
CORRELATION ANALYSIS I 73 

Chapter 5 

Correlation and regression 

Biologists commonly record more than one vari. 
able from each sampling or experimental unit 
For example, a physiologist may record blood pres­
sure and body weight 企'Om experimental animals , 

or an ecologist may record the abundance of a par­
ticular species of shrub and soil pH from a series 
ofplots duringvegetation sampling. Such data are 
termed bivariate when we have two random vari­
ables recorded from each unit or multivariate 
when we have more than two random variables 
recorded 仕om each unit. There are a number of 
relevant questions that might prompt us to collect 
such data , based on the nature of the biological 
and statisticaI relationship between the variables 
The next two chapters consider statistical proce­
dures 自or describing the relationship(s) between 
two or more continuous variables. and using that 
relationship for prediction. Techniques for detect­
ing patterns and structure in complex multivari­
ate data sets, and simplifying such data sets 画or

further analyses , will be covered in Chapters 
15-18 

5, 1 I Correlat阳1 analysis 

Consider a situation where we are interested in 
the statistical relationship between two random 
variables. designated 飞 and Y2' in a population 
Both variables are continuous and each sampling 
or experimental unit (i) in the population has a 
value for each variable. designated Yi1 and Y

i2 

Land crabs on Christmas Island 
Christmas Island in the northeast Indian Ocean is 
famous for its endemic red land crabs , Gecaγroidea 
nataI筒， which undergo a spectacular mass migra-

tion back to the ocean each year to release their 
eggs. The crabs inhabit th巳 rain forest on the 
island where they consume tree seedlings. In a 
study on the ecology of the crabs , Green (1997) 
tested whether there was a relationship between 
the total biomass ofred land crabs and the density 
oftheir burrows within 25 m 2 quadrats (sampling 
units) at five forested sites on the island. The full 
analyses ofthese data are provided in Box 5.1 

5.1.1 Parametric correlation model 
The most common statistical procedure for meas­
uring the ‘strength' of the relationship between 
two continuous variables is based on distribu­
tional assumptions, i.e. it is a parametric proce 
dure. Rather than assuming specifìc distributions 
for the individual variables. however, we need to 
think of our data as a population of Y

i1 
and )'12 

pairs. We now have a joint distribution of two var­
iables (a bivariate distribution) and , analogolls to 
the parametric tests we described in Chapter 3 , 

the bivariate normal distribution (Figure 5.1} 
underlies the most commonly used measure of 
the strength of a bivariate relationshipτhe bivar­
iate normal distribution is defìned by the mean 
and standard deviation of each variable and a 
parameter called the correlation coeffìcient, 
which measures the strength of the relationship 
between the two variables. A bivariate normal dis­
tribution implies that the individual variables 
are also normally distributed and also implies 
that any relationship between the 口IVO variables , 

i.e. any lack of independence b巳tween the vari­
ables , is a linear one (straight-line; see Box 5.2; 
Hays 1994). Nonlinear relationships between two 
variables indicate that the bivariate normal distri­
bution does not apply and we must use othel 

Worked example: crab and burrow density on 
Christmas Island 

997) 剑ud陀d the ecology of陪d land crabs on Christmas Island an 才 exam

、阳lationship between the total biomass of red land crabs and the density 
burro叭 5 within 25 m1 quadrats (sampling 山 ts) at fìve fo陀sted sites on the 

11 !ook at tvvo of these sites:there were ten quadrats at Lower 5ite (L5) 
创'ght quadrats at Drumsite (05). Scatterplots and box酬。ts are p陀sented in 

5.3. There was slight negative skewness for biomass and burrow dens即 for

ánd an out!ier for burrow density for DS , but no evidence of nonlinearity. 
:'Pearson's correlation coefficient was considered appropriate for these 也ita

:.although more robust cor陪lations we陀 calculated for comparison 
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Corγ'elation type Statistic P value 
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0.851 
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The Ho of 门。 linear relationship between total crab bicηass and number of 
俨burrows at DS could 门ot be re户口ed. The same conclusion applies for monotonic 
,> relationships measured by Spearman and Kendall's coeffìcients. 50 there was 门。凹，­
: dence for any !inear or more general monotonic relationship between burrow 
density and total crab bic 节 ass at site DS 

The Ho of no linear 陀lationship between tota! crab biomass and number of 
burrows at LS was rejected. The same conclusion applies for monotonic 陀latic 下

shìps measured by Spearma门 and Kenda ll's coefficients. T卡e 广e was strong evidence 
of a linear and mo陀 general monotonic relationship between burrow density and 
total crab biomass at site LS 

procedures that do not assume this distribution 
for quanti命ing the strength ofsuch relationships 
(Section 5.1.2) 

to determine how much the two variables covary, 

i.e. vary together. If one variable increases (or 
decreases) as the other increases (or decreases) , 

then the tvvo va口ables covary; if one variable does 
not change as the other variable increases (or 
decreases) , then the variables do not covary. We 
can measure how much two variables covary in a 

Covariance and correlation 
One measure of the strength of a linear relation­
ship between two continllous random variab1es is 

(a) 

川叫)1

(b) 

川 &γ2)l

Bìvariate normal 
distribution for (a) two variables 
w，由 little correlation and (b) two 
variable骂 with strong positive 
correlation 
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correlation coefficient. No悟出atYn andY12 are the values ofthe two variables 自or observation i'-Yl and 5'2 are the 
sample means for 由e two variables and n is the number of observations 

Parameter Estimate Standard error 

Co、 ananceσ
Y， γz SYI 'tl 

2:(只， - 9,) (y" - 9,) 
时a

门一|

Correlat旧nρrYIY2 , YI Y2 

三[(y" -9')(Yi2 -9,)] 
s = 

r 

三(y" -9，)'2:仙一元)'

sample of obse凹ations by the I 
CQvananceσ'able 5.1). The I 0 0

0 
0 

numerator is the sum of cross- I (d) 
products (SSCP). the bivariate 
analogue of the sum of 
squares (SS). The covariance 
ranges from 一∞ to +∞ Note 

that a special case ofthe covariance is the sample 
variance (see Chapter 2). the covariance of a vari 
able with itself 

One limitation ofthe covariance as a measure 
of the strength of a linear relationship is that its 
absolute magnitude depends on the units of the 
two variables. For example, the covaria且ce

between crab biomass and number of burrows in 
the study of Green (1996) would be larger by a 
factor of 103 if we measured biomass in grams 
rather than kilograms. We can standardize the 
covariance by dividing by the standard deviations 
of the two variables so that our measure of the 
strength of the linear relationship lies between 
-1 and +1. 四is is called the Pearson (product­
moment) correlation (Table 5.1) and it measures 
the "strength'. of the linear (straight-line) rela­
tionship between Yl and 飞 lf our sample data 
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relationships; two variables may have a strong 
nonlinear relationship but not have a large corr,• 
lation coef:且口ent (Figure 5.2(e)) 

Since the sample correlation coef且cient is a 
statistic. it has a sampling distribution (probabil­
ity distribution of the sample correlation coeffi­
口ent based on repeated samples of size ηfrom a 
population). Whenρequals zero , the distribution 
of r is close to normal and the sample standard 
error of r can be caJculated (Table 5.1). When ρ 
does not equal zero , the distribution ofγisskewed 
and complex (Neter et al. 1996) and. therefore. the 
standard error cannot be easily determined 
(although resampling methods such as the boot­
strap could be used; see Chapter 2). Approximate 
confidence intervals for ρcan be ca1culated using 
one of the versions of Fisher's z trans岳ormation
(see Sokal & Rohlf 1995) that convert the distribu­
tion of r to an approximately normal distribution 

Hypothesis tests for ρ 
Tbe null hypothesis most commonly tested with 
Pearson's correlation coef直口ent is thatρequals 
zero , Ï.e. the population correlation coef:且cient
equals zero and there is no linear relationship 
between the two variables in the population 
Because the sampling distribution of r is normal 
whenρequals zero, we can easily test this Ho with 
a t statistic 

r 
t=­

S r 

We compare t with the sampling distribution of t 
(the probability distribution of t when Ho is true) 
withη2 df. This is simply a t test that a single 
population parameter equals zero (where t equals 
the sample statistic divided by the standard error 

CORRELATION ANALYSIS 75 

→=-一一 Scatterplots showing 
。 * 

DS 
the relationship between number of 

。 burrows of red land crabs and total 
crab biomass in 25 m2 quadra臼"

。 two sites (LS, DS) on Christmas 
。'b

。 Island (Green 1997). Each plot 
。 includes bordered boxplo臼 for each 

variable separatel萨

2 3 4 5 of the statistic) as described 
for the population mean in 
Chapter 3.τhe value of γcan 

also be compared to the sampling distribution for 
γunder the Ho (see tables in Rohlf & Sokal 1969. 
Zar 1996) 咀le results of testing the Ho using the 
sampling distribution of t or r will be the same; 
statistical software usually does not provide a t 
statistic for testing correlation coefJ且口ents.

Tests of null hypotheses that ρequals soη'e 
value other than zero or that two population cor. 
relation coefficients are equal cannot use the 
above approach because ofthe complex sampling 
distribution of r whenρdoes not equal zero. Tests 
based on Fisher's z transformation are available 
(Sokal & Rohlf1995) 

(5.1) 

Assumptions 
Besides the usual assumptions of random sam­
pling and independence of observations , the 
Pearson correlation coef:且cient assumes that the 
joint probability dist口bution ofYt and Y2 is bivar­
iate normal. If either or both variables have 
non-normal distributions , then their joint distri­
bution cannot be bivariate normal and any rela­
tionship between the two variables might not be 
linear. Nonlinear relationships can even arise if 
both variables have normal distributions 
Remembering that the Pearson correlation coeffi­
cient measures the strength ofthe linear relation­
ship between two variables, checking for a 
nonlinear relationship with a simple scatterplot 
and for asymmetrical distributions of the vari­
ables with boxplots is important. Modern statisti­
cal so仕ware produces these plots very easily (see 
Figure 5.3) 

If the assumption of bivariate normality is 
suspect, based on either of the two variables 
having non-normal distributions and/or apparent 
nonlinearity in the relationship between the hvo 

Sca忧erplots iIIustrating O 。

a positive linear relationship 。 。 O 。

(r = 0.72), (b) a negative linear (a) 。 (b) o (c) 
relationship (r=-O.72), (c) and (d) O O C 

。 。 O 。

no relationship (r= 0.1 0 and -0.17), 。。

。 。 。 。 o 。

respectivel如 and (e) a nonlinear 。 O o 
O 。

relationship (r= 0.08). 

。
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comprise a random sample 仕om a population of 
(Y;l'YI2) pairs then the sample correlation coeffi 
cientγis the maximum likelihood (ML) estimator 
ofthe population correlation coefficient p; r actu 
ally slightly under-estimates p, although the bias 
is small (Sokal & Rohlf 1995). Along with the 
means and standard deviations of the two vari 
ables , the population correlation coeffi口ent(ρ) is 
the parameter that defines a bivariate normal dis 
tribution. The sample corre1ation coef:且口ent IS 
also the sample covariance of two variables that 
are both standardized to zero mean and unit var­
iance (Rodgers & Nicewander 1988; see Cbapter 4 
for details on standardized variables). Note that 1 
can be positive or negative (Figure 5.2) with + 1 or 

1 indicating that the obse凹ations fall along a 
straight line and zero indicating no correlation 
τhe correlation coefficient measures linear 
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statistical models we will use take the following 
general form 

面再豆豆 IWhatdo川near" mean? 

仁工二r;rnk' terrn linear model has been u时 l川n &0 di制5目副g引tinct wa'帆y冉立 Fi盯r内时S

;汝h&卢as阳U恤百吨z归例ht-I仙li阳ne relationship between two 咄1蜘 This is the int町retatlon most 
t1$划。自由 are 也miliarwith.A se∞nd， more correct，白白n丽on is that a line曰a盯rmo时d也e时| 

1治1击sS到Imp内yon阳eln 咐州lcha叫n叩'yv咀alue of 阳V旧ar旧able ofinterest (y，川 described by a !inear 
;com l::Ìination of a series of parameters (regression slopes, intercept) , and "no pa日m­
:eter appears as an exponent or is multiplied or divided by a们 other parameter" 
(Ne恒r et o). 1996, p. 10). Now the term "Iinear" 陀fers to the combination of 

， pa广ameters， ηot the shape of the relationship. Under this defìnition, linear models 
with a single predictor variable can rep陀sent not only straight-line 陀lationships

such as Equatìon 5.3, b皿 al50 curvilinear陀lationships， such as the models with poly­
nomial terms described in Chapter 6 
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(一-)and

kernel density estimators (---一) for 
the relationship between total crab 
biomass and number of burrows at 
sites LS and DS on Christmas Island 
(Green 199η 

(5.2) 

The model component incorpo四tes the predictor 
variables and parameters relating the predictors 
to the response. In most cases , the predictor vari 
ables , and their parameters , are included as a 
linear combination (Box 5.2) , although nonlinear 
terms are also possible ηle predictor variables 
can be continuous or categorical or a combination 
ofboth. The error component represents the part 
of the response variable not explained by the 
model, i.e. uncertainty in our response variable 
We have to assume some form of probability dis 
tribution for the error component, and hence for 
the response variable, in our model 

Our primary aim is to fit Ollr model to our 
observed data , i.e. confront our model with the 
data (Hilborn & Mangel 1997). This fitting is basi 
cally an estimation procedure and can be done 
w让h ordinary least squares or maximum likeli 
hood (Chapter 2). We will emphasize OLS for most 
of our models , although we will be assuming nor. 
mality of the error terms for interval estimation 
and hypothesis testing. Such models are called 
general linear models , the term "general" refer­
ring to the fact that both continuous and categor­
ical predictors are allowed. If other distributions 
are applicable, especially when there is a relation 
ship between the mean and the variance of the 
response variable , then ML must be used for esti­
mation. These models are called generalized 

response variable = model + error 

population mean of飞 and Y2 but simply want a 
cQn且dence region for the observations them 
selves. In Chapter 4, we introduc巳d kernel densi句f

estimators for univariate data (Silverman 1986) 
The estimated density for a value of Y is the sum 
of the estima tes 仕om a series of symmetrical dis­
tributions (e.g. normal, although others are often 
used) 且tted to groups oflocal observations. In the 
bivariate case, we determine contours that sur­
round regions of high bivariate density where 
these contours are formed from summing a series 
of symmetrical bivariate distributions fitted to 
groups oflocal paired observations. Note that the 
kernel estimators are not constrained to a specific 
ellipsoid shape and 飞Nill often better represent the 
pattern of density of obse凹ations in our sample 
(Fi阴re 5.4, right) 
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Spearman'sγ" will be slightly greater than 7 for a 
given data set (Box 5.1) , and both are more conser 
vative measures than Pearson's correlation when 
distribution assumptions hold. Note that these 
non-parametric correlation analyses do not detect 
all nonlinear associations between variables , just 
monotonic relationships 
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variables , we have two options 
First, we can transform one or 
both variables if they are 
skewed and their nature sug-
gests an alternative scale of 
measurement might linearize their relationship 
(see Chapter 4 and Section 5.3.11). Second , we can 
use more robust measures of correlation that do 
not assume bivariate normality and linear rela­
tionships (Section 5.1.2) 

