designs can be 
liberal, i.e. the actual Type 1 error rate can exceed 
the nominal rate we set with our a priori signifi­
cance level (Boik 1979, Box 19日). The F test is not 
very robust to this assumption 

There is no reason to expect the variances of 
the differences between pairs of treatments to be 
very difi坠rent in classical RCB designs because the 
treatments are randomly allocated to different 
experimental units within each block. Think of 
this in terms oftreatment correlations -出e cor­
relation between treatments one and two should 
not be verγdif:坠rent 仕om the correlation 
between treatments two and three if the experi­
mental units are randomly arranged in each block 
and each experimental unit is randomlyallocated 
to a treatment. In contrast, the sphericity assump­
tion is less likely to hold for RM designs because 
observations for repeated measurements closer 
together in time will probably be more correlated 
than for repeated measurements further apart in 
time. If the order in which the treatments are 
applied to each experimental unit (subject) is ran­
domized (treatments X subjects designs) , then 
correlations between treatments might still be 
similar. However, in subjects by trials designs 
where the treatments are times (or time inter 
val叶， we would expect quite different correlations 
between times closer together compared to those 
further apart 

Note that the assumption of compound sym 
metry, or the more realistic assumption of sphe­
nc呵， of the variance-covariance matrlx only 
applies to mixed model RCB and RM analyses. If 
both factor A and blocks (or subjects) are fixed , 

then the linear model implies that observations 
are uncorrelated within treatments and within 
blocks (or subjects)τ'his is probably why few text­
books (but see 阻rk 1995 , Neter et a!. 1996) discuss 
any requìrement for specific patterns ofvariances 
and covariances for RCB designs - such designs 
are usually presented with fixed blocks (e.g 

Hocking 1996). In contrast, RM designs are nearJv 
always presented with subjects as random and 
hence the pattern of variances and covariances 
receives considerable attention. Note also that if 
there are only two treatments. then spherici可 15
not relevant because the variance-covariance 
matrix is actually a vector (only two variances and 
a single covariance) 

There are two broad approaches for dealing 
with violations of the assumption of spheric时，
adjusting univariate F tests to make them more 
conservative or usìng a multivariate test that does 
not assume spheri口可。

Adjusting univariate F tests 
The degree to which the variance-covariance 
matrix departs 仕om compound symmetry and 
spheri口ty is measured by the epsilon (ε) parame­
ter (Winer et a!. 1991, Keselman & Keselman 1993, 

Kirk 1995). When sphericity is met， εequals one; 
吐1e 自lrtherεis 仕'Om one, the more the sphericity 
assumption is violated. An estimate of e can be 
determined 仕'Om the sample variance-covariance 
matrix and is termed the Greenhouse-Geisser 
epsilon 例; it is complex to ca1culate. requiring 
some matrix gymnasticsτ'he dffor the F test for 
factor A can then be a句usted downwards based 
on the va]ue of ê 

df'dj ~ (P -l)ê and (p -l)(q 一 l)ê (10.6) 

and the F test based on these adjusted df approxi­
mately 岛llows an F distribution even when sphe­
m口可 is not met. Unfortunately, the Greenhouse­
Geisser estimate ofεcan be conservatively biased 
when e is cJose to 0.75 (Collier et al. 1967; see also 
Keselman & Keselman 1993 , Winer et a!. 1991), i.e 
the adjustment to 出e dfis too severe. making the 
test too conservative. An alternative estimate of ε 
is the Huynh-Feldt epsilon , although this can 
exceed one and therefore might be too liberal 
Both estimates of e and adjustments to dfare stan­
dard output仕ommost statistical software and we 
recommend the Greenhouse-Geisser adjustment 
because the true value of e is never known so it is 
difficult to decide when to use the Huynh-Feldt 
vers lOn 

Note that a simplerversion ofthe Greenhouse 
Geisser adjustment is to set ê to its smallestvalue , 

which depends on the number of treatment 
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(a) Plot of residuals 
against comparison values from a 
median polish from Walter & 

O'Oowd (1992) data. (b) Plot of 
陪siduals against p同dicted values 
(mean-based) from Walter & 

O'Dowd (1992) data 

diffe陪nces

plotted against block (catchment) 
for each year. (b) Plot of residuals 
versus pred口ed values, for the 
Oriscoll & Roberts (1997) data 

conservative P values but did 
not change our conc1usions 

10 I ' about the effect of years (Box 
20 -10 0 10 20 10.2)τnere were only two 

Predicted value treatments in the Walter & 

O'Dowd (1992) study, and 
therefore only one c四ariance. so the sphericit:y 
assumption was not relevant 

groups (p) and equals I/(p 一 1) - see Kirk (1995) 
τhis saves having to calculate 正 but will obviously 
be conservative (it se臼正 to the minimum value 
irrespective ofthe actual value of e) and is unnec­
essary since most statistical software will ca1cu­
late ê 

ln the DriscoJl & Roberts (1997) example , 

the Greenhouse-Geisser epsilon 、~as 0.71 and the 
Huynh-Feldt epsilon was 0.92 , supporting the 
ar凯lment that the former is a more conservative 
estimate of ε The adjusted df produced more 

Multivariate tests 
Another approach to dealing with 吐le sphericity 
assumption is to use a procedure that does not 
require this assumption. We could use the differ 
ences between pairs of treatments (e.g. between 
p刮目 oftimes) as multiple response variables in a 
multiv盯iate ANOVA (MANOVA; see Chapter 16). If 
there are p treatments (e.g. times) , then only p-l 
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difl是rences need to be used τhe Ho is that the pop­
ulation mean of the differences for all pairs of 
treatments equals zero. Because we are testing 
two or more population means simultaneously 
(e.g. with p equals three , there are two differ­
ences) , we are really testing whether the p 一 1 diι 

ferences have a population mean VI巳ctor equal to 
zero (Keselman & Keselman 1993). Any of the test 
statistics used in MANOVA are applicable here but 
as discussed in Chapter 16. we recommend the 
Pillai trace statistic 

The MANOVA approach does not assume sphe­
n口可 oftheva口ance-covariance matrix but does 
assume multivariate normali叨. which is always 
difficult to check. It also requires more subjects or 
blocks than treatments , otherwise the MANOVA 
will encounter computational difficulties. In the 
Driscoll & Roberts (1997) example , the P value 
仕om the MANOVA testing whether the popula 
tion mean differences between a11 pairings of the 
three years equals zero was 0.016 , leading us to the 
same conc1usion as for the adjust，巳d univariate 
analysis (Box 10.2) 

10.4.3 Recommended strategy 、
Formal tests ofsphericity include Mauchley's test, 
which is very sensitive to deviations 仕om multi­
variate nonnality and is not recommended 
(Keselman & Keselman 1993), and the "locally best 
lnva口ant test'\which is tedious to calculate (Kirk 
1995). We suggest, like 0出ers (Keselman & 

Keselman 1993, Winer et aI. 1991), that it is prob­
ably safer to assume that this assumption is not 
met and use adjusted univariate 耳ratios or the 
multivariate approach (see Looney & 5tanley 1989, 

Manly 1992, Potvin et a l. 1990, von Ende 1993) 
Which is the best approach? As usual in applied 
statistics. that depends on the nature of the data 
Looney & Stanley (1989) suggested using both 
approaches (most statistical packages automati­
cally provide both analyses); if either the adjusted 
univariate or the multivariate indicates a signifì­
cant result, reject the Ho' If neither indicate a sig­
nificant result. do not reject Ho' Most statistical 
software routinely outputs all three approaches 
(unadjusted univariate , adjusted univariate, 

multivariate) 

10.5 I Robust RCB and RM analyses 

The only commonly used robust alternatives to 
the analyses we have described in this chapter are 
to trans岛rm the obse凹ations to ranks and then 
do the usual parametric analysis on the ranked 
data. The ranking can be done in two ways. 