。

o 

Most ofthe analyses in the following chapters are 
concerned with fìtting statistical models. These 
are used in 日tuations where we can c1early specifY 
a response variable, also termed the dependent 
飞rariable and designated Y , and one or ffiQre pre­
dictor variables , also termed the independent var­
iables or covariates and designated X~ ， X~ ， etc. A .0--_._- ..1' ..2 

value for each response and predictor variable is 
recorded from sampling or experimental units in 
a population 认Te expect that the predictor vari­
ables may provide some biological explanation for 
the pattern we see in the response variable. The 

Li near models 

5.1.3 Parametric and non-parametric 
confìdence regions 

When representing a bivariate relationship with a 
scatterplot, it is often useful to incIude confidence 
regions (Figure 5.4 , left). The 95% confidence 
reglO口， for example , is the region within which we 
would εxpect the observation represented by the 
population mean of 出e two variables to Qccur 
95% of the time und巳r repeated sampling 仕om
this popula tion. Assuming our two 飞rariables

岛llow a bivariate normal distribution, the confi­
dence band will always be an ellipse centered on 
the sample means ofY1 and Y2 and the orientation 
ofthe ellipse is determined by the covariance (or 
the Pearson correlation coeffi口ent) 白le two 
m句or axes (Iength and width) ofthese ellipses are 
determined 仕om the variances (or standard devi­
ations) of Y, and 飞. These 皿es are used for some 
forms of regression analysis (Section 5.3.14) and 
also 也r some statistical procedures that deal with 
multivariate data sets , such as principal compo­
nents analysis (Chapters 15 and 16). Note that if 
the linear relationship between Y1 and Y2 is weak, 

then the bounds of the ellipse may exceed the 
actual and theoretical range of our data , e.g 
inc1ude impossible values such as negatives 
(Figure 5.4, right) 

Sometimes we in the not interested are 

5.1.2 Robust correlation 
We may have a situation where the joint distribu­
tion of our two variables is not bivariate normal, 
as evidenced by non-norma1ity in either variable, 

and transformations do not help or are inappro­
priate (e.g. the log of a variable does not make 
much theoretical sense). We may also be inter­
ested in testing hypotheses about monotonic rela­
tionships or more general associations between 
two variables , i.e. one variable increases (or 
decreases) as the other increases (ordecreases) but 
not necessarily in a linear (straight-line) manner. 
One general approach for testing monotonic rela­
tionships between variables that does not assume 
bivariate normali可 is to examine the associa tion 
of the ranks of the variables; statistical tests based 
on rank transformations were described in 
Chapter3 

Spearman's rank correlation coefficient (rs) is 
simply the Pearson correlation coefficient after 
the two variables have been separately trans­
formed to ranks but the (Yi1'Yi2) pairing is retained 
after ranking. An equivalent computation that 
uses the ranked data directly is also available (e.g 
Hollander & Wolfe 1999, Sokal & Rohlf 1995 , 

Sprent 1993) 白1e null hypothesis being tested is 
that there is no monotonic relationship between 
飞 and 飞 in the population. An alternative 
measure is Kendall's rank correlation coefficient, 
sometimes termed Kendall's tau (7). The value of 



linear models , generalized nleaning that other 
distributions besides normal and relationships 
betw四n the mean and the variance can be accom­

modated 
We nearly always have more than one statisti­

cal model to consider. For example , we might have 
the simplest model under a null hypothesis versus 
a more complex model under some alternative 
hypothesis. When we have many possible predic­
tor va口ables ， we may be comparing a large 
number of possible models. In all cases , however, 
the set of models will be nested whereby we have 
a full model with all predictors of interest 
included and the other models are all subsets of 
this full model. Testing hypotheses about predic 
tors and their parameters involves comparing the 
fit of models with and without speci且c terms ln 
this nested hierarchy. Non-nested models can also 
be envisaged but they cannot be easily compared 
using the estimation and testing 仕amework we 
will describe , although some measures of fit are 
possible (Hilborn & Mangel 1997; Chapter 6). 

Finally, it is important to remember that there 
will not usually be any best or correct model in an 
absolute sense. We w i11 onlyhave sample data with 
which to assess the fit of the model and estimate 
parameters. We may also not have chosen all the 
relevant predictors nor considered combinations 
of predictors , such as interactions, that might 
affect the response variable. All the procedure for 
analyzing linear models can do is help us decide 
which ofthe models we have available is the best fit 
to our observed sample data and enable us to test 
hypotheses about the parameters of the model 

5.3 r Linear regression analysis 

In this chapter, we consider statistical models that 
assume a linear relationship between a continu­
ous response va口able and a single , usually contin­
uous , predictor variable. Such models are termed 
simple linear regression models (Box 5.2) and 
their analysis has three major purposes 

1. to describe the linear relationship between 
YandX. 

2. to determine how much ofthe variation 
(uncertainty) in Y can be explained by the linear 

relationship with X and how much of this 
variation remains unexplained , and 

3. to predict new values ofY仕om new val ues 

ofX 

Our experience is that biologists , especially 
ecologists , mainly use linear regression analysis 
to describe the relationship between Y and X and 
to explain the variabili句1 in Y. They less commonly 
use it for prediction (see discussion in Ford 2000 , 

Peters 1991) 

5.3 .1 Simple (b附riate) linear regression 
Simple linear regression analysis is one of the 
most widely applied statistical techniques in 
biology and we will use two recent examples 仕om
the literature to illustrate the issues associated 
with the analysis 

Coarse woody debris in lakes 
The impact ofhumans on fr旧hwater environments 
is an issue of great concern to both scientists and 
resource managers. Coarse woody debris (αND) is 
detached woody material 吐lat provides habitat for 
仕eshwater organisms and affects hydrological pro. 
cesses and transport of organic materials within 
仕eshwater systems. Land use by h umans has 
altered the input of CWD into 仕eshwater lakes in 
North America, and Christensen etal. (1996) studied 
the relationships between C\ND and shoreline veg­
etation and lake development in a sample of 16 
lakes 咀ley defined CWD as debris greater than 
5 cm in diameter and recorded , for a number of 
plots on each lake, the density (no. km•) and basal 
area (m2 km-1) ofC\ND in the nearshorewater, and 
the densi可 (no. km-1) and basal area (m2 km-1) of 
riparian trees along the shore τ'hey also recorded 
density of cabins along the shoreline. Weighted 
averages of these values were determined for each 
lake, the weighting based on the relative propor. 
tion of lake shore with forest and with cabins. We 
will use their data to model the relationships 
between CWD basal area and two predictor vari 
ables separately, riparian tree density and cabin 
densi俘These analyses are presented in Box 5.3 

Spe口es-area relationships 
Ecologists have long been interested in how abun­
dance and diversity of organisms rela te to the area 
of habitat in which those organisms are found 

Box 5.31 Worked example of linear regression analysis: 
coarse woody debris in lakes 

Christensen et 01. (1996) studied the relationships between co盯se wood甘 debris

(CWD) and shoreline 咽getatÎon and lake development in a sample of 16 lakes in 
N。同h America. The main variables of interest a陀 the density of cabins (no. kr币')，
density of riparian trees (t陀臼 km- I ) ， the basal area of riparian trees (m2 km- I), 

densrty of coarse woody debris (no. km- I), basal a陀a of coarse woody debris 
(m' km- I

) 

CWD basal area against riparian tree densi句
A scatte甲lot of CWD basal area against riparian tree density, with a Loess 
smoother fìtted , showed no evidence of a nonlinear 陀lationship (Figure 5.13(a)) 
The boxplots of each variable we陀 slightly skewed but the 陀siduals from fìtting the 
linear reg陀ssion model were evenly sp陀ad and there were no obvious outliers 
(Figu陀 5.13(b)).O门e lake (Ten 才 erfoot) had a hìgher Cook's Dj than the others that 
was due main甘 to a slight作 higher leverage value be巳ause 由IS 国ke had the great­
est riparian dens町 (X-variable). Omitting this lake 什om 廿e analysis did not alter 
the conclusÎons so it was 陀:tained and the variables were not transformed 

The results of 之he OLS 低 of a linear regre四on model to CWD basal a陀a

against riparian tree density were as follows 

5臼ndard 5臼门dardized

Coeffkient err飞" coefficie门t P 

Intercept -77 日99 30.608 O -2.5 19 0.025 
Slope 0.116 0.023 0.797 4.929 <0∞ l 

Co何时ion coefficient (r) = 0.797 乒 ~0.634

Source df MS F P 
Regre四on 3.205 X 104 24 .303 <0.001 
Residual 14 1 J 18.969 

The t test and the ANOVA F test cause us to reject the Ho thatβl 呵uals zero 
Note that F (24.307) ~ " (4.929), allowlng lor rounding erro内 We would also 叫e吐

the Ho that ßo equ由 zero ， although this test is of IÎttle biological interest. The 泸
value (0.634) indicates that we can explain about 63% of the total variation in CWD 
basal area by the linear 陀gresslon w忧h riparian tree densi牛

We can predict CWD basal area for a new lake with 1500 trees km- I in the 
riparian zone. Pluggi门g 1500 into our 们tted 陀旷ession mode! 

CWD basal area ~ -77.099 + 0.1 16 x 1500 

the predi吐ed basal a陀a 01 CWD is 96.901 m' km→ The 白lndard error of 白白
predicted value (Irom Equation 5.10) is 37.90口，陀四Iting in a 95% confl时ence Inter­
旧1 for true mean CWD basal ar田 of lakes vv 飞 h a 叩arian density of 1500 trees 
km- 1ol:!:8 1.296 

CWD basal area against cabin densi句
A scatterplot of CWD basal a陀a against cabin densi切 with a Loess smoother fìtted , 

ShOWi时 sc ηe evidence of a nonlinear relationship (Figure 5.14(a)). The boxplot of 
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cabin density was highly skewed，咄咄 a number of zero values. The 陀siduals from 

「血ing the linear reg陀ssion model to untransformed data suggested i们 C陀aSlng

甲陀ad of residuals 时th an unusual value (Arrowhead Lake) with a low (negat附)

predicted value and a much higher Cook's Di than the others (Figure 5.14(b)) 

Following Christensen et aL (1996) , we transformed cabin density to loglo and 陀「民

ted the linear mode l. The scatte币。t 01 CWD basal a陀a against loglo cabin density 

suggested a much better linear relationship (Figu陀 5. 1 5(a)). The boxplot 01 log ,o 

cabin density was [ess skewed but the residuals from 币四ng the linear r，巳gres到0门

mc 才 el 注ill showed increasing spread with inc陀aSlng p陀dicted values. Lake 

Arrowhead was no longer influe门tial but Lake Bergner was an outlier w忧h a mod 

e广ate Cook's D, Finally, we fìtted a Iinear model when both variables were loglD 

transformed. The sca忧erplot of loglo CWD basal area against loglo cabin dens比y

suggested a slightly less linear 陀lationsh ，p (Figure 5. 1 6(a)) and the boxplot 01 log" 

CWDba臼I area was now negatively skewed. T气 e residuals from frtting the linear 

r巳E陀sSlon mc 才elwe陀 much improved 呐 th con筑ant spread and no 0七 5er咀tlOns

were particularly influential 

0、lerall ， transforming both variables seems to resu忧 in a linear model that fr白

best to these data, although we will pre咒nt the analysi5 with jL抗日bin density trans 

formed as per Chr目ensen et 01. (1996). The re5ult5 01 the OLS 白t of a linear regres-

5ion model to CWD basal ar臼 against loglc cabin den5ity were a5 follows 

5飞回d，时 Standar 才，ed

Coefficient elTQr co巳忏I Clent P 

Interιept 12 1.969 13.969 。 8.732 <0.001 
Slope 93 .301 18.296 0.806 一 5.099 <0.001 
Correlation coefficient (r) 工 0.806. r' ~ 0.650 
50u陀e df M5 F P 

Regr巳sSlon 3.284 x 10" 26 日 D4 <0.001 
Re毛 dual 14 1262.870 

The t test and the ANOVA F test cause us to reject the Ho thatβ1 equals zero 
We 'l'叩uld also reject the Ho that /30 equ且 zero， although this 回到 is of little bio­

logical interest. especially as the slope of the relationship is negative 

For example, it has been shown that as the area of 

islands increases , so does the number ofspecies of 

a vane可 oftaxa (Begon et a l. 1996). On rocky inter­

tidal shores , beds of mussels are common and 

many species of invertebrates use these mussel 

beds as habitat. These beds are usually patchy and 

isolated clumps of mussels mimic islands of 

habitat on these shores. Peake & Quinn (1993) 

investigated the relationship between the 

number ofspecies ofmacroinvertebrates , and the 

total abundance of macroinvertebrates , and area 

ofc\u皿lmp严sofmu田l四ss且叫els on arod均(守y shore in sout由her口mn 1 

Australi且aτhey collected a sample of 25 clu山mp庐s of 

mussels in June 1989 and all且1 0町rg.伊ams皿ms fou山un且III

wl昨thin each clump were identifìed and counted 

We 'Nill use their data to model the relationship 

between two separate responsevariables , the total 

number of species and the total number of indi­

viduals , and Qne predictor variable , clump area in 

dm2• These analyses are presented in Box 5.4 

5.3 .2 Linear model for regression 
Consider a set of i = 1 to ηobservations where each 

observation was selected because of its specific X 

value , i.e. the X-values were :fixed by the investiga 

tor, whereas the Y-value for each observation is 

sampled fronl a population of possible Y-values 
ηle simple linear regression model is 

Yi =β。 +β1χ: 十 εl (5.3) 

fBox 5.4 
号

Worked example of linear regression anal庐山
species richness of macroinvertebrates in mussel 

clumps 

;污阳M班配e&Qω山川inn (川l阳99阴盯9归均3习) i阳处由呻l咀职阱ga时阳 r咄el由制制l怡国lati且拍1i旧lons

;少对。ofmacro阳，n'咀叩e旷r叫te由b阳咀le盹忌5， and t由he tot时a刻I abundance of macroinvertebrates, and area of 
: dumps of mussels on a rocky shc陀 in southern Australia. The variables of interest 

~are c1ump area (d询， nurnber of species, and 阳mber of individuals 

Number of species against clump area 

A scatterplot of number of species against clump area, and t气 e plot of residuals 

ag剧nst predicted number of species from a linear 陀gresslon ana竹sis ， both su,ggested 

a nonlinear relationship (F驯re 5. 1 7(a,b)). Although only clump area was p05民ively

skewed, Peake & Quinn (1993) t目叫 5forme 才 both variables because of the natu陪

。，f the 5pecies-area relationship5 f(时 other 5ea50 门 5 in their study plus 由e conven­

tion In speCles-a陀a studies to transform both variables 

The sca忧町plot of log number of species against log clump area (Figu陀 5.18)

[inearized the relationship e忏ectively except for one of the small clUmp5. The resid­

ual plot al50 showed no evidence of nonlineari叮 but that same clump had a !arger 

residual and was relat附Iy intluential (Cook's Di 二 1.02). Ree且minatlc 气 of the raw 

data did not indicate any problems w比h thi5 ob5ervation and omitting it did 门ot atter 

the conclusions 币Dmt丁 e analY5i5 (b , changed from 0.386 to 0.3 39 卢 lrom 0.819 to 

0.850, all te5ts still P < 0.00 1) $0 比 was not excluded from the analY5is. In fac士.just

transforming clump a陀a produced the best linearizing of the relationship with no 

unusually large 陀siduals or Cook's DJ statistics but. for the reasons 0旺lined above, 

七 oth variables were transformed 

The results of the OLS 征。fa line町陀g陀ssion model to log number of species 

a们才 log clump area we陀 a5 follows 

Standard Standardized 
Coefficient error coefficient P 

Intercept 1.270 0.024 。 52.237 <0.001 
Slope 0.386 0.038 0.905 10.215 <0.001 
Correlation coefficient (r) = 0.905，乒 ~O.819

Source dl M5 F P 

Regression 1.027 104.353 <0.001 
Residual 23 0.010 

The t test and theANOVA F test cause us to reject the ~才D thatβ ， e 斗 uals zero 

We would also r毛ject the 问 that /30 equals zero, indicati门g that the relationship 

between species number and clump area must be nonlinear for small clump sizes 

since the model must theoretically go through the or唱，n. The r' value (0.819) indi 

cates that we can explain about 82% of the to恒1 variation in log 门umber of species 

bythe linea广广eg而且ion with log clump area 

Number of individuals against clump area 

As(a'忧.erplot of number of individuals against clump area, with a Loess smoother 

fìtted , suggested an approximatel)' linear relationship (Figu陀 5.19(a)). The plot 01 
residuals against t=:时 icted number of individuals from a linear regression mo业|
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们tted to number of ir 才 ividuals against clump a飞丑 (Figure 5. 1 9(b)) showed a clear 

pat元ern ofinc陀astng sp晤时 01陀sidua!s against increa引ng predicted number ofindi­

viduals (or, equivalently, dump area);the pa口ern in the 陀siduals was wedge-shaped 

The boxplots in Figu陀 5.19(a) indicated 白at both variables were positively skewed 

50 we transformed bo出 variables to logs to correct for variance heterogeneity, 

The sca忧erplot of log number of individuals against log clump area (Figure 

5.20(a)) showed an ap阳rent reasonable frt of a linear reg陀ssion model , with 町m­

metrical boxplots for both variables. The 陀sidual plot showed a more even Sp陀ad

01 陀siduals with little wedgβshaped pa忧em (Figure 5.20(b)) 

The results 01 the OL5 日t of a linear 陀gress旧 n model to log number of indi­

viduals an们 og dump a陀a 叭 ere as follows 

Standa时 Stand坦 dized

Coeffìcient error coefficient P 

Intercept 2.764 0.045 。 60.766 <0.001 
目。pe 0.835 0.071 0.927 11.816 <0.001 
Cor陀 ation coefficient (r) = 0.927，泸~ 0.859 
$ource d 卜 5 F P 

Regression 4.809 139.615 <0.001 
Residual 23 0.034 

The t test and the ANOVA F test cause us to reject the Ho thatβI equals zero 

We would also 叫ect the Ho that /30 eq旧Is z町"0， although this te民巴。I1肚le bio­

logical intere处 The ~ value (0.859) indicates that we can explain about 86% of the 

total variation in log number of individuals by the linear reg陀sSlon w胁 log dump 

area 

ηle details ofthe linear regression model, includ­

ing estimation of its parameters, are provided in 

Box5.5 

For the CWD data 仕om Christensen et al 
(1996), we would 且t

(CWD basal area), = 

声。 +βρlp盯ian tree densi可)， +气 (5.4)

where n = 16 lakes 

For the spe口es-area data 仕om Peake & Quinn 

(1993) , we would fit 

(number of species), = 

声。 +β

where n = 25 mussel clumps 

In models 5.3 and 5.4 

Yj is the value ofY for the ith observation 

when the predictor variable X = xi" For example , 

也is is the basal area of CWD 岛r the ith lake 

when the riparian tree density is X
j
; 

ßo is 由e population intercept, the mean 

(5.5) 

value ofthe probability distribution ofY when 

X，二 0 ， e.g. nlean basal area of C叭ID for lakes wi th 

no npanan trees; 

ß, is the population slope and measures the 

change in Y per unit change in X, e.g. the change 

in basal area ofανD for a unit (one tree km- 1) 

change in riparian tree densi守;and

εi is random or unexplained error associated 

with the ith observation , e.g. the error terms for 

a linear model relating basal area ofCWD to 

riparian tree density in lakes are the di白白ences

between each observed value for CWD basal area 

and the true mean CWD basal 盯ea at each 

possible riparian tree density 
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In this model, the response variable Y is a 

random variable whereas the predictor variable 

X represents fix.ed values chosen by the 

researcher. This means that repeated sampling 

from the population of possible sampling units 

would use the same values of X; this restriction 

on X has important ramifications for the use of 

Jsox 5.51The linear 吨ression model and its parameters 

Consider a set of i = I to 门 observations w此h fìxed X-values and random γ'-values 

The s!m同e linear regression model is: 

(5.3) 片=β。+卢!X1+E;

In model 5.3 we have the follo川ng

Yi is the value of Y for the 此h observation when the predictor variable X = xi 

卢b IS 白e popul且!on ln恒rcept the mean value of the probabil吃y distribution of 

Y when \ equals zero 

卢! is the population slope and m臼su陀s the change inγper unit change in X. 
乓 is randαn or unexpla们ed error associated with the ith observation. Each E; 

measures, for each x
" 
the diff，町'ence between each observed 只 and the mean 

of Y;; the latter is the value of Y; predicted by the populat旧n 陀gresslon

model, which we never know. We must make ce时ain assumptions about 

these error terms for the regression mc 才 el to be valid and to a!!ow interval 

estimation of parameters and hypothesis tests. We assume that these error 

terms are normally distributed at 臼ch x1 ' 由eir mean at each xi is zero [E(é) 
equals zero] and their variance is the same 拭目ch xi and is designated σ.2 

This assumption is the same as the homogeneity of variances of只 described

in Section 5 .3 .8 叭!e also assume that these ~ terms are independent of, and 

the陀fore uncorrelated w协， each other. Since the Ej teη丁'"'\s are the only 

random ones in our吨ression model , then these assumptions (nonnal町，

homogeneity of variances a 气才 independence) also apply to the response 

variable Y,; at each X( We will examine these assumptions and their 

implications in more detail in Section 5.3 .8 

扫gure 5.5 illustrates the population 日near 陀E陀ssion model and sho 价 5 some 

important featu陀立

1. For any particular 咀lue 01 X (X,), the同 is a population of Y-values with a 

probabil此y distribution. For most 陀gression applications, we assume that the 

population of Y-values at each x, has a normal dist门七 ution. While not necessary 

to ob恒in point estimates of the pa目meters in the mode l. this normality 

assumption 巴门ecessary for detennining con白dence intervals on these 

parameters and for hypothesis test♀ 

2. 1丑ese populations ofτvalues at each X a陀 assumed to have the same 

variance (.σ飞 this is terme 才 the homogene即 01咀riance assumption 

3. The true population regression line joins the means of these populatíons 

olY.斗alues.

4. The ove叫 I mean value of Y, also termed the expe口ed value 01 Y [E(Y)] , 

equalsβ。+卢 I X. This implies that we can 陀 exp陀ss the linear 陀gression model 

in terms of means of the response va门able Y at each x
1 

Y;=叫+写

where 叫 is the population mean of Y-• values at each \. This 句 pe of linear 

model is particularly useful when the predi吐or variable is categorical and the 

effects 01 the p陀dictor on the 陀sponse variable are usually expressed in terms of 

mean 旧lues
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As we described in Chapter 2, we can use eîther of two methods for e处imat~

吨 paramete叫ordinary) least squares (OLS) and maximum likelihood (ML). If we 
assume normality of廿 e E" 民 turns out that the OLS and 问L estimates of /30 and /31 
are identical , although , as is usual forvar旧æ estimation, the ML estimate of the var­
iance (σ;可 IS 由ghtly biased whereas the OLS estimate of气2 is not. In this book, we 
will focus on OLS estimates of these parameters; details of the calculations for ML 
estimation of regression parameters can be found in Neter et 0 1. (1996) 

The OLS estimates of j3Q andβ1 a陀 the values that produce a 臼mple regr臼­

sion line (只 = bo + b,x
j

) that minim四2:(y， - ýy. These are the sum of the squared 

deviations (55) between each observed y, and the value of y, p陀d口ed bythe 臼mple

reg陀ssion line for each x.. This is the sum of squa陀d vertical distances between each 

observation and the 自tted regression line (Figure 5.6). Note that for any x ,, 9, is our 
best estimate of廿 e mean oí只 In 白e usual case oí on作 a single y, at each 儿 In prac­
tice , the va!ues oí bo and b, that minim四 ~(yi 扎? are found by using a I世le cal­
culus to derive two new equations, termed normal equat旧门 s ， that a陀 solved

simu!taneous!y for bo and b, (see Neter et o). ! 996, Rawlings et 01. 1998 for details) 
Because we have di忏erent populations of γfor each x;, the estimate of the 

common variance of Ej and Yi 战斗 must be based on d凹陷:tions of each observed 
τvalue from the estimated value oí the mean )汇、 alue at each x" As stated abo回

our be民 estimate of the mean of y, is 冉 This difference between each observed 
Y-value and each predicted 9，巴 called a residual: 

ef= 川一只

These residuals are very impc时ant in 白e analysis of linear models. They provide 
the basis of the OLS estimate of 0二1 and they a陀 valuable diagnosti厄 tools for check 
Ing as四mptions and fìt of our mode l. The OL5 estimate of σJ 巴 the sample vari 

ance ofthese residuals and is termed the Residual (or Error) Mean 5quare (Table 
5.2). Remember from Chapter 2 that a variance is also termed a mean 5 斗 uare. The 
nume广ator of the M5Res'dual is the sum-of-s 斗 uares (55) of the residuals and the quan 
tity that OL5 estimation minimizes when determining estimates of the reg广esslon
model parameters. The degrees of fr陀edom (the denominator) are n - 2 because 

we must estimate both βo and βI to e引imateσJ Tre SSRe回国I and M5Residu~1 
measu陪 the variation in Y around the 白tted reg仁自sion line. Two other attr 扫 utes

oí residuals a陀 Impo口ant: their sum equals zero (2:7= ， e 二的 and ， therefore ，廿 elr

mean mu笠 also equal zero (e = 0). Note that the residuals (e , :::: y, - ýJ are related 
to the model error terms (t;:::: 只叫.) because our bes士 estimate of the mean of Y 
at each x. is the predicted value from the 白tted reg陀ssion model 

regression analysis in biology because usually 
both Y and X are random variables with a joint 
probability dist口bution. For example , the predic­
tor variable in the study by Peake & Quinn (1993) 
was the area of randomly chosen clumps of 
mussels , c1early a random variable. Some aspects 
of c1assical regression analysis , like prediction 
and tests ofhypotheses. might not be affected by 
X being a random variable whereas the estimates 
of regression coefficients can be inaccurate 叭le

wiI1 discuss this issue in some detail in Section 

5.3.14 
From the characteristics of the regression 

model summarized in Box 5.5 , we assume that (a) 
there is a population oflakes with a normal distri­
blltion of CWD basal areas. (b) the variances of 
CWD basal area (σ/) are the same for a11 of these 
pop"lations and (c) the CWD basal areas in differ. 
ent lakes are independent of each other. These 
assumptions also apply to the error terms of the 

Y 

凡 =β。 +β卢

X 1 X 2 X 
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画画画 D吨rammatlc
representation of a linear 陪~gressron

model showing the population of Y
j 

at tw。咀lues of x.. Note chat the 
population regression model relates i 
the mean of Y at each X.value (x) to 
ßo +β，X， 

IlIustration of the least 
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least squares 
regression 
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Yj- Yj=阳dual In mode15.6 

/升 y， predicted 'r'ιvalue for Xi Yi is the value ofYi 
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• 

x X; 

model, so the common variance ofthe error terms 
mσ2. We wi11 examine these assumDtions and 

" their implications in more detail in Section 5.3.8 

5.3 .3 Estimating model parameters 
The main aim of regression analysis is to estimate 

the parameters (声。 and ß,) of the linear regression 
model based on our sample of n observations with 
!ìxed X.values and random Y'values. Actually. 
there a四 three parameters we need to estimate 
鸟， β1 and σ. 2 (the common variance of εand 

therefore of YJ Once we have estimates of these 
parameters (Box 5 日， we can determine the 
sample regression line 

)\=bo+biXî (5.6) 

predicted by the fitted 

regression line for each 叫. e.g 
the predicted basal area of 

CWD for lake i. 
bo is the sample estimate 

ofl元. the Y.intercept. e.g. the 
predicted basal area of CWD 
for a lake with no riparian 
trees; and 

X 
b, is the sample estimate 

of ß,. the regression slope. 
e.g. the estimated change in 

basal area ofCWD for a unit (one tree km-1) 
change in riparian tree density. 