• Rank the data separately within each block (or 
subject) and then use the usual F test 击。r factor 
Adesc 口bed earlier in this cha pter. N ote tha t 
this test is equivalent to the Friedman test 
(Hollander & Wolfe 1999), which also ranks the 
observations within each group but compares 
its test statistic to a chi-square dist口bution
The Friedman test is an extension of the 
Kruskal-Wallis test described in Chapter 8 岛r

single factor ANOVA models 
• Alternatively. the data could be ranked over 

the entire data set as desc口bed for rank­
transform (RT) procedures inαdesigns 
(Chapters 8 and 9) and the usual F test for 
treatments applied to the ranked data (see 
Maxwell & Delaney 1990) 

All of our previous comments about rank­
based analyses (see Chapters 3 and 8) apply here , 

particularly that these tests do not assume nor­
mality but do not necessarily solve problems 
about variances and covariances (Maxwell & 

Delaney 1990) and can be inefficient when there 
are many ties (Neter et al. 1996). Rank-based tests 
do not deal with interactions very well (Chapter 9) 
so it is difficult to predict 飞what effo巳ct block by 
treatment interactions will have on the analysis 

An a1ternative approach is to estimate the 
effects ofthe linear model in a robust manner, i.e 
obtain estimates of the factor A and block (or 
subject) effects that are not sensitive (i.e. are 
resistant) to outliers. Emerson & Hoaglin (1983) 
and Emerson & Wong (1985) proposed a technique 
called a median polish. which uses the medians to 
直t an additive model of the form 

y;;~m+ α+β+ε r-j . -ij (10.7) 

whe附川s the overall median and 叫，鸟 and Bij are 
factor A effects , block effects and residuals esti­
mated using marginal medians instead of margi­
nal means. Median polish determines these 

effects in an iterative fashion , calculating the row 
effects , then the column effects , then recalculat­
ing the row effects. etcηle computations are a 
little tedious (see Emerson & Hoaglin 1983; 
MINπ:AB"" also provides median polish) but the 
resu1ts are useful for detecting some forms of 
non-additivi帘" by using comparison values calcu­
lated 仕om the median polish (Section 10.3.2), and 
also for providing more robust detection of outli­
ers 

Randomization tests are also possible by gen­
erating the distribution ofan appropriate test sta­
tistic by randomly reallocating observations to 
treatment-block combinations , as we described 
for factorial designs in Chapter 9 (Manly 1997) 

Finally. ifthe responseva口able being analyzed 
has a known distribution that fits an exponential 
form，由en generalized linear modeling proce­
dures can be used (Chapter 13). GLMs measure the 
fit of models with maximum likelihood tech­
niques , allow a variety of underlying distribu­
tions , such as Poisson, binomial, lognormal, etc., 
and tests of hypotheses about model parameters 
use likelihood ratios 

Specifìc comparisons 

Planned contrasts and unplanned multiple com­
parisons between factor A levels in RCB (or RM) 
designs depend on whether the sphericity 
assumption is met, because these tests usually 
rely on a single error term. the MSReSidual' We 
argued in 5ection 10.4.2 that for classical RCB 
designs. where treatments are randomly allocated 
to independent experimental units within blocks , 

the sphericity assumption is less likely to be vi萨
lated τbe usual contrasts and pairwise compari­
son procedures described in Chapters 8 and 9 can 
be used; MSu~":.....~l would be used as the error term Resîdual 
for calculating the standard errors of these com-
parisons. For RM designs. the variances and covar­
iances are less likely to conform to sphericity (and 
adjus出d df cannot easily be calculated for specific 
comparisons) so we agree with 阻rk (1995) that 
separate denominators should be used for each 
pairwise (or more complex) comparìson 
Keselman & Keselman (1993) proposed pairwise t 
tests with separate error terms based on the two 

EFFICIENCY OF BLOCKING 

levels being compared. For example , to compare 
grou ps 1 and 2 且or [;坦ctor A 

t~ 
Y, - y, 

sl + 52
2 - 2512 

q 

(10.8) 

where \ 2 and 52
2 are the sample variances for 

groups 1 and 2, 512 is the sample covariance 
between groups 1 and 2 and q is the number of 
subjects orblocks. Note that this is simply a paired 
t test (see Chapter 3) comparing the means of the 
two groups. The 5S A can also be partitioned into 55 
for each comparison , as described in Chapter 8 
and the tw"o groups compared with an F test. Not 
all s阻tistical software provides separate denoII丑
nators 岛r these F-ratio tests of each contrast, 50 we 
illustrate the calculations of separate error terms 
for the Driscoll & Roberts (1997) data in Box 10.7 
The calculated F-ratio statistic will be the same as 
the t statistic. For unplanned pairwise compari 
sons where control over the fam i1ywise Type 1 
error rate is required , a Bonferroni-type correc 
tion (see Chapter 3) can be applied 

Trends (linear, quadratic. etc.) across levels of 
factor A can a150 be tested using the methods out­
lined in Chapter 8; these tests are often default 
output 仕om some statistical software if the data 
are coded as repeated measures. The only differ­
ence ln testmg 阳 trends between a RCB (or RM) 
design and a CR design is which denominator to 
use for the F-ratio 因此 1995). As for other con. 
trasts described above , separate error terms for 
each trend test should be used if sphericity might 
not hold. Note that Winer et al. (1991) also sug 
gested using a separate denominator for each 
trend (linear, quadratic , etc.), although their tests 
for each trend component are only slightly more 
conservative than those based on the MSResidual 
and we prefer the approach ofKirk (1995) 

10.7 Effìciency of blocking (to 

block or not to block?) 

The decision to inc1ude a blocking factor in an 
experimental design depends on two questions 

• Are experimental units in blocks more similar 
to each other than to other experimental units 
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Box 10.71 Calculation of separate error term for contrasts 
in RCB/RM analyses (see Kirk 1995), using the 
data of Driscoll & Roberts (1997) 

Fir且 calculate the relevant ∞ntrast (t陀nd or othe川ise) for each block!subject, e.g 
the linear trend for block I 

vν二( -… 1)4+(0)1 7+ (1)18= 14 ， whe晴 -1 ， Oand 1 a陀 the contrast coeffìcients 
ωfor a linear tre门d through th陀e equally spac时 levels (see Table 8.8) 

5eζ0ηd 

(i) 5um the trend values across blocks/su同ects (L的 =65

(ii) sum the squared trend values acro臼 blocks/subjects (:>:1"2) = 937 
(iii) sum the 呵旧red contrast coefficients (.:EC?) = 2 

55 

;(可v 一一一-

二 [(937) 一 (65)叮叮 2 = 116.42 with q - 1 = 5 d[ 如idualílr_c叫

2:C,2 

问5良e5，dUàl(l~ear) = 55和 e，;d"叫IlneaJq 一 1 = 116.42/5 = 23.28 

in different blocks? lfso , then the blocking 
factor will explain some ofthe residual 
variation, resultim! in a smal1er MS~ . and a , ---------0 --- - ------.-- "-~Residual 

more power咀11 test offactor A 
• Does the reduction in MSResidual compensate for 

the loss of df in the ANOVA? 