τ'he OLS estimates of ßo and β1 are the values 
that minimize the sum of squared deviations (SS) 
between each observed value of CWD basal area 
and the CWD basal area predicted by the fitted 
regression model against density of riparian trees 
The estimates of the linear regression model are 
summarized in Table 5.2 

Regression slope 
ηle parameter ofmost interest is the slope ofthe 
regression lineβ1 because this measures the 
strength of the relationship between Y and X. The 
estimated slope (b,) of the linear regression 

85 
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Table 5.2 

Parameter OLS estimate 

Parameters ofthe linear regression model and their OLS estimates with standard errors 

Standard error 

h卫tercept
The OLS regression line must pass through y and 
iτherefore， the estimate 仙。) of the intercept of 
our regression model is derived 仕om a simple 
rearrangement of the sample regression equa­
tion, substituting 屿， y and X. The intercept might 
not be of m uch practical in terest in regression 
analysis because the range of our observations 
rarely inc1udes X equals zero and we should not 
usually extrapolate beyond the range of our 
sample observations. A related issue that we will 
discuss below is whether the linear regression 
line should be forced through the origin (Yequals 
zero and X equals zero) if we know theoretically 
tha t Y m ust be zero if X equals zero 

β b , 

hv n
Z同

the data relating number ofindividuals ofmacro­
invertebrates to mussel c1unlp area 丘om Peake & 

Quinn (1993), Figure 5.20(a) shows the confidence 
bands that would include the true population 
regression 1ine 95% of the time under repeated 
sampling ofmussel clumps. Note that the bands are 
wider further away 仕om 呈， indicating we are less 
confident about ourestimate ofthe true regression 
line at the extremes of the range of observations 

Predicted values and residnals 
Prediction from the OLS regression equation is 
straightforward by substituting an X-value into 
the regression equation and calculating the pre­
dicted Y-value. Be wary of extrapolating when 
making such predictio田， i.e. do not predict from 
X-values outside the range ofyour data. The pre­
dicted Y-values have a sampling distribution that 
is normal and we provide the equation for the 
standard error of a new predicted Y-value because 
these standard errors are not always produced by 
statistical soft飞.vare

5.= 
} 

n
Z同

卢。 bo=y-b ,x 

s, 
b , 

MSRcsldual 11 十 1+半丘X)' I 
L n i(x，才)2J

(5.10) 

5 ei=yi-y, v同S""idwJ (approχ) 

model derived 仕om the solution of the normal 
equations is the covariance between Y and X 
divided by the sum of squares (SS) of Xσ'able 5.2). 
τhe sample regression slope can be positive or 
negative (or zero) with no constraints on upper 
and lower limits 

The estimate oftheβ1 is based on X being :fixed 
so in the common case where X is random, we 
need a different approach to estimating the 
regression slope (Section 5.3.14). Nonetheless. 
there is also a c10se mathematical relationship 
between linear regression and bivariate correla­
tion that we will discuss in Section 5.4. For now, 

note thatwe can also ca1culate b1 from the sample 
correlation coefi直口ent between Y and X as 

生
'
与

r 
一
­

KU 

where Sx and Sy are the sample standard deviations 
of X and Y and r is the sample correlation coeffi­
cient between X and Y 

Standardized regression slope 
Note that the value of the r它gression slope 
depends on the units in which X and Yare meas­
ured. For example , if CWD basal area was meas 
ured per 10 km rather than per kilometer, then 
the slope would be greater by a factor of ten. This 
makes itdifficult to compare estimated regression 
slopes between different data sets. We can calcu 

SbO 

(5.9) 

where xp is the new value of X from which we are 
predicting and the other terms have already been 
used in previous calculationsτhis predicted 
Y-value is an estimate of the true mean of Y for 
the new X-value from which we are predicting 
Con直dence intervals (also called prediction inter­
vals) for this mean of Y can be calcula ted in the 
usual manner using this standard error and the t 
distribution with η → 2 d f. 

τhis difference between each observed Y
1 

and 
each predict，巳d jì, is called a residual (eJ 

÷
俨

+ 
c如

M川

late a standardized regression slope b1' , termed a 
beta coefficient 

Confidence intervals 
Now we have a point estimate for both σ~2 and 矶，
we can look at the sampling distribution and stan 
dard error ofb1 and con且dence intervals for ß

1
• It 

turns out that the Central Limitτheorem applies 
to b1 so its sanlp1ing distributiou is normal with 
an expected value (mean) of卢1τhe standard error 
of鸟， the standard deviation ofits samp1ing distri­
bution , is the square root of the residual mean 
square divided by the SSx (Table 5.2). Confidence 
inte凹als forβ1 are calculated in the usual manner 
when we know the standard error of a statistic 
and llse the t distributiou. The 95% confideuce 
interval for ß

1 
is 

ej = Yj - Yj (5.11) 

x-Y S-S 
LU --hu (5.8) 

For example , the residuals 仕om the model relat­
ingCWD basal area to riparian tree density are the 
differences between each observed value of CVVD 
basal area and the value predicted by the fitted 
regression model. We will use the residuals for 
checking the fit of the model to our data in 
Section 5.3.9 

(5.7) 

This is simply the sample regression slope multi­
plied by the ratio of the standard deviation of X 
and the standard deviation of Y. It is also the 
sample correlation coefficient. The same result 
can be achieved by 且rst standardizing X and Y 
(each to a mean of zero and a standard deviation 
of one) and then calculating the usual sample 
regression slope τhe value ofb

1
' provides an esti­

mate of the slope of the regression model that is 
independent of the units of X and Yand is use且11

for comparing regression slopes between data 
sets. For example , the estimated slopes for regres­
sion models of CWD basal area and CWD density 
against npa口an tree density were 0.116 and 0.652 
respectively, suggesting a much steeper relation­
ship for basal area. The standardized slopes were 
0.797 and 0.874 , indicating that when the units of 
measurement were taken into account, the 
strength of the relationship of riparian tree 
density on CWD basal area and CWD density were 
similar. Note that the linear regression model for 
standardized variables does not inc1ude an inter 
cept because i ts OLS (or ML) estima te would always 
be zero. Standardized regression slopes are pro 
duced by most statistical software 

Note that we use n - 2 degrees offreedom (df) for 
the t sta tisticτhe interpretation of confidence 
intervals 面or regression slopes is as described for 
means in Chapter 2. To illustrate using 95% con白­
dence interval, under repeated sampling, we 
would expect 95% ofthese intervals to contain the 
且xed ， but unknown, true slope of our linear 
regression model. The standard error (Table 5.2) 
and confidence intervals for ßo can also be deter­
mined (Neter et a1. 1996 , Sokal & Rohlf 1995) and 
are standard ou tpu t 仕om statistical software 

We can also determine a confidence band (e.g 
95%) fo1' t11e regression line (Neter et a1. 1996, Sokal 
& Rohlf 1995). The 95% confidence band is a bicon­
cave band that will contain the true population 
regression line 95% of the time. To illustrate with 

b.:': t 1 - ~O.05η2~Þl 
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Source of 、 anatfon S5 

Eble 5.31 An咖is ofvarian叫ANOVA) table for simple linear r叩es阳 ofYonX

Expected mean squa陀df 问5

Regression 讯
川

n
Z叫

Residual 2:(Y， 只)'

Total 立以-9)' n 一|

??γ4 ?lJiγ7 
(c) /. 

./ 

yj 丁/
/ . 

3r ly 
:iJ7 

lIIustration of explained and residual variation in 
regression analysis. Residual variation 但) and (b) have 
identîi:::aJ regression lines but the differences between 
observed and predicted observations in (b) a陀 greater than 
in (a) so 由e MSResid叫 in (b) is gr四ter than in (a). Explained 
variation: (c) and (d) have identical MSResidu.1 (白e differences 
between the observed and predicted values are the 臼me)

but the total variation in Y i5 greater in (c) than (d) and the 
differences be四啤en the predicted values and the mean of Y 

are greater in (c) than in (d) 50 MSReg",,,;on would be greater 
in (c) than în (d) 

5.3 .4 Analysis of variance 
A fundamental component of the analysis of 
linear models is partitioning the total variability 
in the response variable Yinto the part due to the 
relationship withX (or X,. X" etc. - see Chapter 6) 
and the part not explained by the relationship 
This partitioning ofvariation is usual1y presented 
in the form of an analysis of variance (ANOVA) 
table (Table 5.3). The total variation in Y is 
expressed as a sum of squared deviations of each 

2:以 _ ÿ)' 

σ52+βlzZ(XJ一月1
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riparian tree density is zero or there is no linear 
relationship between number of species and 
mussel c1ump area in the population of all pos , 

sible mussel clumps. There are two equivalent 
ways of testing this Ho 
白1e 自rst uses the ANOVA we have described in 

Section 5.3 .4.lfHo is true and ß, equals zero , then 
lt IS apparent 仕om Table 5.3 that M5Regressîon and 
MS." ,".." both estimateσ2 because the term Residual ~""， LH '-~~~~~~L"'" u' 3 
自t 22:7"'1(χg 主F becomes zero. Therefore. 由e ratio 
of MS""""" , to MS".,,",. should be less than or Rεgres凶ion ...... LU~Re币idual
equal to one. IfHo is not true and βt does not equal 
zerO. then the expected value of MSRegrCSSiOn is 
larger than that ofMSResidtlal and their ratio should 
be greater than one 

If certain assumptions hold (Section 5.3 .8) , the 
ratio oftwo sample variances (the F-ratio) 岛llows

a well-defined probability dist口bution called the F 
distribution (Chapter 2). A central F distribution is 
a probability distribution ofthe F-ratio' when the 
two sample variances come 仕om populations 
with the same expected values. There are different 
central F distributions depending on the df of the 
two sample variances. Therefore. we can use the 
appropriate probability distribution of F (defined 
by numerator and denominator d白 to determine 
whether the probability of obtaining our sample 
F-ratio or one more extreme (the usual hypothesis 
testing logic; see Chapter 3) , is less than some spec 
ified significance level (e.g. 0.05) and therefore 
whether we reject Hoτhis F test basically com 
pares the fit to the data ofa model that includes a 
slope term to 由e 白t of a model that does not 

We can also test the Ho thatβt equals zero 
using a single parameter t test, as described in 
Chapter 3. We calculate a t statistic 仕om ourdata 

(5.12) 

门 -2

FT 
Z 

σ 
5 

step in the analysis ofvariance is to convert the 5S 
into MS by dividing them by their df; 

The MS are not additive; 

MSRegression + MSResidua>'i:- MS1bta1 

and the "MS,o"l" does not play a role in analyses of 
vanance. 

τhese MS are sample variances and. as such , 

they estimate parameters. But unlike the situa­
tion where we have a single sample. and therefore 
a single variance (Chapter 2) , we nowhave two var­
iances. Statisticians have determined the 
expected values of these mean squares. i.e. the 
average of all possible values of these mean 
squares or what population values these mean 
squares actually estimate (Table 5.3) 

The MS."". estimatesσ2， the common vari-Residual ，- ...'-~u u. ..... ,-" u' 3 
ance of the error terms (吵， and therefore of the 
Y-values at each χj' The implicit assumption here, 

thatwe mentioned in Section 5.3.2 and will detail 
in Section 5.3.8. is that the variance of εi (and 
therefore of Yi) is the same for all X; (homogeneity 
ofvariance) , and there岛re can be summarized by 
a single variance (σ~ 2). lf this assumption is not 
m时， then MSD~^，-， ..~l does not estimate a common Residual 
vananceσ'32 and interval estimation and hypothe­
SIS tests asso口ated with linear regression will be 
unreliable. The MSn____.~，_~ also estimatesσ2 plus Regression ~L~~ .....U..HH~L...... ~ .t' 

an additional source of variation determined by 
the strength ofthe absolute relationship between 
Yand X (i.eβ， 'multiplied by the SSx)' 

Sometimes the total variation in Y is 
expressed as an "uncorrected" total sum-oι 

squares (SSTotal uncorrected' see Neter et al. 1996, 
Rawlings et al. 1998). This is simply 2: 7<旷 and can 
be "corrected" by su btracting ny2 (termed "correct­

ing for the mean ") to convert SSTotal uncorrectcd into 
the sS., c ,. we have used τhe uncorrected total SS Total 
is occasionally used when regression models are 
forced through the origin (Section 5.3.12) and in 
nonlinear regression (Chapter 6). 

5.3.5 Null hypotheses in regression 
The null hypothesis commonly tested in linear 
regression analysis is thatβ1 equals zero , i.e. the 
slope of the population regression model equals 
zero and there is no linear relationship between Y 
and X. For example, the population slope of the 
regression model relating CVVD basal area to 

In Equation 5.12 , e is the value of ß, specified in 
the Ho' We compare the obse凹'ed t statistic to a 
tdistribution with (n - 2) dfwith the usuallogic of 

1 1'帽tio vers旧 F. Hypothesis tests chat învolve comparisons of 
variance (ANOVA. ANCOVA. etc.) use an F-ratio. which is the 
ratio of two variances. Th is 四tio follows an F distribution 
Strictly speaking, any test statistic that we calculated as part 
ofan ANOVA or ANCOVA is an F-ratio, but in much ofthe 
biologicalliteratu肥， there is reference to the less 
cumbersome F. We will often use this abbreviation 

observation 仕om the sample mean 卫lis SSTotal has 
n -1 df and can be partitioned into two additive 
components. First is the variation in Y explained 
by the linear regression with X, which is meas~ 
ured as the difference between .í'. and ÿ (Figure 
5.7). This is a measure ofhowwell the estimated 
regression modeI predicts y. The number of 
degrees of仕eedom associated with a linear model 
is usually the number of parameters minus one 
For a simple linear regression model. there are 
two parameters (卢。 and β，) so dfR耶四"。n=1

Second is the variation in Y not explained by 
the regression with X, which is measured as the 
difference between each observed Y-value and the 
value ofYpredicted by the model CY,) (Figure 5.7) 
This is a measure ofhow far the Y-values are from 
the :fitted regression line and is termed the resid 
ual (or error) variation (see Section 5.3.3). The 
d鸟sidual = n - 2, because we have already esti 
mated two parame恒rs (ßo and β，)臼 determine

theÿi 
古1e SS and dfare additive (Table 5.3); 

SS_ +SS_ ...~SS Regression ~~Rcsidual ~~Total 

df.十dL ...~dι 
式后'g万巳思sion ~~Residual 丁rota!