In most cases , the answer to the second question 
is unknown unless good pilot data are available , 

so a decision to block is made primarily on the 
likJ吻 extent ofbetween.block variation 

After an RCB expe口me时， we might also wish 
to know whether using blocks was a better experi 
mental design than a CR 凹'Periment without any 
blocking, in terms of pre口sion of estimates of 
treatment effect and power ofthe tests for factor 
A. Lentner et al. (1989) argued that a measure of 
relative efficiency (RE) should be used to compare 
an RCB design to a CR design, where RE is defined 
as the ratio ofthe variance ofthe treatment com­
parison of the CR εxperiment to the variance of 
the treatment comparison in the RCB experiment 
Larger REs indicate that the RCB design produced 
a more pre口se (lower variance) estimate of treat­
ment effects compared with the CR design. Based 
on the work of Yates and Kempthorne , they 

defined an estimate of this relative efficiency 
(ERE) for a RCB design compared with a CR design 

(q -l)MSBlock + q(p - l)MSResidtlal 
ERE 二

(pq - 1) MSResîdual 
(10.9) 

Lentner et a1. (1989) also noted that ERE is mono 
tonically related to the ratio of MSBlock)MSlI.e州，，.
even though that F-ratio is inappropriate for 
testing blocks in the non-additive model, so either 
ERE or the F-ratio could be used. If either is greater 
than one then an RCB design is more efficient 
than a CR design where the number of replicates 
per treatment is equal to the number ofblocks.ln 
the Walter & O'Dowd (1992) example , the F-ratio 
for blocks is less than one so the RCB design prob­
ably did not offer more efficiency than a CR design 
in this case. The F-ratio for subjects (blocks) was 
much greater than one in the Driscoll & Roberts 
(1997) example , although it is difficult to envisage 
how such an RM design could have been set up as 
a CR design , so the ef且ciency ofblocking is not so 
relevant 

10.8 1 Time as a blocking factor 

In all the examples we have so far used in this 
chapter, the blocks have been spatial units , loca­
tions in space. There are occasions where you only 
have a small number of experimental unit5 and 
can only afford to have a single replicate of each 
treatment m an 四periment (四perimental units 
might be very large or very expensiv，时.Oneoption
in these situations might be to repeat the unrepli 
cated experiment a number of times. The experi 
ment can then be analyzed as an RCB design with 
time as a blocking factor. One problem with using 
time as blocks is deciding whether time is a 
random factor. If we run the expe口ment Qver 
three successive weeks , for example , it's diffìcult 
to lmagme 仕om what population of times these 
three are a random sample. Under these circum­
stances , time might be treated as a 且xed factor, 

which restricts us to using the additive model and 
therefore assuming no factor A by block inter­
actions. Alternatively, we could argue that we 
have a random sample ofat least a month or two , 

so time is random, and we are no worse off in our 
generalization - doing the experiment as a com­
pletely randomized one factor design would take 
only one week. and we couldn't generalize that 
result to any other time , anyway 

One particular design that uses time as a 
blocking factor is a crossover design , described in 
Section 10.11.4 

10,9 I Analysis of unbalanced RCB 

designs 

Missing observations are potentially a big 
problem for RCB and RM designs because a single 
missing observation is , in effect, a missing cell 
The equations in Table 10.2 are not appropriate 
when there ar巳 missing observationsτ'he sim­
plest approach to missing observations in RCB 
(RM) designs is to omit the whole block or subject 
that has the missing value(s)ηlis is the default 
approach for most statistical software if data are 
arranged , and the analysis done , as a c1assical 
"repeated measures" ANOVA (Section 10.13). Of 
course, this removes non-missing observations 

叮叮叮节啊川

ANALYSIS OF UNBALANCED RCB DESIGNS 

from the blockfsubject with the rnissing observa 
tion, which is waste白11 of data and reduces 吐M
power of the test for factor A 

It turns out that we can analyze unreplicated 
two factor designs with missing observations as 
long as (i) there are not too many missing values 
and (ii) there are no treatment by block interac­
tions. Note thatwe are assuming that the obse凹&
tions are missing randomly. Cells may also be 
missing by design, because the number of avail­
able experimental units is less than the number 
of treatment-block combinations and hence an 
incomplete block design should be considered 
(see Section 10 ,11.2). There are two broad analyti­
cal approaches (Box 10.8 and Chapter 4): substi­
tute a replacement observation or compare the fit 
of full and reduced linear models 

Ifwe assume additivi帘" then we can predict a 
value for any cell using Equation 10.4. Snedecor & 

Cochran (1989) and Sokal & Rohlf(1995) proposed 
a more complex method for estimating a missing 
value based on treatment and block totals. Both 
methods use the available information 仕om the 
same treatment and block in estimating the 
missing value and produce very similar estÎ­
mated values. One df should be subtracted 仕omI口1 

the residual for each substitt飞uted value. Sned巳cOII 
& Cochra盯n (口1989) indicated that the SS, (and 

SS"肌o队，巾气
upwa盯rd也s and recommended a c∞orrection凡1 , ! 

although it does not make much difi企rence III 

practice. Note that any procedure 且or estimating 
a missing value in an unreplicated factorial 
design must assume that there are no treatment 
by block interactions. 

Alternatively, we can use the comparison of 
linear models approach where SS A and SSBlocks are 
determined by comparing the fit of a full model 
versus the relevant reduced model (Section 10.2.4: 
Box 10.4)τhis is the default approach for most sta 
tistical software when the data are arranged , and 
the analysis done , as a c1assical RCB design and is 
termed the "regression" approach by Neter et al 
1996. Note that the SS are no longer orthogonal , 

i.e. the SS 画or A, blocks and residual do not add to 
the total SS. Generally, substituting a newvalue as 
described above and comparing full and reduced 
additive models will result in very similar tests 币。r

the efl坠cts oftreatments (Box 10.8) 
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Box I 0.8[ Analyzing RCB designs with a missing 
。bservation

ßased on Drisco l! & Robe时5 (1997) with one observation (newpipe in 1993) 
mlsslng 

Raw data and marginal means: 

目。 ck 1992 1993 1994 ßlock means 

logging 4 17 18 13.00 
angove -10 B -1.00 
ne阶 pJpe -15 -7.00 
。Idqul门E -14 -11 -2 9.00 
newquinW 一4 6 O 0.67 
newquinE 。 5 2 日 D

Year means -6.50 3.20 4.33 。 18

To estimate the missing observatωn， we use Equation I 0.4 to estimate the pre 
dicted value for any cel l, in this 臼se the cell with the missing obse川 atlon

4二 9;+ 乌 F

3.20 + (-7.00) - 0.18 ~ - 3.98 

This is very 引milar to the new value (- 3.90) from the method of Snedecor & 

Cochran (1989) and 50kal & Rohlf (1995). We can then substitute this value forthe 
missing observation and fìt the ANOVA model as usual for this design , subtracting 
one df from the 陀sidua!. Note that the actual value was 一 10 ， suggesting t咀t simply 
pre 才 icting the missing observation assuming ad北山ty is not ideal in this case , even 
though there was not strong evide扫 ce 币or an interaction between blocks and years 

The r芭sults of the th陀e different app陀 aches for dealing with this missing obser 
vation are presented below. Note the MSR四 '"副 is t < e same when we subst此utea
new value and when we compa陀 full and reduced mo 才 els and the tests of factor 
A (ye盯) are very similar (see Neter et 01. 1996) 

问odeJ

Om吨 block 3 Subst仕ute new vaJue compari5on approach 

Source df M5 F P df MS F P df MS F P 

Year 2 136.067 7.044 0.017 2 195.097 10.295 O.囚5 2 1 曰.058 10.135 0.005 
四ock

(dramge) 4 186.767 5 j 74.808 5 166.217 
Residual 8 19.317 9 18.950 9 18.950 

Since we are fìtting a full model with no inter- using only those cells with data. The model we use 
action term, the results from this linear models is a restricted means model because it assumes 
analysis will be similar to fìtting the cell means that a11 treatment by block interactions are zero 
model (Box 10.3) and using specific contrasts to 阻rk (1995) illustrates using cell means models to 
test the subset of hypotheses for A and blocks analyze RCB designs with missing values 

ηüs approach of comparing full and reduced 
effects models can only be used because the full 
model is an additive Qlle with no interaction 
terms. In replicated factorial designs with missing 
cells , interactions are presumably potentially 
important and we cannot use a comparison of full 
and reduced models that inc1ude interaction 
tenns in these circumstances (Cha p回到 Instead ，

the cell means approach and a subset of testable 
hypotheses about interactions and main effects 
mustbe used 

What is the best way of dealing with missing 
values in RCB or simple RM designs? The conser­
vative approach is omitting the incomplete block 
or subject; it is simple , doesn't assume additivity, 

and is probably reasonable if the number of 
remaining blocks/subjects is not too small 
HOWI巳ver. the strength of inference about the 
effects of treatments across blocks will be 
reduced because we are using fewer blocks. In 
many cases, each blockjsubject may represent 
such an ef:岛rt 50 that you are unwilling to discard 
the data 仕om other treatments in the problem 
block/subject; alternatively, the number of 
blocks/subjects may be small and omitting one 
block could reduce the size of the experiment by 
an appreciable amount. In this case , there is no 
simple recommendation for which of the two 

POWER OF RCB OR 51问PLE RM DE51GN5 

software) be岛re fitting the additive linear model 
to the whole data set 

We illustrate the analysis ofRCB or simple RM 
designs with a missing observation by analyzing 
the Driscoll & Roberts (1997) data with the obser. 
vation from the second year and the third block 
missing (Box 10.8). In this example, there are few 
blocks (only six) and omitting an entire block 
changes the ANOVA markedly compared to the 
substituting a new value determined 仕om the 
available data for block 3 and year 2 or simply 
comparing the fit of appropriate full and reduced 
additive linear models to the unbalanced data 

10, I 0 I Power of RCB or simple RM 
I designs 

刀1e power of RCB or simple RM designs is deter 
mined similarly to a CR single factor design (see 
Chapter 8) except that the sample size is the 
number of blocks or subjects and 出e residual 
variation will probably be smaller than for a CR 
designηle non-centrality parameter is defìned 
as 

alternatives (substitution , effects model compari-λ= 
sons) is best, although 也ey will usually produce 
similar results. Both approaches assume no treat­ which can also be expressed as 

(10.10) 

ment by block interaction. Therefore, ifyou must 
analyze a design with missing observations , it is 
particularly important that checks for factor A by 
block interactions u日ng the available data are 
done (Section 10.3.2). There is a downside to the 
model comparison approach, especially if the 
experiment really is a RM design where meeting 
the assumption of spherici艾Y is likely to be a 
problem. Most software will not provide adjusted 
univariate or multivariate tests 飞N'hen general 
linear models are fitted (Section 10.13). This is 
actually a serious problem because , like other 
ANOVAs , the unbalanced RCB or RM ANOVAs are 
more sensitive to assumptions (especial1y spheric 
ity) than a balanced design (Berk 1987). We can 
only suggest checking sphericity after omitting 
the block or subject with the missing value (using 
repeated measures coding in your statistical 

<þ~忻 (10.11) 

Whether Equation 10.10 or Equation 10.11 is used 
depends on whether we are using power tables or 
cu凹.es (see Neter et al. 1996) or power analysis soft 
ware. Ideally, we would use a pilot study to 
provide an estima te of 气2 (the residual variance) 
and then determine the number of blocks (q) 
required to detect a treatment effect of a given 
size , Î.e. use power analysis for determining 
sample size required in the design phase of the 
四periment， although post hoc calculations of 
power can be carried out in the same manner as 
described 岛r a CR design. Note that using power 
ca1culations to determine the number of blocks 
or subjects required in a RCB or RMεxperiment 
probably only makes sense when blocks are 

289 
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situation with biological experiments), then each 
term of interest in the model (人 C， AC) is tested 
againstits interaction with blocks and thereare no 
tests 币。r blocks or its interactions. If blocks and 
either A or C are random, then some terms wiU 
have no appropriate F test, e.g. ifblocks and C are 
random, there will be no other MS in the model 
with same expected value as MS

A 
if the Ho of no 

effect of A is true. If blocks and both A and C are 
random , then there are no tests 岛reitherAor C. In 
these circumstances, we mustrelyon quasiF-ratios 
as outlined in Chapter 9 orelse assume an additive 
model. If blocks are :fixed, then there are no tests 
for the other factors in the non-additive model so 
we must assume no interactions with blocks and 
fit an additive model as described below, 

刀1e linear model 10.12 is the equivalent of a 
two factor repeated measures design where both 
factors are "within subjects" (Keppel 1991). We 
argue that terms such as "factorial randomized 
block" and "factorial within subjects repeated 
measures" , while use且11 for describing the physi 
cal structure of the experiment, actually obscure 
the fundamental underlying linear model, which 
in this case is simply an unreplicated three factor, 

crossed, ANOVA model (Chapter 9). The EMS pro 
vided by阳rk (1995) for a factorial RCB with blocks 
random are identical to those provided by Winer 
ct a1. (1991) for a three factor ANOVA with one 
factor (blocks) random 

An alternative approach is to 自t an addi tive 
model: 

considered random; ifblocks are fixed , then their 
number is also fixed 

主
的E
O

<

4
u。
一
国

i
u
O
E
H国

(
由
东
一
)
自
亏

5
4
」
U
C
M♂
〉
'
\
/

ω
巳
2
0
的

吕
。
百
白
宫
苦
。H
A
Z
m
q
g
M
唱
出
回
国E
Z
(胡
同ω
s
t
)
U咽
口
旦
号
且
也
)
〈
目
。
E
M
A
M
Z
a
M
g
q
A
u
。
Z
B
ω
在
E
E
Z
N
M
E
。
吉

E
-
m
M
K
S
υ
4
2
4
4
A
E〈
〉O
Z
〈

10.1 1.1 Factorial randomized block 
designs 

Block designs can also be extended to indude fac. 
torial experiments. where all combinations oftwo 
or more factors are included in each block (阻rk
1995). For example , Brunkow & Collins (1996) did 
a fìeld enclosure experiment that examined the 
effects of two factors (densi句r and variance in 
initial size) on various responsevariables (growth. 
dry mass , stage ofmetamorphosis) 岛r larval sala­
manders 刀üs was a factorial design arranged in 
three spatial blocks with one replicate of each 
combination of densi可 and initial variation in 
size in each block. A second example is from 
Wagner & Wise (1996), who set up a factorial 
experiment examining the effects of density 
(three levels: zero, low and high) and predator 
reduction (two levels: control and predator reduc­
tion) on growth rates ofwolfspiderlings. One rep­
licate of each combination of density and 
predator reduction was located in each of four 
spatial blocks 

The non-additive linear model , which includes 
block by factor interaction terms , for the factorial 
RCB design with two factors (Aand C) replicated at 
a number ofblocks (B) is: 

More complex block designs 10.11 

3
3
3

卢

(10.13) 

which is Model 2 of Newman et a1. (1997) and the 
one which users of factorial RCB designs often 直t