Although the SS is a measure of variation , it is 
dependent on the number of observations that 
contribute to 此， e.g. SSTh"l will always getbigger as 
more observations with dif:坠rent values are 
included. In contrast to the SS , the variance (mean 
square , MS) is a measure of variability that does 
not depend on sample size because it is an average 
of the squared deviations and also has a known 
probability distribution (Chapter 2). So the next 
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a t test. Note that the F test ofthe Ho that ß, equals 
zero is mathematically identical to the t test; in 
fac t, the Fratio equals t2 for a given sample 旬， m
practice, it does not matter which we use and both 
are standard output 仕om statistical software. We 
offer some suggestions about presenting results 
仕om linear regression analyses in Chapter 19 

While the test of the Ho thatβ1 equals zero is 
most common, a test wheth町 β1 equals some 
other value may a150 be relevant, especially when 
variables have been log transformed. Examples 
include increases in metabolic rate with body 
size , an allometrìc relationship with a predicted 
slope of 0.75 , and the self.thinning rule , that 
argues that the relationship between log plant 
size and log plant density would have a slope of 
- 312 (Begon et al. 1996) 

We can a150 test the Ho that ßo equals zero , i.e 
the intercept of the population regression model 
is zero.]ust aswith the test that ß

1 
equals zero , the 

Ho that ßo equals zero can be tested with a t test, 
where the t statistic is the sample intercept 
divided by the standard error of the sample inter. 
cept. Alternatively, we can calculate an F test by 
comparing the fit of a model with an intercept 
term to the 缸 of a model without an intercept 
term (5ection 5.3.6). The conclusions will be iden. 
tical as the F equals t2 and the t test version is stan­
dard output from statistical so仕wareη1is Ho is 
not usually of much biological interest unless we 
are considering excluding an intercept 仕omour
fìnal model and forcing the regression line 
through the origin (5ection 5.3.12) 

Finally, we can test the Ho that two regression 
lines come 仕om populations with the same slope 
using a t test, similar to a test of equality of means 
(Chapter 3). A more general approach to compar 
ing regression slopes is as part of analysis of covar 
iance (ANCOVA, Chapter 12) 

5.3.6 Comparing regression models 
Methods for measuring the fìt of a linear model to 
sample data fall into two broad categories based 
on the way the parameters of the models are esti. 
mated (see also Chapter 2) 

1. Using OLS , the fìt of a model is determined 
by the amount ofvariation in Y explained by the 
model or conve臼ely， the lack of缸 ofa model is 
determined by the unexplained (residual) 

vanatlOnτ1ris approach leads to the analysis of 
variance described above and F tests of null 
hypotheses about regression model parameters 

2. Using maximum likelihood (ML), the 且tof
a model is determined by the size of likelihood 
or log.likelihood. This approach leads to 
likelihood ratio tests ofnull hypotheses about 
regression model parameters and is most 
commonly used when fitting generalized linear 
models (GLMs) with non.normal error terms 
(Chapter 13) 

The logic of comparing the fìt of different 
models is the same whichever approach is used to 
measure fit. We will illustrate this logic based on 
theOLS 巳stimation we have been using throughout 
this chapter. We can measure the fìt of different 
models to the data and then compare their fits to 
test hypotheses about the model parameters. For 
example , smaller unexplained (residual) variation 
when a full model that includes βI is fi.tted com­
pared with when a reduced model is fìtted that 
omlts 卢1 is evidence against the Ho that β1 equals 
zero. Including a slope tenn in the model results in 
a better fìt to the observed data than omitting a 
slope term. Ifthere is no difference in the explana­
tory power of these two models , then there is no 
evidence against the Ho that β1 equals zero 

Let's explore this process more formally by 
comparing the unexplained , or residual. SS (the 
variation due to the difference between the 
observed and predicted Y.values) for full and 
reduced models (Box 5.6). To test the Ho that ß1 
equals zero , we fit the 臼11 model with both an 
intercept and a slope term (Equation 5.3) 

Yj =β。 +β1"j+εl

We have already identifìed the unexplained SS 
仕om the full model as S;~ρj - Yjf. This is the 
SSResidual 仕om our standard regression ANOVA in 
Table 5.3 

We then 且t a reduced model that omits the 
slope term , i.e. the model expected if the Ho that 
β1 equals zero is true: 

Y;=ßO+B; (5.13) 

This is a model with zero slope (i.e. a flat line). The 
predicted Y-value for each "f仕om this model is the 
in tercept, which equals y τherefore ， the unex­
plained S5 仕om this reduced model is the sum of 
squared differences bet:w"een the observed y-
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Full model 

(CWD basal area). 二卢。+βI (riparian tree density)，十"

55阳呻~I= 18465.56 (14 df) 

Reduced mo 才 el

豆孟=μ.6创|阳问阳od创el c∞omparisons in simple linear regression 

与 ψie can use the model 陀lati口 g CWD basal area to riparia门 tree densityto illustrate 
comparing the fr此 of full and r回uced models to test null hypotheses about popu­
lation parameter旦

Te式 HoβI equ血 zero

(CWD bas副 area)1 ==β。+气

55"';d~1 = 50 520.00 (15 df) 

Reduced SS阳id;JaI- Full SS民问才 ual == 32 054.44 (1 df). This is identical to MSRegression 
from the ANOVA from frtting the original full model (Box 5.3) 

Test Ho: f3o equals zero 

Full model 

(CWD basal a陀a)， =β。+卢I (riparian t陀e dens即)十气

SS"eSldu副= 1846556 (14 df) 

Reduced model 

(C山 o basal ar.四)， =βI (riparian tree dens即)l+EJ

SSReSIC叫= 26 834.35 (15 df) 

Reduced SS"e>idU副 Full SS阳5山I ~ 836879 (1 df) 

Yi =β1叫+ε(5.14)

Th is is the model expected ifthe Ho that ßo equals 
zero is true and there岛匠， when "j equals zero 
then Y; equals zero (Box 5.6) 

For most regression models , we don't have to 
worry about comparing full and reduced models 
because our statistical soft:w"are will do it aut任
matically and provide us with the familiar 
ANOVA table and Ftests andlor t tests. While com. 
parisons of臼11 and reduced models are trivial for 
linear models with a single predictor variable , 

the model comparison approach has broad appli. 
cability for testing null hypotheses about particu. 
lar parameters in more complex linear (Chapter 
6) and generalized linear models (Chapter 13) 

5.3.7 Variance explained 
A descriptive measure of association between Y 
and X is r2 (also termed R2 or the coefficient of 

values and y (i.e. ~~二 ， (y;-ÿ)斗， which is the SSTotal 
仕om our standard regression ANOVA 

τbe difference between the unexplained varia­
tion of the full model (SSResîdual) and the unex­
plained variation from the reduced model (SSTotal) is 
simply the SSRegrcssion. It measures how much more 
variation in Yis explained bythe full model than by 
the reduced model. It is , therefo臣， the relative mag 

nitude of the SSRegression (which equals MSRegression 
with one d f) that we use to evaluate the Ho that 卢1

equals zero (Box 5.6). So describing the SSRcgrcssîon or 
MSRegression as the variation explained by the regres 
sion model is really describing the SSRegression or 
MS Regression as how much more variation in Y the full 
model explains over the reduced model 

The same logic can be used to test Ho that ßo 
equals zero by comparing the 缸 of the full model 
and the 且t of a reduced model that omits the 
lntercept 
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determination). which measures the proportion 
of the total variation in Y that is explained by its 
linear relationship with X. When we fit the full 
model. it is usually calculated as (Kvalseth 1985 , 

Neter et aL 1996) 

γSSRegressîon _ SSResid ~~Ke眶里!Q旦二 1 一 兰兰兰兰兰

SSrotal SSTotal 
(5.15) 

Anderson-Sprecher (1994) argued that 泸 is better 
explained in terms ofthe comparison between the 
full model and a reduced (no slope parameter) 
model 

SSResidual(FU1l1 
r' 二 1 一一」旦旦旦且且」

SS Residual{Reduced) 
(5.16) 

Equations 5.15 and 5.16 are identical for models 
with an intercept (see below for no intercept 
models) but the latter version emphasizes thatγ，2 is 
a measure of how much the 缸 is improved by the 
full model compared with the reduced model. We 
can also relate explained va口ance back to the 
bivariate correlation model because r2 is the 
square of the correlation coefficient 仁 Values of r2 

range between zero (no relationship between Yand 
X) and one (all points fall on fitted regression line) 
τnerefore ， r Ïs not an absolute measure of how 
well a linear model fits the data , only a measure of 
how much a model with a slope parameter fits 
better than one without (Anderson-Sprecher 1994) 

Great care should be taken in using r2 values 
for comparing the fit of diff注rent models. lt is 
inappropriate for comparing models with differ 
ent numbers ofparameters (Chapter 6) and can be 
problematical也r comparing models based on dif­
feren t trans也rmations ofY (Scott & Wild 1991).lf 
we must compare the fìt of a linear model based 
on Y with the equivalent model based on, say 
log(Y), using 抖， we should calculate r as above 
after re-expressing the two models so that Y is on 
the same original scale in both models (see also 
Anderson-Sprecher 1994) 

5.3.8 Assumptions of regression analysis 
The assumptions of the linear regression model 
strictly concern the error terms (到) in the model, 
as described in Section 5.3.2. Since these error 
terms are the only random ones in the model, 
then the assumptions also apply to observations 
of the response variable Yr Note that these 
assumptions are not required for the OLS estima-

1丑Tab油b抽l阳e5.4 IT呐ype臼S ofresidu叫al fi如o町r 1i盯me
mod由els ， where h; is the leverage 岛r observation i 

Residual 

5tandardized 
residual 

5tudentized 
陀到 dual

5tudentized 

ej =Y,-9j 

e 

v百二二

?市:古 -h，)

η-1 

deleted residual e, 55""dwJ (1 - h,) - e,' 

tion of model parameters but are nece臼ary for 
reliable confidence intervals and hypothesis te5ts 
based on t distributions or F distributions. 

ηle residuals 仕om the fitted model σ'able 5.4) 
are important for checking whether the assump­
tions of linear regression analysis are met 
Residuals indicate how fareach observation is from 
the 且tted OLS regression line , in Y-variable space 
(i.e. vertically). Observations with larger residuals 
are further 仕om the fitted line that those with 
smaller residuals. Patterns of residuals represent 
patterns in the error terms from the linear model 
and can be used to check assumptions and also the 
influence each observation has on the 且ttedmodel

Normality 
This assumption is that the populations of 
Y-values and the error terms (ε，) are normally dis. 
tributed for each level ofthe predictor variable x

j 

Confìdence intervals and hypothesis tests based 
on OLS estimates of regression parameters are 
robust to this assumption unless the lack of nor­
mality results in violations of other assumptions 
ln particular, skewed distributions of Y

í 
can cause 

problems with homogeneity ofvariance and line­
arity, as discussed below, 

Without replicate Y-values for each xi' this 
assumption is difficult to ve口命 However. reason­
able checks can be based on the residuals from 
the fitted model (Bowerman & O'Connell 1990) 
The methods we described in Chapter 4 for check­
ing normality, inc1uding formal tests or graphical 
methods such as boxplots and probabili飞Y plots , 

can be applied to these residuals. If the assump­
tion is not met, then there are at least two 
options. First. a transformation of Y (Chapter 4 

and Section 5.3.11) may be appropriate ifthe dis­
tribution is positively skewed. Second , we can 且ta
linear model using techniques that allow other 
distributions of error terms other than normal 
τhese generalized line盯 models (GLMs) will be 
described in Chapter 13. Note that non-normality 
ofY is very commonly associated with heterogene­
ity ofvariance and!or nonlinearity. 

Homogeneity ofvariance 
This assumption is that the populations of Y 
values , and the error terms (t) , have the same var 
iance for each xi 

σ12=σ22=.= 町2~σ526br i 二 1 to η(5.17) 

The homogeneity of variance assumption is 
important, its violation having a bigger ef岳ct on 
the reliability ofinterval estimates of, and tests of 
hypotheses about, regression parameters (and 
parameters of other linear models) than non­
normality. Heterogeneous variances are often a 
result of our observations coming 仕om popula­
tions with skewed distributions ofY二values at each 
Xi and can also be due to a small number of 
extreme observations or outliers (Section 5.3.9) 

Although without replicate Y-values for each 
Xi' the homogeneity of variance assumption 
cannot be strictly tested , the general pattern of 
the residuals for the dif边rent xi can be very infor­
mative. The most useful check is a plot of residu­
als against xi or 5\ (Section 5.3.10). There are a 
couple of options for dea1ing with heterogeneous 
variances. lf the unequal variances are due to 
skewed distributions of Y-values at each 飞， then 
appropriate transformations will always help 
(Chapter 4 and Section 5.3.11) and generalized 
linear models (GLMs) are always an option 
(Chapter 13). Alternatively, weighted least squares 
(Section 5.3.13) can be applied ifthere is a consis­
tent pattern of unequal variance. 巳 g. mcreasmg 
variance in Y with increasing X 

Independence 
There is also the assumption that the Y-values and 
the ê í are independent of each other, i.e. the 
Y-val ue for any χj does not influence the Y-values 
for any other ητbe most common situation in 
which this assumption might not be met is when 
the observations represent repeated measure­
ments on sampling or experimental units. Such 
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data are often termed longitudinal, and arise 
仕om longitudinal studies (Diggle et al, 1994, Ware 
& Liang 1996), A related situation is when we have 
a longer time series from one or a few units and 
we wish to fìt a model where the predictor vari. 
able is related to a temporal sequence , i.e. a time 
series study (Diggle 1990). Error terms and 
Y-values that are non-independent through time 
are described as autocorrelated. A common occur­
rence in biology is positive 直rst-order autocorrela 
tion, where there is a positive relationship 
between effor terms 仕oma司jacent observations 
through time , i.e. a positive error term at one time 
follows 仕om a positive errDr term at the previous 
time and the same for negative error terms. The 
degr喧e of autocorrelation is measured by the auto 
correlation parameter. which is the correlation 
coefficient between successive error terms. More 
formal descriptions of autocorrelation structures 
can be 且ound in many textbooks on linear regres 
sion models (e.g Bowerman & O'Connell 1990, 

Neter et al. 1996). Positive autocorrelation can 
result in underestimation ofthe true residual var. 
iance and seriously intlated Type 1 eITor rates for 
hypothesis tests on regression pa皿meters. Note 
that autocorrelation can also be spatial rather 
than temporal, where observations closer 
together in space are more similar than those 
further apart (Diggle 1996) 

lf our Y-values come 仕om populations in 
which the efrOf terms are autocorrelated between 
adjacent xi' then we would expect the residuals 
仕om the fìtted regression line also to be corre 
lated. An estimate of the autocorrelation parame 
ter is the correlation coefficient between adjacent 
residuals , although some stati5tical 50仕ware cal­
culate5 this as the correlation coef:且cient between 
adjacent Y-values. Autocorrelation can therefore 
be detected in plots of residuals against x, by an 
obvious positive , negative or cyclical trend in the 
residuals. Some stat四tical software also provides 
the Durbin-Watson test of the Ho that the auto 
correlation parameter equals zero. Because we 
mightεxpect positive autocorrelation , this test is 
often one-tail巳d against the alternative hypothe­
sis that the autocorrelation parameter is greater 
than zero. Note that the Durbin-Watson test is 
specifically designed for 且rst-order autocorrela­
tions and may not detect other patterns of non­
independence (Neter et a1. 1996). 