(e.g. Brunkow & Collins 1996, Wagner & Wise 
1996). This model combines the block by A, C and 
A x C interactions 巾， the three residual terms in 
Table 10.6) into a single residual term σ'able 10.7) 
Although the use of this pooled error term 
increases the degrees of freedom in the denomi­
nators used to construct the F-ratios, and there­
fore increases the power of individual tests of A, C 
and A X C, there are costs. First, as the additive 
model implies. we have to assume that there are 
no lnteractlOns 飞Nith blocks; this assumption is 
very difl且cult to test and , for biological experi 
men缸， might not be true in some situations 

y拙 =μ+α， +γ， +αγ讯+鸟 +8你y叭 =μ+α，+瓦 +α马+码+α乌+

γ同时 +αγβ忧J + Bijk 

where α， is the effect of factor A， γ'; is the e但是ctof
factor C ， αγ'ij is the interaction between factors A 
and C, ß, is the effect of blocks， αßîk • γ卢户， and 
αγ'ßîjk are the interactions between A. C, AC and 
blocks and Bijk is the residual term independent of 
blocks. This is Model1 ofNewman et a1. (1997). As 
with all unreplicated RCB designs , we cannot esti. 
mate the residual separately 仕om at least one 
inte四ction term , in this case the αγ卢萨 interac

tion 
The ANOVA table based on this non-additive 

model with expected mean squares is shown in 
Table 10.6. Ifblocks (B) are considered random and 
the other factors (A and C) are !ìxed (the common 

(10.12) 
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Toble 10.7 1 ANOVA岛r factorial randomized compl出 block由sign from Table 10.6 assum吨 that alI block by 
hctor interactÎons (A X block, C X block, A X C X block) are zero and aτ巳 pooled into residual 

Source Wagner & Wise (1996) df Expected mean sq ua陀毛且(A. C fixed) 

B= Block 四ock q 一| σf+P巧z h
u叫-
T
E
~

A Density p-I 

C Predators 

A X C DensityX P陀dators (p- I)(r- 1) 

Residual Residual (q- I)(pr- 1) 2 
ζT 

E 

σJ+qDrσ:y+qrt 

对 +qDpσ;y+qpt

σ2 十 σσz
，丁 αy

Note 
Components for 白xed and random fadors in expected mean 5呵qua旷re巳5 are r'陀epr陀es坦en旧ted as ι"\飞\咀、
see Box 9.8 

(Section 10.3.1). Second. the pooled residual term 
requires a restrictive omnibus sphericity condi­
tion 因此 1995). which also cannot easily be 
checked. We recommend that the non-additive 
model and separate error terms should be used 

Our earlier commen ts abou t using time as a 
blocking factor olso apply to factorial randomized 
blocks. Factorial experiments are more costly 
than single factor experiments because of the 
larger number of combinations ofthe factors and 
it may not be possible to have enough四penmen­

tal units to replicate such an 四periment

Repeating the experiment through time and 
using time as a blocking variable is a useful 
optlOn 

10.1 1.12 Incomplete block designs 
Very occasionally, we may have an experimental 
design where we would like to block the treat 
ments but the number of experimental units in 
each block is less than the number oftreatments 
so we cannot have every treatment represented in 
each block. Under these circumstances , the trick 
is to allocate treatments to blocks so that relevant 
hypotheses can be tested although some inte阻c­
tions have to be assumed to be zero τhe simplest 
arrangement is a balanced design where every 
pair oftreatments occurs once (and only once) in 

one of the blocks τ'hese designs can be arranged 
using randomized blocks or Latin squares and can 
also be unbalanced so that not every pai宜 。ftreat­
ments occurs in any block. The defìnitive refer­
ence is Cochran & Cox (1957) but Kirk (1995) and 
Mead (1988) also describe these designs 

Of course. some (including us) might ar♂1e 
that ifthere is such a mismatch between the avail­
able experimental units and numberoftreatment 
combinations , then reducing the number oftreat­
ments in the experiment is a more realistic solu­
tion. This is especially so in biology where 
treatment by block interactions are quite possible 
The one exception might be where the design can 
be set up as a square arrangementwith two block­
ing factors , as we will describe next 

10.1 1.13 Latin square designs 
Sometimes we want to include two blocking 
E注ctors in our design to 且lrther reduce the unex­
plained variation in our response 飞rariable. If the 
allocation oftreatment levels to a11 combinations 
ofblocking factors can be randomized , we could 
simply treat the combinations ofthe two blocking 
factors as levels of a single , combined. blocking 
factor and use the usual model for an RCB design 
However. ifwe are willing to restrict the number 
of levels of each of the two blocking factors to be 
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the same as the number of treatment levels, we 
can also use a Latin square design. As the name 
suggests , Latin squares consider the 四perimental

design as a square with equal numbers of rows 
and columns. One blocking factor is allocated to 
rows and the other to columns and there is a 
single experimental unit for each combination of 
rowand column , i.e. cell. Latin square designs can 
be 2 X 2. 3 X 3. 4 X4. etc. Treatments are allocated 
randomly to cells , with the restriction that each 
treatment is represented once in each row and in 
each column. By definition. the number oflevels 
of factor A must be the same as the number of 
rows and the number of columns. Latin square 
designs are basically an extreme example of an 
incomplete block design. where the number of 
treatments represented in each block (row­
column combination) is one! 

There are many possible random arrange­
ments of allocating treatments to ce11s in Latin 
square designs (Figure 10.7). Forεxample， there 
are 12 possible arrangements for a 3 X 3 square 
and 576 arrangements for a 4 X 4 square. For a par­
ticular experiment, we simply select at random 
one ofthe possible arrangements ofthe approp口
ate size. Statistical software often include 
modules for the design of experiments that gener 
ate Latin square arrangements 

Traditiona11y. Latin square designs were used 
when the rows and columns represented a physi 
cal spatial arrangement of experimental units in 
the field. For example. Golden & Crist (1999) exam­
ined the effects of habitat fragmentation on old­
field canopy insects using a 120 X 150 m field 

口口口

口口口
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口
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口
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口
口
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口
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口
口
口

温 Layout of 4 x 4 Latin 呵uare expe时mental

design from Golden & Cr田 (1999) ， showing four levels of 
fragmen团tion a阿"anged in four rows and four columns 

(comprising goldenrod and wild carrot as domi­
nant flora) in Ohio. They had four treatments 
(Ievels of factor A) set up by mowing: un仕ag

mented. slightly 仕agmented (3 m' subplots separ 
ated by 2 m mown strip时. moderately 仕agmented
(2 m' subplots separated by 3.5 m ffiOWI川trips)

and heavily fragmented (1 m' subplots seporated 
by 5 m mown stri ps)ηley 口eated 16 plots (each 
13 X 13 m) in four rows and four columns and a11任
cated treatments in a four by four Latin square 
design, i.e. each treatment was represented once 
in eoch row and each column (Figure 10.8) 
Basically. this design is blocking treatments (仕ag
mentation) against two blocking factors. rows and 
columns 

Latin square designs can al50 be used when the 
blocking factors do not really represent physical 
rows and columns. For example. Cochran & Cox 
(1957) describe an experiment where rows are 且ve
weeks , columns are the fìve days of the week, and 
eachof且ve treatments was allocated to each COffi. 

bination ofweek and day in the usual manner, 

Consider a Latin square design vvith factor A 
(i = 1 to p) being treatments. factor B (j = 1 to p) 
being rows and factor C (k = 1 to p) being columns 
Each observation is Yijk (the value in each c巳11). the 
marginal treatment means pooling rows and 
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columns are 丸， the marginal row means pooling 
treatments and columns afe 九 and the marginal hooo 
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Bijk is random or unexplained error associ 
ated with the observation at each combination 
of the ith level offactor A and jth row and kth 
column. For example , this measures the random 
error associated with the number ofspecies of 
insects in each combination of仕agmentation
treatment, rQW and column. These error terms 
are assumed to be normally dist口buted in each 
ce11，飞曰th a mean of zero (E(e,,) = 0) and a vari. 
ance or σ4 e 

column means pooling treatn1ents and rows are 
Y,. 