93 
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ηlere are a number of approaches to modeling stances , we would commonly have replicate Y dence. W恒 will illustrate some of the more an approximate standard error for the residuals 
a repeated series of observations on sampling or values 岛r each xj and X may well be a qualitative common regression diagnostics that are standard τhese are a150 called semistudentized residuals by 
四perimental unitsτhese approaches can be used 飞rariable ， so analyses that compare mean values of outputs 仕'Qffi most statistical sofrnrare but others Neter et α l. (1996). Unfortunately, this standard 

, . with both continuous (this chapter and Chapter 6) treatment groups ffiight be ffiore appropriate are available. Belsley et al. (1980) and Cook & error doesn't solve the problem of the variances of 
and categorical (Chapters 8-12) predictor vari (Chapters 8-12). The 直xed X assumption is prob. Weisberg (1982) are the standard references , and the residuals not being constant 50 a more sophis-
ables and some are applicable even when the ably not met for most regression analyses in other good discussions and illustrations inc1 ude ticated mod姐cation is needed. Studentized resid-
response variable is not continuous. Commonly, biology because X and Y are usually both random Bollen & ]ackman (1990) , Chatterjee & Price (1991) uals incorporate leverage (hj) aS defined earlier 
repeated measurements on individual units occur variables recorded 仕om a bivariate distribution and Neter et a!. (1996) τbese studentized residuals do have constant var-
in studies that also incorporate a treatment struc- For example , Peake & Quinn (1993) did not choose iance 50 different studentized residuals can be 
ture across units. i.e. sampling or experimental mussel clumps offixed areas but took a haphazard Leverage validly compared. Large (studentized) residuals 
units are allocated to a numberoftreatments (rep- sample of clumps 仕om the shore; any repeat of Leverage is a measure ofhow extr巳me an observa- for a particular observation indicate that it is an 
resenting olle or more categorical predictor vari- this study would use c1umps with different areas tion is for the X-variable , so an observation with outlier 仕om the fitted model compared to the 
ables or factors) and each unit is also recorded We will discuss the case ofX being random (Model high leverage is an outlier in the X-space (Figure other observations. Studentized residuals also 
repeatedly through time or is subject to different Il or random effects model) in Section 5.3.14 but it 5.8). Leverage basica11y measures how much each followa t disttibution with (n-1) dfifthe regres 
treatmen臼 through time. Such "repeated meas tums out that prediction and hypothesis tests " infiuences y, (Neter et al. 1996). X-values further sion assumptions hold. We can determine the 
ur四" data are usually modeled with analysis of 仕om the Model 1 regression are still applicable from x influence the predicted Y-values more than probability of getting a specific studentized resid-
variance type models (partly nested models incor- even when X is not :fixed those c10se to 豆 Leverage is often given the symbol ual. or one more extreme , by comparing the stu-
porating a random term representing units; see h1because the valueshr each obsezvatIon come dentized residual to a t distribution. Note that we 
Chapter 11). Alternative approaches , including 5.3.9 Regression diagnostics from a matrix termed the hat matrix (H) that would usually test all residuals in this way, which 
unified mixed linear models (Laird & Ware 1982 , SO far we have emphasized the under1归ng relates the y, to the Y, (see Box 6.1) 丁'he hat matrix wi1l resul t in very high family-wise 可pe 1 error 
see also Diggle et al. 1994, Ware & Liang 1996) and assumptions for estimation and hypothesis is deternlined solely 仕om the X-variable(s) 50 Y rates (由e multiple testing problem; see Chapter3) 
generalized estimating equations (GEEs; see Liang testing with the linear regression n10del and pro- doesn't enter into the ca1culation ofleverage at a11 50 some type of P value adjustment might be 
& Zeger 1986, Ware & Liang 1996), based on the vided some guidelines on how to check whether Leverage values normally range between lfn required , e.g. sequential Bonferroni 
generalized linear model, will be described briefly these assumptions are met for a given bivariate and 1 and a useful criterion is that any observa- 咀le deleted residual for observation i, also 
in Chapter 13 data set. A proper interpretation of a linear regres- tion with a leverage value greater than 2(pln) called the PRESS residual , is de且ned as the differ-

When the data represent a time seri凹， usually sion analysis should also inc1ude checks of how (where p is the number of parameters in 吐1e ence betw"een 由e observed Y-values and those pre-
on one or a sma11 number of sampling units , one well the model fits the obse凹ed data. We will model including the intercept; p = 2 自Ì)r simple dicted by the regression model fitted to all the 
approach is to adjust the usual OLS regression focus on two aspects in this section. First, is a linear regression) should be checked (Hoaglin & observations except i. These deleted residuals are 
analysis depending on the level of autocorrela- straight-line model appropriate or should we Welsch 1978). Statistical sofl阳are may use other usually ca1culated for studentized residuals 
tion. Bence (1995) discussed options for this investigate curvilinear models? Second , are there criteria forwarning about observations with high τhese studentized delet，巳d residuals can detect 
adjustment, pointing out that the usual estimates any unusual observations that might be outliers leverage. The main use of leverage val ues is when ol1tliers that ffiight be missed by usual residuals 
of the autocorrelation parameter are biased and could have undue influence on the parar口eter 出ey are incorporated in Cook's Dj statistic , a (Neter et al. 1996). They can also be compared to a 
and recommending bias-correction estimates estimates and the 且tted regression model? measure of influence described below. t distribution as we described above for the usual 
US l1ally, however, data forming a long time series Influence can come 仕om at least two sources ~ studentized residual 
require more sophisticated modeling procedures, think of a regression line as a see-saw, balanced on Residuals 
such as formal time-series analyses. These can be the mean of X. An observation can influenc巳， or We indicated in Section 5.3.8 吐1at patterns in Influence 
linear, as described by Neter et al. (1996) but more tip , the r巳gression line more easily if it is 在lfther residuals are an impoπant way of checking Ameasure ofthe influence eachobservation has on 
commonly nonlinear as discussed in Chatfield 仕om the mean (i.e. at the ends of the range of regression ass l1mptions and we wi11 expand on the fitted regression line and the estimates of the 
(1989) and Diggle (1990), the latter with a biologi- X-values) or if it is far 仕nm the 直tted regression this in Section 5.3.10. One problem with sample regression parameters is Cook's distance statistic, 

cal emphasis line (i.e. has a large residual. analogous to a heavy residuals is that their variance may not be con- denoted Dï It takes into account both the size of 
person on the see-saw). We emphasized in Chapter stant for different 叫 in contrast to the model leverage and 由e resid ual for each observation and 

FixedX 4 that it is really important to identi穹 if the error terms that we assume do have constant var- basica11y measures the intlllence of each obseIVa 
Linear regre臼ion analysis assumes that the x

j 
are conc1usions 仕0111 any statistical analysis are influ- iance. Ifwe could modity the residuals 50 they had tion on the estimate ofthe regression slope (Figllre 

known constants , i.e. they are fìx.ed values con enced greatly by one or a few extreme obse凹a- constant variance, we could more validly compare 5.8). A large D, indicates that removal ofthat obser 
tro11ed or set by the investigator with no variance tions. A variety of "diagnostic measures" can be residuals to one another and check if any seemed vation would change the estimates of the regres 
asso口ated with them.Alinearmodel in which the ca1culated as part of the analysis 也at identity unusually large , suggesting an ol1tlying observa- sion parameters considerably. Cook's Dj can be used 
predictor variables are fìx.ed is known as Model 1 extreme or influential points and detect nonline- tion frolll the fì.tted model τhere are a number of in two ways. First, informally by scanning the Djs of 
or a fixed effects model. This will often be the case arity 白lese diagnostics also provide additional modifications that try to make residuals more a11 observations and noting if any values are mnch 
in designed experiments where the levels ofX are ways of checking the underlying assumptions of llse且II for detecting outliers (Table 5.4). larger than the rest. Second , by comparing Dj to an 
treatments chosen spec姐ca11y. In these circum- normali叨" homogenei可 ofvariance and indepen- Standardized residuals l1se the 飞/MSResidUa! as F

1
.n distribution; an approximate guideline is that 
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Diagrammatic represemation of residual plo臼
regression: (a) regression showing even spread 

around line，但) ，臼。c田:ed residual plot, (c) regression 
showing increasing spread around line, and (d) associated 
residual plot showing characteristic wedge-shape typical of 
skewed distribution 
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Predicted Y 

Predicted Y 

。f parallellines in a residual plot. 

Data from Peake & Quinn (1993) , where the abundance of 
the limpets (CelJana tramoserica) was the response variable, 

area of mussel clump was the predictor va时able and there 
were n = 2S clumps 
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in our worked example (Box 5.4 and Figure 
5.1 9(b)). indicate5 increasing variance in 飞 andy，

with increasing xj associated with non-normality 
in Y:二values and a violation of the assumption of 
homogeneity of variance. Transformation of Y 

(Section 5.3.11) will usually help.τhe ideal 
pattern in the residual plot is a scatter of points 
with no obvious pattern of increasing or decreas~ 
ing variance in the residuals. Nonlinearity can be 
detected by a curved pattern in the re5iduals 
(Figure 5.17b) and outliers also stand out as 
having large residualsτhese out1iers might be 
different 仕om the outliers identified in simple 
boxplots of Y. with no regard for X (Chapter 4) 
The latter are Y~values very different 仕om the rest 
of the sample , whereas the former are observa~ 
tions with Y-values very different from that pre­
dicted by the !ìtted model 

Searle (1988) pointed out a commonly observed 
pattern in residual plots 飞，vhere points fall along 
parallel lines each with a slope of minus one 
(Figure 5.11) 咀lÎs results from a number of obser~ 
vations having similar values for one of the vari~ 
ables (e.g. a number of zeros).ηlese parallellines 
are not a problem，由町 just look a litt1e unusual. 
lf the response variable is binary (dichotomous). 

Scatterplots of four data sets provided in 
(1973). Note 由atd田pite the marked differences 

in the nature of the relationships between Y and X, the OLS 
ce且ression line, the r2 and the 国民 of the Ho thatβI equals 
zero are identical in all four cases: y;= 3.0 + 0.5.气 ， n= 11, 
~ ~O.68. H，oβ1=0， t=4.24, P=O.OO2 
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Scatterplots 
A scatterplot of Y against X, just as we used in 
simple correlation analysis , should always be the 
first step in any regression analysis. Scatterplots 
can indicate unequal variances , nonlinearity and 
outlying observations , as well as being used in 
conjunction with smoothing functions (Section 
5.5) to explore the relationship between Y and X 
without being constrained by a spec凶c linear 
model. For example. the scatterplot ofnumber of 
species of invertebrates against area of mussel 
clump仕om Peake & Quinn (1993) clearly indicates 
nonlinearity (Figure 5.17(a)). while the plot of 
number of individuals against area of mussel 
clump indicates increasingvariance in number of 
individuals with increasing clump area (Figure 
5 .1 9(a)). While we could write numerous para 
graphs on the value of scatterplots as a prelimi 
nary check of the data before a linear regression 
analys阻. the wonderful and oft-used example 
data from Anscombe (1973) emphasize how ea5ily 
linear regression models can be fitted to inappro 
priate data and why preliminary scatterplots are 
50 important (Fi阴阳 5.9)

Residual plots 
The most informative way of examining residuals 
(raw or studentized) is to plot them against Xj or, 
equivalently in terms of the observed pat胆rn， Yj 
(Figure 5.10). These plots can tell us whether the 
assumptions of the model are met and whether 
there are unusual observations that do not match 
the model ve巧rwell

If the distribution ofY~values for each xj is pos 
itively skewed (e.g.lognormal. Poisson). we would 
expect larger Yj (an estimate of the population 
nlean ofyj)ωbe associated with larger residuals 
A wedge-shaped pattern of residuals. with a 
larger spread of residuals for larger xj or Yi as 
shown for the model relating number of individ 
uals of macroinvertebrates to mussel clump area 

5.3.10 Diagnostic graphics 
We cannot ovef'吃mphasize the importance of pr。
liminary inspection of your data τ'he diagnostics 
and checks of assumptions we have just des口ibed

are best used in graphical 巳xplorations ofyour data 
before you do anyformal analyses. We will describe 
the two most useful graphs for linear r飞egresslOn
analysis. the scatterplot and the residual plot 

an observation with a Dj greater than one is partic~ 
ularly influential (Bollen & Jackman 1990). An 
alternative measure ofintluence that also incorp萨
rates both the size ofleverage and the residual for 
each observation is DFlTSj, which measures the 
intluence of each observation (i) on its predicted 
value (Ý;) 

We illustrate leverage and intluence in Figure 
5.8. Note that observations one and three have 
large leverage and observations two and three 
have large residuals. However, only observation 
three is very influential , because omitting obser~ 
vations one or two would not change the fitted 
regression line much 

Transformations ofY that overcome problems 
of non~normality or heterogeneity of variance 
might also reduce the intluence of outliers 仕om
the !ìtted model. If not. then the strategies 岛r

dealing with outliers discu5sed in Chapter 4 
should be considered. 

Residuals.leve同ge， and influence.The solid 
regression line Îs fitted through the observations wì由 open

symbols.Ob坦问ation 1 is an outlìer for both Y and X (Ia鸣:e

leverage) but not from the fitted model and is not influential 
Observation 2 is not an outlìer for either Y or X but is an 
outlier from the tìtted model (Iarge r田idual). Regression line 
2 includes thÎs observation and Îts srope Îs only slightly less 
than the original regressÎon lîne so observation 2 is not 
particularly Înfluent 剖 (small Cook's DJ Observation 3 Îs not 
an outlier for Y but Ît does have large leverage and 比 is an 
outlier from the tìtted model (1町'ge residual). Regression line 
3 includes thÎs observation and Îts srope Îs markedly different 
from the origìnal 陀~gression line so observation 3 is very 
Înfluential (Iarge Cook￥ Dj' combìning leverage and resìdual) 
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then the points in the residual plot w i11 fa11 along τhe other use of transformations in linear our regression line through the origin (Y equals Re-analysis of their data showed that when a 
two such para11ellines a1though OLS regression is regression analysis is to linearize a nonlinear rela~ zero, X equals zero) by fitting a linear model model with an intercept was fitted to each combi-
probably an inappropriate technique for these tionship between Y and X (Chapter 4). When we withou t an in tercept term nation of region and spatial scale, the test of the 
data and a generalized linear model with a bin萨 have a clear nonlinear relationsh甲， we can use 

Yj == 卢川 +εl (5.14) 
Ho that 卢:0 equals zero was not rejected and the 

mial error term (e.g.logistic regression) should be nonlinear regression models or we can approxi- MSResidual was always less for a no-intercept model 
used (Chapter 13). The 四ample in Figure 5.11 is mate the nonlinearity by including pol归omial There are several dif直口llties when trying to inter- than a model with an intercept. This indicates 
企om Peake & Quinn (1993) , where the response terms in a linear model (Chapter 剧， An alterna tive pret the results of 且tting such a no-intercept that the no-intercept model was probably a better 
variable (number of limpets per mussel clump) approach that works for some nonlinear relation. model. First. our minimum observed xj rarely 自t to the observed data. So n o-intercept models 
only takes three values: zero , one or two ships is to transform one or both variables to make extends to zero , and forcing our regression line were justi且ed in this case, although we note that 

a simple linear model an appropriate fit to the through the origin not only involves extrapolat- the estimates of ß
1 

were similarwhether or not an 
5.3. 川 Transformations data. Nonlinear relationships that can be made ing the regression line outside our data range but intercept was included in the models 
When continuous variables have particular linear by simple transformations of the variables also assuming the relationship is linear outside Generally, however, we recommend against 
skewed distributions , such as lognormal or are sometimes termed "intrinsically linear" this range (Cade & Terre11 1997, Neter et al. 1996) fitting a model without an intercept. The interpre-
Poisson, transformations of those va口ables to a (Rawlings et al. 1998); for example , the relationship Ifwe know biologica11y that Y must be zero when tation is more difficult and we must assume 1in e-
di能rent scale will often render their distribu. between the number of species and area of an X is zero, yet our fitted regression line has an in ter- arity ofthe relationship between Y and X beyond 
tions closer to normal (Chapter 4). When 直tting island can be modeled with a nonlinear power cept different to zero, it suggests that the relation- the range of our obse凹'ed data 
linear regression models , the assumptions under- 且lnction or a simple linear model after log trans. ship between Y and X is nonlinear, at least for 
lying OLS interval estimation and hypothesis formation ofboth variables (Figure 5.17 and Figure small values ofX. We recommend that it is better 5.3 .13 Weighted least squares 
testing of model parameters refer to the error 5.18). If there is no evidence ofvariance heteroge- to have a model that fits the observed data we11 咀le usual OLS approach for linear regression 
terms from the model and , therefore, the neity, then it is bestjust to transform X to try and than one that goes through the origin but pr任 assumes that the variances of飞 (and therefore the 
response variable (ηTransformations of Y can linearize the relationship (Neter et a l. 1996) vides a worse fit to the observed data Yj) are equal, i.e. the homogeneity of variance 
often be effective if the distribution of Y is non- Trans岛rming Y in this case might actua11y upset Second , although residuals 仕om the no-inter- assumption discussed in Section 5.3.8. Ifthe vari-
normal and the variance of Yj differs for each xj ' 

error terms that are already nonnally distributed cept model are (y, - y,) as usual, they no longer ance of Yj varies for each 叫， we can weight each 
especially when variance clearly increases as χ， with similar variances. The relationship between sum to zero, and the usual partition ofSSTotai into observation by the reciprocal of an estimate ofits 
increases. For example , variance heterogeneity岛r number of species and area of mussel clump 仕om SSRe\!ression and SSRt!sìdual doesn't work. In fact , the variance (σ'j2) 
the linear model relating number of individuals Peake & Quinn (1993) illustrates this point, as a log SSResiduai can be greater than SSlbtai (Neter et al 1 
of macroinvertebrates to mussel clump area was trans岛rmation of just clump area (x) results in a 1996). For this reason, most statistical software Wj= :2 (5.18) 
greatly reduced a丘er transformation of Y (and linear model that best fits the data although both presents the partitioning ofthe variance in te口ns

S1" 

also X - see below and compare Figure 5.19 and variables were transformed in the analysis (Box of SSTo时 uncorrected (Section 5.3.4) that will always We then fit our linear regression model using 
Figure 5.20). Our comments in Chapter 4 about 5.4). However, nonlinearityis 0仕enassociated with be larger than SSResidual' However, the value of r generalized least squares which minimizes 
the choice oftransformations and the interpreta- non-normality of the response variable and trans for a no-intercept model determined from 2:;~1 w,(y, - y,)'. This is the principle of weighted 
tion of analyses based on transformed data are 岳ormations ofYandlor Y and X might be required SSTotal uncorrected will not be comparable to r2 仕om least squares (Chaterjee & Price 1991, Myers 1990, 

then relevant to the response variable Remember that the interpretation of our the 臼11 model calculated using S$"o'.1 (Cadε& Neter et a1. 1996) 卫1e difficulty is calculating the 
咀le assumption that the xj are :fixed values regression model based on transformed variables , Terre11 1997, Kvalseth 1985) 咀le resid uals are still w. because we can't ca1culate 5.2 unless we have 

chosen by the investigator suggests that transfor- and any predictions from it, must be in terms of comparable and the MSResidual is probably better for replicate Y-values at each 叫 One a pproach is to 
mations of the predictor variable would not be transformed Y andlor X, e.g. predicting log comparing the 且t of models with and without an group nearby observations and ca1culate Sj2 
warranted. However, regression analyses in number ofspecies 企om log c1ump area , although intercept (Chatterjee & Price 1991) (Rawlings et al. 1998), although there are no clear 
biology are nearly always based on both Y and X predictions can be back-transformed to the origi- If a model with an intercept is fitted fir世 and guidelines for how many observations to include 
being random variables , with our conclusions nal scale of measurement if required the test of the Ho that ßo equals zero is not in each group. A second approach uses the abso 
conditional on the xj obse凹'ed in our sample or rejected, there may be some justification for lute value of each residual (1 e, 1) 仕om the OLS 
we use a Model II analysis (Section 5.3.14) 5.3 .12 Regression through the origin 直tting a no-intercept model. For example , Caley & regression as an estimate of σi. Neter et a!. (1996) 

Additionally, our discussion of regression diag- There are numerous situations when we know Schluter (1997) examined the relationship suggested that the predicted values 仕om an OLS 
nostics shows us that unusual X-values determine that Y must equal zero when X equals zero. For between local species richness (response variable) regression of I eî I against xj could be used to calcu-
leverage and can cause an observation to have example，由e number of species of macroinverte- and regional species richness (predictor variable) late the weights for each observation, where wj is 
undue influence on the estimated regression coef- brates per c1ump of mussels on a roc均 shore must for a number of taxa and geographic regions at the inverse of the square of this predicted value 
ficient. Transformations of X should also be con be zero ifthat c1ump has no area (Peake & Quinn two spatial scales of sampling (1 % of region and These weights can be used in statistical software 
sidered to improve the 缸 of the model and 1993), the weight of an organism must be zero 10% of region). They argued that local species rich- with a weighted least squares option or, equiva-
trans岛rming both Y and X is sometimes more when the length of that organism is zero etc. It ness must be zero when regional richness was zero lently, OLS regression used once Yj and xj in each 
effective than j ust transforming Y might be tempting in these circumstances to force and that no-intercept models were appropriate pair has been multiplied (i.e. weighted) by w, 
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B~~5.71 Modelll r;gression. 

Forthe data from Christensen et a!. (1996) , both the response variable (CWD basal 
area) and the p陪dictor varia剧e (riparian tree density) are random 刊凹e旧riables

a陀 measu陀d in di百erent units, 50 reduced majo产出is (R卜向 al50 calle 才 standard

major axis) and ranged 卜 A regression a陀 approp旧te. We used the program 
"Model 11 reg陀ssion" from Pierre Legend陀 at the University of 问ontreal

Statistic RMA Ranged MA OLS 

b, 0.145 。 164 0.116 

95% CI 。 103 to 0.2口4 0.109 to 0.275 0.065 to 0.166 

ι U 113.904 -137.108 77.099 

95% CI -187.152 to -275.5 14to 142.747 to 
-61 .767 -7且 160 11 .451 

The correlation coefficient was nearly 0.8，回 we would not expect much di百erence
in the estimates of the regression slope. The estimated 陀旷ession slope from the 
RMA model and the ranged MA model were both 阳rger than the OLS estimate, 

an 才， not surprisingly, the estimates of the intercept al50 di阳回 No恒廿 at the width 
of the confldence interval forβI was the same for R问A and OLS, but wider for 
阻nged MA. A randomizatíon test of the Ho thatβI equals zero for 旧nged MA 
resulted in a P value of 0.00 1. The test for the OLS regression is the same as the 
test for the cor陀lation coeffl旧ent and p节 lides a test fo广 the R问A slope. with a P 

value less than 0.00 I 

Weighted least squares seems to have been 
rarely applied in the biological literatu町， most 
biologists induding us preferring to transform 
one ûr both variables to meet the assumption of 
homogeneity ofvariance or else use generalized 
linear models (Chapter 13) 

5.3.14 X random (Model 11 regress阳1 ) 
咀1巳 linear regression model we have been using 
in this chapter is sometimes called Model 1 regres­
sion because X is a 且xed variable , i.e. the Xj are 
:fixed values set by the investigator and a new 
sample of observations from the population 
would use the same Xr As we have previously dis­
口lssed ， most applications of linear regression in 
biology are unlikely 归 involve 自xed X -val ues 
Although we can usually conceptua\ly distin. 
guish a response variable (y) from a predictor var­
iable (刻， the 帆，Yj) pairs are commonly a sample 
仕om a bivariate distribution of tvvo random vari­
ables , X and Y_ For example , number of species per 
dump and area of mussel clump were clearly 
both random variables in the stlldy by Peake & 

Qllinn (1993) because clllmps were chosen 

haphazardly 仕om the shore and both variables 
recorded from each clump. Fitting a linear regres­
sion model for Y on X to data where both 飞rariables

are random, and assumed to bejointly distributed 
with a bivariate normal distribution has been 
termed Model II regression (Legendre & Legendre 
1998, Sokal & Rohlf1995). 1t is a topic ofsome con 
troversy and there are several ways of looking at 
the problem 

If the main aim of our regression analysis is 
prediction , then we can use the usual OLS regres 
sion model when Y and X are random as long as 
the probabili可 distriblltions of Yi at each xj are 
normal and independent. We must constrain our 
inferences about Y to be conditional given partic 
ular values of X (Neter et a l. 1996) 

If the main aim of our regression analysis is 
not prediction but to describe the true nature of 
the relationship betwee口 Y and X (i.e_ estimateβ ，). 

then OLS regression might not be appropriate 
There is error variability associated with both Y 
σ'，，')andX(σ'，，') and the OLS estimate of卢1 is biased 
towards zero (Box 5.7). The extent of the bias 
depends on the ratio of these error variances 

Y 

3 

/ 2 

X 
D陆国nces or 盯臼s minÎmÎzed by OLS (1), MA 

area 3) IÎnear regressions of Y on X 

(Legendre & Legendre 1998. Prairie et al. 1995 , 

Snedecor & Cochran 1989): 

z 
σi 

λ=←气
σ6 

(5.19) 

IfXis 且xed thenσ82 equals zero and the usual OLS 
estimate of ß

1 
is unbiased; the greater the error 

variability inX relative to Y , the greater the down 
ward bias in the OLS estimate of βl' Remember 
that the usual OLS regression line is fitted by mini 
mizing the sum of squared vertical distances 仕om
each observation to the fitted line (Figure 5.12) 
Here， σ02. equals zero (缸edX) andλequals ∞.τhe 

choice of method for estimating a linear regres 
sion model when both Y and X are random vari­
ables depends on our best glless ofthe val11e ofλ， 

which will come 仕om our knowledge of the two 
variabl凹， the scales on which they are measured 
and their sample variances. 
M句or axis (MA) regression is estimated by 

minimizing the sum of squared perpendicular 
distances 仕'Om each observa tion to the fi tted line 
(Figure 5.12). For MA regression， σ} is assumed to 
equalσ'82 SO λequals one.τhe calclllation of the 
estimate ofthe slope ofthe regression model is a 
litt1e tedious. althollgh it can be calclllated using 

LlNEAR REGRESSION ANALYSIS 

Ifγis +ve , use the +ve square root and vice versa 
In Equation 5.20 

h 一」

d~出些」二一
?阳。1(0l.S)

(5.21) 

Standard errors and confidence intervals are best 
estimated by bootstrapping and a randomization 
test used 岛r testing the Ho ofzero slope. Legendre 
& Legendre (1988) argued that MA regression was 
appropriate when both variables are measllred on 
the same scales with the same units , or are dimen 
sionless. They described a modification of MA 
regression, termed ranged MA regression. The var­
iables are standardized by their ranges, the MA 
regression ca1culated, and then the regression 
slope is back-transformed to the original scale τ'he 
advantage of ranged MA regression is that the var­
iables don't need to be in comparable units and a 
test of the Ho of zero slope is possible (see below) 

Redllced m句or axis (RMA) regression , also 
called the standard major axis (SMA) regression by 
Legendre & Legendre (1998). is fitted by minimiz­
ing the sum of areas of the triangles formed by 
vertical and horizontal lines 仕om each observa­
tion to the fitted line (Figu四 5.12). For RMA regres. 
sion, it is assumed that σ. 2. and σJaIe 
proportional to 时 and σX 2 respectively so A equals 
σ/Iu/ 卫1e RMA estima te of卢1 is simply the ratio 
of standard deviation of Y to thεstandard devia­
tion ofX 

b ~~ 
. Sx 

(5.22) 

咀lÎs is also the average ofthe OLS estimate ofthe 
slope ofYonX and the reciprocal ofthe OLS esti. 
mate ofthe slope ofX on Y. The standard error for 
the RMA estimate can be determined by boot­
strapping but it turns out that the standard error 
of ß， 凹， conveniently, the same as the standard 
error of the OLS estimate. Confidence intervals 
for ß

1 
can then be determined in the usual 

manner (Section 5.3.3). The Ho that 风 equals

some specl自ed value (except zero) can also be 
tested with a T-statistic (McArdle 1988, modified 
from Clarke 1980): 

the estimate ofthe slope ofthe Model 1 regression T 
and the correlation coef:自cients

照号黯! (5.23) 

b 一旦立宣王
1(肌 2

where b, is the RMAestimate of I鸟， β1- is the value 
(5.20) of β1 specified in the Ho and the denominator is 
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(a) Scatterpfot (with 
Loess smoother. smoothing 
parameter = 0.5) of CWD basal area 
against 10&10 cabin density. (b) 
Scatterplot of residuals against 
predicted CWD basal area from 
linear regression of CWD ba目I area 
against loglo cabin density. 
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(a) Scatterplot (with 
Loess smoother.smoothing 
parameter = 0.5) of CWD ba四I area 
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Scatte甲lot of residuals against 
predic阻d CWD basal area from 
linear regression of CWD basal area 
against riparian tree density, 
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(a) Scatterplot (with 
Loess smoother, smoothing 
parameter = 0.5) of CWD basal area 
against cabin density. (b) Scatterplot 
of residuals against predicted CWD 
basal area from linear regression of 
CWD basal area against cabin 
density. 

150 because the test ofthe HO that 
the correlation coeffìcient 
equals zero is the same test. A 
more sophisticated decision 

tree for choosing between methods for Model Il 
regression is provided by Legendre & Legendre 
(1998) , in addition to a detai!ed but very readable 
discussion of the issues 

Examples ofthe application ofModel lI regres­
sion analyses are most common in studies of 
scaling of aspects of biology with body size of 
organisms. H町rera (1992) ca1culated the OLS , MA 
and RMA estimates of the slope of the linear 
regression of log fruit wid th on log fruit length 
for over 90 species of plants from the Iberian 
Peninsula. He showed that, averaging across the 
specl凹， the RMA estimate of the regression slope 
was greater than MA. which in turn was greater 
than OLS. He argued that MA regression was 
appropriate because the error variabilities for log 
width and log length were similar. Trussell (1997) 
used RMA regression for describing relationships 
between morphological characteristics (e.g. shell 
height, shelllength , foot size , etc.) of an intertidal 
snail. However, he used OLS regressions to 
compare between shores as part of an analysis of 

。

as pointed out by]ackson (1991), the RMA line 
seems to most observers a more int飞Jitive and 
better "line-of-best-且t" than the OLS line since it 
lies half way between the OLS line for Y on X and 
the OLS line for X on Y 

Simulations by McArdle (1988) comparing OLS , 

MA and RMA regression analyses when X is 
目ndom showed two important results. First, the 
RMA estimate ofβ1 is less biased than the MA esti­
mate and is preferred. al性lough he did not con­
sider the ranged MA method. Second, if the error 
variability in X is more than about a third of吐M
error variability in Y. then RMA is the pret甘red

method; otherwise OLS is acceptable. As the corre­
lation coeffìcient between Y and X approaches one 
(positive or negative) , the difference between the 
OLS and RMA estimates of 矶， and there岛re the 
difference between the :fitted regression lines , 

gets smaller. Legendre & Legendre (1998) pre­
ferred the ranged MA over 阳队， partly beca use 
the former permi臼 a direct test of the Ho thatβI 
equals zero. We don't regard this as a crucial issue 
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reasonablylarge sample size - at least ten potential 
groups in the data set withη>20 in each 
group 

The intercepts are straightforward to calculate 
for any of these estimates of the slope because 
each regression line passes through the point (5', 
对- see Section 5.3.3. The MA and RMA regression 
lines can be related to principal components ana­
lysis (see Chapter 17); 出e former is the fìrst prin­
cipal component of the covariance matrix 
between Y and X and the latter is the first princi­
pal component of the correlation matrix between 
Y and X. The RMA regression line is also the long 
axis ofthe bivariate confidence ellipse (Figure 5.4), 
indicating a c10se relationship bet\veen the corre­
lation coeffìcient and the R岛1A regression line 
that we will elaborate on below. 