τhe linear model used for a Latin square 
desi目l1S

(10.14) Yijk=μ十吨+β~+γ'，+εijk

From Golden & Crist (1999) 

Note that model 10.14 is an additive model 
with no interaction terms. The total number of 
experimental units is simply the total number of 
row and column combinations (p斗 with a single 
level of factor A a11ocat，巳d to each combination 
With a Latin square design, it is not possible to 
estimate any interaction terms and therefore we 
cannot fit a non-additive model 

τhe ANOVA from fitting model 10.14 is p四­
sented in Table 10.8. The 5S for factor A, rows and 
columns are calculated 仕om the respective margi­
nal means as usual. The SSResidual is simply the diι 
ference between these 5S and SSTotar With only 
one observation per cell in Latin square designs , 

we have no real estimate of <Tt; 2 unless we assume 
thatall interactions betweenA, rows and columns 
are zero. Sometimes. the SSR臼idual is termed 
S5Remainder (Neter et al. 1996). The test for factor A 
simply uses the MSResidual as the denominator 

Factor A would usua11y be fixed in most biolog. 
ical applications. If 飞lVe have a true physical Latin 
square where the rows and columns are spatial 
arrangements within that square , then they may 
be considered 且xed beca use i t is dif:且cult to 

lmaglne 仕om what populations of rows and 
columns they could be a random sample. If rows 
and columns are not spatial arrangements within 
a real square , then either might be considered 
random τhe F test of factor A is the sall1e no 
matter what combination of fi.xed and random 
factors we have in a Latin square design , although 
the Ho and its interpretation will be diff坦rent

Latin square designs are quite restrictive in 
their application. They require that the number of 
levels offactor A equal the number oflevels ofthe 
two blocking factors , rows and columns , although 
Mead (1988) describes alternative rectangular 

~~pecies richness ofinsects)îjk=μ+ 
(fragmentation), + (rows)j + (columns), 
+ E: ijk (10.15) 

ln models 10.14 and 10.15 we find the fo11ow. 
mg 

number of rows or only the designs where 

μis the overalI (constant) population mean , 

e.g. the overall mean number ofinsect species 
per leaf for a11 combinations of仕agmentatlOn
treatment, row and column (i.e. a11 ce11s). 

[ff;注ctor A is fixed， αis effect of ith level of 
factor A (的- iJ.) pooling over rows and columns. 
e.g. the effect of仕'agmentation on the number 
of species of insects , pooling rows and columns 
If factor A is random , u

j 
represents a random 

variable with a mean of zero and a variance of 
σ~2， measuring the variance in mean values of 
the response variable across all the possible 
I巳vels offactor A that could have been used 

Ifrows are 缸时，向 is the effect of the jth 
row(μJμ) pooling over levels offactor A and 
columns , e.g. the e丘ect of the differen t rows on 
the number of species of insects, pooling 
仕agmentation treatments and columns. Ifrows 
are random，码 represents a 阳

with a mean ofzero and a variance of σ. 2 

measuring the variance in mean values 'of the 
response variable across all the possible rows 
that could have been used 

If columns are fixed ， γ" is the effect ofthe 
kth column (的 μ) pooling over levels of factor 
A and rows , e.g. the effect ofthe dif:岳rent
columns on the number of species of insects , 

pooling 仕agmentation treatments and rows. If 
columns are random， γ'k represents a random 
variable with a mean of zero and a variance of 
σ'，/， measuring the variance in mean values of 
the response variable across a l1 the possible 
columns that could have been used. 
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columns matches the number of treatments 
Additionally, the number of df岛r the residual is 
often small. For example , a 3 x 3 design will have 
only two df for the residual and 4 X 4 design "哑11

have only six df. In these circumstances, we ffiight 
wish to a150 replicate at the level of squares 50 we 
have muitiple Latin squares (Mead 1988). Probably 
the most serious restriction on the application of 
Latin square designs in biology is that there 
should be no interactions between treatments , 

rows or columns. While we can use Tukey's testfor 
non-additivity (5ection 10.3.2; Box 10.5) to check 
forsome 画orms ofinteraction (Kirk 1995), it is dif­
ficult to imagine that, in fìeld experiments , treat­
ments would not interact with spatial rows or 
columns. Ifthere are interactions , then the test of 
factor A is biased in a messy way (Kirk 1995) 
Finally, like all ANOVAs based on unreplicated fac 
torial models , missing values cause real difficul 
ties for Latin square analyses and our comments 
in 5ection 10.8 apply 

Latin square designs can become more 
co口lplex than the standard design described here 
For example, Graeco-Latin square designs allow 
for three blocking factors by superimposing two 
standard Latin squares (Cochran & Cox 1957，而言k
1995, Mead 1988). The restrictions discussed above 
for standard Latin squares apply even more so for 
these compl四 extenslOns

10. 川 4 Crossover designs 
An εxperimental design that combines attributes 
ofLatin squares and repeated measures designs is 
the crossover design , often used in experiments 
that apply multiple treatments to individual 
organisms. In its simplest form , the crossover 
design can be considered as a Latin square where 
subjects are one blocking factor (e.g. rows) and 
time periods are a second blocking factor (e.g 
columns) and treatments are applied to each com­
bination of subject and period using one of the 
Latin square randomizations. Consider the study 
ofFeinsinger et a1. (1991) who examined competi­
tion between three species of forest understory 
plants in Central America. They set up an experi­
ment to examine the effects of four treatments 
(rela包ve densities of one species , either BesIeria or 
Palicourea , and a second species Cephaelia: 10:10 , 

90;10, 10:90, 50;50) on response variables such as 

rate ofhummingbird probes per flower or number 
of pollen tubes per s可le or number of seeds 
matured per flower. τhey had four time periods 
(either four or six days depending on the species) 
and used four focal plants (of either Besleria or 
Palicou陀叫， which were the su均ects ， with a Latin 
square design as illustrated in Table 10.9. Actually, 

their experi01ent was more complicated because 
they replicated each square at three separate 
spatial blocks , but their basic unit was a single 
block (or square) 

One of the characteristics of crossover designs 
is that different subjects receive the treatments in 
a di旺erent sequence, hence the value ofthe Latin 
square approach where each subject receives each 
treat01ent once but in a different order. 50 the 
effect of su帷cts (e.g. focal plants) in crossover 
designs is also an effect ofsequence oftreatments 
Under so01e patterns ofsequences across subjects , 

we may be able to separate out the effects of 
sequence 仕001 what are ter01ed carryover effects 
These are inte阻ction effects between period and 
treat01ent and represent the effects of a preceding 
treat01ent independent of sequenceηle pattern 
of treatment allocations O1ust be a Latin square 
where every treatment follows or precedes every 
other treatment the same nu01ber of times 
beca use we can then O1easure carryover ef坠cts for 
allp刮目 oftreatments without con岛undingwith
sequence. Not all rando01ization patterns for all仔
cation of treatments to squares do this , but the 
pattern used by Feinsinger et al. (1991) did. For 
other patterns , sequence and carryover efì且ects are 
confounded and cannot be separated. Note that 
when there are only two treatments (and two 
periods) , the sequence and carryover effects are by 
de且nition the same. Really only simple carrγover 
effects 仕001 the preceding treatment can be 
detected , rather than carryover effects 仕om the 
preceding two or more treatments , unless we have 
a very large design 

50me details of the analysis of crossover 
designs can be 且ound in experimental design texts 
like Cochran & Cox (1957) , Crowder & Hand (1990) , 

Mead (1988), Neter et al. (1996) and Yandell (1997), 

with a standard reference being Ratkows均， et al 
(1993). We don't provide details on日lculating the 
S5 but the basic analysis fro01 Feinsinger et al 
(1991) is presented in Table 10.9. Basically th巳
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Table 1ω0.91 (刨a斗)De四贝吨咽gn oft由he crosso'川，ve盯r e，耻nme
ind副1C四ateεda囚sA， B ， Ca田nd D. Each sq'明ua盯r目ewas r阻epμli盹ca旺ted in three s叩pati且a础1 blo町cks.(φ例b刘)Ana剖lysis of町O臼S$OV回e盯rexpenmen川t 

t食云讪omF，民'einsinger et 01. (1991) 

(a) 

Focal plant 

Time period 11 111 IV 

A B C D 
Z B D A C 
3 C A D B 
4 D C B A 

) 
ι
υ
 

( 

Source 

Blocks 

Focal pla巾， i.e. sequence (within blocks) 

Periods 

Periods X Blocks 

Treatments, i.e. relative density 

Treatments X 剧ocks

Carryover 

Residual 

Total 

Single block Repllcated blocks 
(i.e. squa陀) df (i.e. squa陀s) df 

(q 一 1) = 2. 

(p-I)=3 (q(p-I))=9 

(p 一 1)=3 (p-I)=3 

(p-I)(q-I)=6 

(p-I)=3 (p-I)=3 

(p-I)(q-I) 二 6

(p- 1)=3 (p-I)=3 

陀st=3 rest= 15 

(p' 一 1) = 15 (qp'-I)=47 

Note 
First df column is from analysis of single block (square) , second df is full a门alysis from three replicate 
blocks. There are p 二 4 focal plants, p = 4 periods and p = 4 treatments in each block (square) a门d
q= 3 blocks 

SSTotal is partitioned into SSTrcatments' S5period and 
55_ based on mar囚nal means , with the Sequence ~-~-- -_. .----0 
remainder forming the residual. This is the equiv­
alen t analysis 仕om a Latin square design (Table 
10.8). Feinsinger et al. (1991) could also measure 
carryover effects as a separate source ofvariation 
from the residual because their pattern of alloca­
tion oftreatments to period and subject combina­
tions had every treatment followed by every other 
treat01ent once. The number of carryover efì坠cts

is the same as the number of treat01ents , as they 
are O1easuring the effect of each treatment on the 
one in the following period. If the rest period 

between treatments within a subject is long 
enough , ther喧 should be no carryover e旺坦cts and 
Feinsinger et a!. (1991) did not 且nd any significan t 
carryover effects in their study. Note that the cor. 
relations between repeated measures on the same 
subject, that require special consideration in the 
analyses of RM designs (5ection 10.4.2), are 
assumed to be incorporated into the carryover 
effect (Yandell 1997) 

Feinsingeretal. (1991) also replicated their basic 
Latin square in three spatial blocks , so their full 
design was a replicated Latin square (YandeIl 1997) 
and the analysis included the block effect and 
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interactions between blocks and treatments , 

periods and sequences. Because the squares are 
replicated spatially (blocks) , then periods are 
crossed with squares. If the squares are replicated 
through time , then the periods would be different 
for each square and periods would be nested within 
square (or block). In these analyses , all terms are 
tested against residual unless there are replicate 
subjects for each sequence, e.g. replicate focal 
pla口ts for each sequence oftreatments.τhenthere 
would a150 be a subjectswithin-sequence term that 
would be used for testing the sequence ef坠ct.ln

theexample 仕om Feinsinger et al. (1991) , there was 
onlyone subject (focal plant) per sequence so there 
was no subject within-sequence term 

τhe limitations of these designs are the same 
as Latin square designs , primarily the assumed 
lack of interactions between treatments , periods 
and subjects and the few df for the residual, espe­
cially when carryover ef坠cts are separated out as 
a source ofvariation. Also , there are the usual dif­
自culties ofhandling missing observations and the 
requirement that the number of treatments 
needs to match the number ofsubjects or periods 
τhese designs are most commonly used in 
research on the respons巳s of animals to different 
treatments where the number of animals is very 
restricted and both repeated measures on animals 
and through multiple time periods are needed 

10, 12 I Generalized randomized 

1 block designs 

As we have 巳mphasized ， RCB designs are simply 
analyzed as unreplicated factorial ANOVAs. [f rep­
licates are possible within each combination of 
block and treatment, then 飞lVe have a generalized 
randomized block design (GRB) whose advantages 
over the usual randomized block design inc1ude 

1. no need for any assumption of additivity, 

2. separation ofinteraction effects 仕omresid
ual which may result in smal1er MSResîdual and more 
powerful test oftreatments (Potvin 1993), and 

3. better handling of missing values 

A GRB design that includes replicate experi 
皿ental units 岛r each treatment within each 
block is analyzed with a standard two factor linear 

model as described in Chapter 9 with a test for the 
factor A by block interaction. Note that random­
ization (random allocation of experimental units 
to treatments) is still restricted to n experimental 
units within each block, compared with a CR fac­
torial design in which experimental units would 
be randomly alIocated to each combination ofthe 
two factors. It is important that the "replicates" 
for a GRB design be at the appropriate scale , oth­
erwise the usual factorial linear model is not 
applicable (Bergerud 1996). We must replicate the 
experimental units to 飞.. hich the levels of factor A 
are applied within each block, e.g. we must repli­
cate leaves with and without domatia in each 
block in the example 仕om Walter & O'Dowd 
(1992). lfwe simply subsample from each unrepli­
cated treatment-block combination , e.g. we 
measure the size of individual mites in each com­
bination of block (leaf pair) and treatment (with 
or without domatia) , we can not use a two factor 
ANOVA model. We actually have a subsampled 
randomized block ANOVA where the analysis is as 
described in Table 10.10 for our fictitious modifi­
cation ofthe Walter & O'Dowd (1992) experiment 
Here , the non-existent true replicates for the two 
factor ANOVA model (replicate leaves for each 
treatment-block combination) are included in 
the ANOVA table to illustrate that the subsampled 
mites are not the appropriate replicates for 
testing any of the higher terms in the model 
(Bergerud 1996) - this is just a more complicated 
example of "pseudoreplication" (Hurlbert 1984; 
see also Chapter 7). Uke Bergerud (1996), we 
suspect that many biologists mistake subsam­
pling 岛r true replication and would incorrectly 
analyze this design in Table 10.10 as a completely 
randomized two factor ANOVA 

10, 13 I RCB and RM designs and 

1 statistical software 

Most statistical software distinguishes between 
RCB and RM designs in the way the data need to 
be coded. For an RCB design , each row in the data 
且le represents an individual experimental unit, 

i.e. a treatment-block combination, and the data 
for the response variable are in a single column 
τhe columns in the data file will be as folIows 

GENERAL ISSUESAND HINTS FORANALYSIS 

1页百日 ANOVA table for a subsampled randomized block desìgn, m叫吨Walter& O'D叫叫so
吐回芝 10 inites were sampled from each treatment-block combination, i.e. each single leaffor each treatment 
m由în each block 

50uπe 

TreatmentA 

Block B 

T陀atmentX block (AX B) 

Leaves (t陀 atment an 才 block) C(AB) 

Mites (Ieaves t甘eatment and bloc均) D(C(AB)) 

Note 

df 

p 一 1 = 1 

q-I = 13 

(p 一 I)(q 一 1) = 13 

þq(r一 1)=0

þqr(门一 1) =252 

Expected mean square 

σ'+σ2 _. +σ2_+σ2 
!"Í"ß) 句8

σ'+σ2 十 σ2,'-,,"/3)'-, 
σ'+σ2 +σ2 

.f ~ y(aß) . ~ aj3 

2 ..1- _2 
(]"寸-0'

.f • ~ Y(~β) 

ζT 
2 
ε 

For simplicity, expected mean squares are provided without multipliers and components for both 自xed

and random terms are indicated as variances - see Box 9.8. Note that the leaves nested within each 
treatment-block combination are included in the ANOVA table although their df equal zero because 
there is still only one replicate leaf for 臼ch treatment in each block. 

Factor A Block or subject Response variable 

5haved 
Unshaved 1 
etc 

9 

τhe analysis then uses a linear model statement 
that inc1udes a constant (grand mean), factor A 
and blocks (but no interaction). Output is stan­
dard ANOVA but usually with no a句usted univar­
iate or multivariate tests 

For an RM design , each row represents a block 

focusing on psychological and educational 
research, such as Winer et a1. (1991). The point is 
that it doesn't matter which way you set the data 
file up, the analyses wilI be identical. It depends 
on whether you want an estimate of epsilon, 

measuring whether the variances and covari­
ances meet the sphericity assumption and the 
extended output of adjusted univariate tests or 
multivariate tests - if so , use the repeated meas-
ures set-up 

or subject and the response variables 岛r each 1014 ....... . General issues and hints for 

analysis 
treatment (e.g. time) are in separate columns. The 
columns in the data file will be as 岛lIows

四c 二 k Or subject A , (5haved) A, (Control) 

9 
etc 

The analysis uses software-specific repeated meas­
ures commands or menu options. Output is 
usually standard repeated measures ANOVA with 
unadjusted and adjusted univariate tests and 
multivariate tests , and also trend contrasts across 
treatment means 

Why the difference? lt is probably due to most 
textbooks distinguishing the two 句!pes of designs , 

particularly the influence of statistical texts 

10.14.1 General issues 

• Randomized complete block (RCB) and simple 
repeated measures (RM) designs are both 
analyzed using a linear model for a two factor 
ANOVA with n equals one in each cell. 

·τhe test for factor A is MS. 1 MS"..，~.， whether A { H~""'Resîdual 

there is an interaction between treatments and 
blocksfsubjects or not 

• Iftreatment by block or subject interactions 
exist, then the power of the test for factor A is 
reduced and, if the interaction is strong, non­
slgnl直cant treatment effects are difficult to 
interpret 

299 
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• Blocks should normally be a random factor. 
otherwise there is no test for treatments 
unless we assume no treatment by block int町­
actiOll. 

• Violation of the sphericity assumption can seri牛
ously affect the univariate F tests and either 
adjusted univariate or multivariate tests of 
treatment effects should be used. especially in 
repeated measures situations 

• Factorial RCB designs are analyzed equiva 
lently to factorial "within su时ects" designs in 
repeated measures terminology, using the 
linear model for a three factor unreplicated 
factorial ANOVA. Each fixed main effect and 
interaction term should be tested against their 
interactìon with block ifblocks are random 

10.14.2 Hints for analysis 
• For most statisticaI software, you should con-

sider creating two data fìles , Olle coded for an 
unreplicatl巳d two factor crossed linear model 
analysis and one coded 岛r classical repeated 
measures design. The basic ANOVA output will 
be the same. but other aspects ofthe output 
will d由:er and both con tain useful informa-
t10n 

• Even though treatment by block interactions 
does not preclude assessment oftreatment 

e征是cts ， it is worth running checks for interac 
tions. Ifinteractions are present, significant 
main effects interpretation is an effect of treat­
ment over and above the interaction between 
treatment and blocks. It would also suggest 
that a generalized (i.e. replicated) RCB design 
should be considered if the experiment is 
repeated 

• Transforming lognonnal data to logs or count 
data to a power (e.g. square or fourth root) can 
greatly improve additivity and should be used 
if the absence of treatment by block interac­
tions is important for the analysìs or interpre 
tation 

• Cell mean plots are the simplest way of detect 
ing treatment by block/subject interactions. 
although various residual plots can be also be 
helpful; a 岛nnal test for simple interactions is 
Tul<町's single df test 岛r additivity. 

• Use separate denominators for F tests of con 
trasts between, or trends through, treatments 

• With missing values , either omit the 
block/subject with missing value if the 
number ofblocks is large , or else estimate the 
missing value from marginal and overall 
means or use the model comparison approach 
as part offitting the relevant linear models 

Chapter 11 

Split-plot and repeated measures designs: 
partly nested analyses of variance 

ln Chapter 9. we described multifactor ANOVA 
models that can involve crossed or nested factors , 

or a combination of both. and in Chapter 10. we 
introduced designs that incorporate either blocks 
or repeated measures. One particular c1ass of 
experimental designs with both crossed and 
nested factors , and either blocks or repeated 
measures. inc1udes split-plot designs (仕om an 
agricultural origin), and repeated measures 
designs (仕om psychology). These designs can be 
complex but are particularly common in biologi­
cal research , so we have devoted a chapter to their 
analysis. We will use the term partly nested or 
part1y hierarchical岛r the linear model we 且twith
these designs , and the least ambiguous name 
for these designs might also be part1y nested. One 
of the important messages 丘om this chapter is 
that these repeated measures and split.plot 
designs are basically analyzed with the same 
linear model, something that is often unappre­
ciated by biologists. although some textbooks do 
emphasize the equivalence in models (e.g 阳rk

1995. Mead 1988). In its simplest form. this design 
has three factors: A and C are crossed , and B is 
nested within A but crossed with C. although the 
possible extensions of this d巳sign are almost lim 
itless 

'a nH gb ce ai­』
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1 1.1.1 Split-plot designs 
Split-plot designs were originally used in agricul 
tural experiments and represent a randomized 
complete block (RCB) design. with one or more 

factors applied to experimental units within each 
block. A second factor (or set of factors) is then 
applied to whole blocks. with replicate blocks for 
each level ofthis factor. Not巳 that the terms blocks 
and plots are interchangeable in the context of 
these designs 

There are many examples of classical split-plot 
designs in the biological literature. First we will 
consider a 自ctitious extension of the RCB experi­
ment we described in Chapter 10 企om Walter & 

O'Dowd (1992). examining the role of domatia 
(small cavities on the leaf surface where mites can 
live) in determining the number of mites on 
leaves 仕om specles w世1 domatiaτhey set up 
pairs ofleaves (blocks) on a tree where one leafin 
each pair was a control and the other leafhad its 
domatia removed. The treatment factor was 
applied to experimental units (leaves) within each 
block (leaf pair). If we now include additional 
plant species (those that have domatia). we now 
have a second factor applied at the scale ofwhole 
blocks. i.e. a block will be one or other of the 
species. This new experiment has blocks as the 
scale ofreplication for comparisons of species and 
leaves within blocks as the scale of replicatìon for 
comparisons oftreatments 

As another 四ample ， consider the experiment 
from Wissinger et a1. (1996) who studied the effects 
ofcompetition and water regime (hydroperiod) on 
the ecology of two species of larval caddisflies 
(As川archus nigriculus and Limηephilus ex阳n阳s) in 
ponds (Figure 11.1)ηle experiment was set up as 
a RCB design. with a block (i.e. plot) being a single 
pond , chosen 岛r having some consistency in envi 
ronmental conditions. Within each pond, they set 