Note that fitting a regression model ofY on X 

will produce a different OLS regression line than 
a regression model of X on Y for the same data 
because the fìrst is minimizing deviations from 
the fitted line in Y and tl咀 latter is minimizing 
deviations 仕om the fitted line in X. lnterestingly, 

B 

二5 

刑
四
-

Predicted value Cabin density 

50 

the standard error of the cor-
relation coefficient (r). Note 
again the c10se relationship 
between RMA regression and the correlation 
coefficient. Testingβ1 against a specific non­
zero value is applicable in many aspects of 
biology, such as the scaling of biological pro­
cesses with body size of organisms (LaBarbera 
1989). The Ho that ß] equals zero cannot be tested 
because log zero is undefined; the RMA regres­
sion slope is related to λand cannot be strictly 
zero unless 0/ is also zero, an unlikely occur­
rence in practice (Legendre & Legendre 1998, 

McArdle 1988, Sokal & Rohlf 1995) 咀le inabili可
to formally test the Ho tha t 卢'1 equals zero is actu­
allya trivial problem because the Ho that the pop­
ulation correlation coeffìcient (ρ) equals zero is 
essentially the sam巳

Prairie et al. (1995) proposed the slope-range 
method, which estimates ß] when X is random 
企om the relationship between the OLS estimate 
and (l{sx') for subsets ofthe data coveringdifferent 
ranges of X. This is a modification of methods 
based on instrumental variables (a third variable 
which may separate the data into groups). The 
main limitation of the method is that it needs a 
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。) Scatterplot (with 
Loess smoother, smoothing 
parameter = 0.5) of number of 
individuals against clump area 
(b) Scatte甲lotof 阳siduals against 
predicted number of individuals 
from linear regression of number of 
individuals against clump area 
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4 

cases (Birkes & Dodge 1993) 
Huber M-estimato凹. described 
in Chapter 2, weight the obser 

vations differently depending how far they are 
仕om the center of the distribution. In robust 
regression analyses , Huber M-estimators weight 
the residuals (e;) differently depending on how far 
theyare 仕om zero (Berk 1990) and use these new 
residuals to ca1culate adjusted Y-values. The esti­
mates for ßo and β1 are those that minimize both 
:2:;!=1e/ (i.e. OL5) when the residuals are near zero 
and 2: I e; I (i.e. LAD) when the residuals are 阳
from zero. We need to choose the size ofthe resid­
ual at which the method switches from OLS to 
LAD; 也is decision is somewhat subjective, 

although recommendations are available (Huber 
1981. Wi\cox 1997). You should ensure that the 
default value used by your statistical software 自or

robust regression seems reasonable. Wi1cox (1997) 
described more sophisticated robust regression 
procedures , including an M-estimator based on 
iteratively reweighting the residuals. One 
problem with M-estimators is that the sampling 
distributions of the estimated coeffìcients are 
unlikely to be normal , unless sample sizes are 

covariance (see Chapter 12) 
Both Herrera (1992) and 
Trussell (1997) tested whether 
their regression slopes were significant1y differ­
ent 仕om unity, the value predicted ifthe relation­
ships were simply allometric. 

It is surprising that there are not more uses of 
Model II regression. or acknowledgment of the 
potential biases of using OLS estimates when both 
Y and X are random, in biological research litera­
ture , particularly given the extensive discussion 
in the influential biostatistics text by Sokal & 

Rohlf (1995) 咀1Ïs may be partly because many 
excellent linear models textbooks are based on 
examples in industry or business and marketing 
where the assumption of :fixed X is commonly 
met, so the issue X being random is not discussed 
in detail. Also, biologists seem prima口ly inter­
ested in the test ofthe Ho that ß

1 
equals zero. Since 

the test is identical for OLS regression of Y on X 

and X on Y , and both are identical to the test that 
the correlation coefficient (ρ) equals zero, then it 
essentially does not matter whether OL5 or RMA 
regression is used for this purpose. Biologists less 
commonly compa四 their estimates of 卢1 with 

O 

and 卢1 are those that minimize the sum of abso­
lute values ofthe residuals 

。

2 3 
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1.e 

other values , so underestimating the true slope 
may not be costly 

Predicted value Log clump a陪a

o -1 
0 

2 

(5.24) 

rather than the sum of squared residuals (:2:7=le?) 
as in OLS. By not squaring the residuals. extreme 
observations have less intluence on the fitted 
model. The difficul可 is that the computations of 
the LAD estimates for ßo and 卢1 are more complex 
than OL5 estimates , although algo口thms are 
available (Birkes & Dodge 1993) and robust regres­
sion techniques are now common in sta tistical 
software (often as part ofnonlinear modeling rou­
tines) 

M-estimators 
These were introduced in Chapter 2 for estimating 
the mean ofa population. In a regression context, 
M-estimators involve minimizing the sum of some 
function of ej , with OLS (minimizing 2:7=lej

2) and 
LAD (minimizing 2:;~11 e; 1) simply being special 

主|飞|=Z|(Yt yl) 5.3.15 Robust regression 
One ofthe limitations ofOL5 is that the estimates 
of model parameters , and there岛re subsequent 
hypothesis tests, can be sensi tive to dist口butional
assumptions and affected by outlying observa­
tions , i.e. ones with large residuals. Even general. 
ized linear model analyses (GLMs; see Chapter 13) 
that allo飞ltI other distribu tions for error terms 
besides normal, and are based on ML estimation , 

are sensitive to extreme observations. Robust 
regression techniques are procedures for 且ttlllg

linear regression models that are less sensitive to 
deviations of the underlying distribution of errOI 
terms 仕om that specifi时， and also less sensitive 
to extreme observations (Birkes & Dodge 1993) 

Least absolute deviations (LAD) 
LAD. sometimes termed least absolute residuals 
(LAR; see Berk 1990), is where the estimates of ßo 
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large, and the usual ca1culations for standard 
errors , confidence intervals and hypothesis 
testing may not be valid (Berk 1990). Resampling 
methods such as bootstrap (Chapter 2) are prob­
ably the most reliable approach (Wilcox 1997) 

Rank-based ("non-parametric") regression 
币1is approach does not assume any specific distri 
bu口on of the error terms but still fits the usual 
linear regression model. This approach might be 
particularly useful if either of the two variables is 
not normally distributed and nonlinearity is 
evident but transformations are either ineffective 
or misrepresent the underlying biological 
process. The simplest non-parametric regression 
analysis is based on the In(n -1)112 OLS slopes of 
the regression lines for each pair of X values (the 
slope for YtXt and Y2飞， the slope for YZx2 and Y3X3' 

the slope for Y,', and Y3鸟 ， etc.). The non-paramet­
ric estimator of β1 (b,) is the median of these 
slopes and the non-parametric estimator of ßo 仙J
is the median of a11 the Y

j 
- b1xi 

di他rences (Birkes 
& Dodge 1993, Sokal & Rohlf1995 , Sprent 1993). A 
t test 岛rβ1 based on the ranks of the Y-values is 
described in Birkes & Dodge (1993); an aiternative 
is to simply use Kendall's rank correlation coeffi­
cient (Sokal & Rohlf 1995) 

Randomization test 
A randomization test ofthe Ho that β'1 equals zero 
can also be constructed by comparing the 
observed value ofb1 to 吐血 distribution ofb1 found 
by pairing the Yi and Xj values at random a large 
number of times and calrulating b1 each time 
(Manly 1997). The Pvalue then is the % ofvalues of 
b1 from this distribution equal to or larger than 
the observed value ofb, 

5.4 I Relationship between 

I regression and correlation 

The discussion on linear regression models when 
both Y and X are random variables in Section 
5.3.14 indicated the close mathematical and con­
ceptual similarities between linear regression and 
correlation analysis. We will formalize those sim 
ilarities here. summarizing points we have made 
throughout this chapter. The population slope of 

二

the linear regression ofY on X (β阻) is rela ted to the 
correlation between Y and X (Py,) by the ratio of 
the standard deviations ofY and X 

βσY 
YXρ曰:了

UX 
(5.25) 

Therefore. the OLS estimate ofβ1 仕om the linear 
regression model for Y on X is 

b 二 rfz
YX 'YX .. 

"X 
(5.26) 

The equivalent relationship also holds for the pop­
ulation slope of the linear regression of X on Y 
with the ratio of standard deviations reversed 
τhere岛re the sample correlation coefficient 
between Y and X can be caiculated 仕om the stan 
dardized slope of the OLS regr毛ssion of Y on X 
(Rodgers & Nicewander 1988) 

These relationships between regression slopes 
and correlation coefficients result in some inter­
esting equivalencies in hypothesis tests τ'I1e test 
of the Ho that 卢四 equals zero is also identical to 
the test of the Ho that ßxy equals zero , although 
the estimated values ofthe regression slopes will 
clearly be differentτ'I1ese tests that ß口 orβn

equal zero are also identical to the test of the Ho 
that 内χequals zero. i.e. the test of the OLS regres. 
sion slope of Y on X is identical to the test of the 
OLS regression slope of X on Yand both are iden­
tical to the test of the Pearson correlation coefj且­
cient between Y and X, although neither 
es包mated value of the slope will be the same as 
the estimated value of the correlation coef1白cient
The sample correlation coefficient is simply the 
geometric mean of these two regression slopes 
(Rodgers & Nicewander 1988) 

Y二±呱司XY (5.27) 

Simple correlation analysis is appropriate when 
we have bivariate data and we simply wish to 
measure the strength of the linear relationship 
(the correlation coefficient) between the two vari­
ables and test an Ho about that correlation coeffi­
cient. Regression analysis is called for when we 
can biologically distinguish a response (y) and a 
predictor variable (X) and we wish to describe the 
岛nn ofthe model relating YtoX and use our esti 
mates ofthe parameters ofthe model to predict Y 
丘omX

豆豆T王moothing

世le standard OLS regression analys阻， and the 
robust regression techniqu凹， we have described 
in this chapter speCl命 a particular model that we 
fit to our data. Sometimes we know that a linear 
model is an inappropriate description ofthe rela­
tionship between Y and X because a scatterplot 
shows obvious nonlinearity or because we know 
theoretically that some other model should apply 
other times we simply have no preconceived 
model. linear or nonlinear, to fit to the data and 
we simply want to investigate the nature of the 
relationship between Y and x. In both situations , 

we require a method for 且tting a curve to the rela 
tionship between Y and X that is not restricted to 
a spec迫c model structure (such as linear) 
Smoothers are a broad class of techniques that 
describe the relationship between Y and X. etc., 

with few constraints on the form the relationship 
might take (Goodali 1990, Hastie & Tibshirani 
1990). The aim of the usual linear model analysis 
is to separate the data into two components 

model + residual (error) (5.28) 

Smoothing also separates data into two compo­
nents 

smooth 十 rough (5.29) 

where the rough component should have as little 
information or structure as possible (Goodall 
1990). The logic of smoothing is relatively simple 

• Each observation is replaced by the mean or 
the median of surrounding observations or the 
predicted value 仕om a regression model 
through these local observations 

• The surrounding observations are those within 
a window (sometimes termed a band or a 
neighbourhood) that covers a range of observa­
tions along the X-axis and the X-value on 
which the window is centered is termed the 
target τhe size of the window, i.e. the number 
of observations it includes. is determined by a 
smoothing parameter for most smoothers 
(Hastie & Tibshirani 1990) 

• Successive windows overlap so that the result­
ing line is smooth 

SMOOTHING 

• The mean or median in one window are not 
affected by observations in other windows so 
smoothers are robust to 四treme observations 

• Windows at the extremes of the X-axis often 
extend beyond the smallest or largest X-value 
and must be handled differently (see Section 
5.5.5) 

Smoothing 白1nctions are sometimes termed 
non-parametric regress旧时; here , non-parametric 
refers to the absence of a specified form of the 
relationship between Y and X rather than the dis­
tribution of the error terms from the 且t of a 
model. Smoothing functions don't set any specific 
conditions for Y or X. For example , the observa­
tions may come from ajoint distribution ofY and 
X (both Y and X random) or X may be considered 
缸ed (Hastie & Tibshirani 1990)τhere are numer 
ous varieties of smoothers and our descriptions 
are based on Goodall (1990) and Hastie & 

Tibshirani (1990)。

5,5.1 Running means 
A running (moving) means (averages) smoother is 
determined 企om the means of all the obse凹a­

tions in a window. Each window is centered on the 
target X-value and the remaining X-values 
included in the window can be determined in two 
ways: (i) including a 直xed number of observations 
both sides ofthe target X-value , or (ii) including a 
fixed number of nearest observations to the target 
X

j 
irrespective of which side of the target they 

occur (Hastie & Tibshirani 1990, Neter et al. 1996) 
The latter tend to perform better (Hastie & 

Tibshirani 1990), especially 画or locally weighted 
smoothers (see Cleveland's Loess below). Note that 
any observation might be included in a number of 
neighbouring windows. Using running medians 
instead of means makes the smoothing more 
resistant to extreme observations , i.e. more robust 
(Figure 5.21(a,b)). Running means or medians have 
been used commonly for analyzing data 仕om
simple time series (Diggle 1990), al吐lOugh the 
resulting line is rarely smooth (Hastie & 

Tibshirani 1990) 

5.5.2 LO(W)ESS 
A simple modification of running means or 
medians is to ca1culate the OLS regression line 

107 
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generalized additive modeling (G剧; see Chapter 
13). Lower variance will result in predictions 仕om
such models being more precise. Trexler & Travis 
(1993) recommended the approach of Cleveland 
(1994) 岛r Loess smoothing whereby the smooth­
ing parameter (window-size) is as large as possible 
without resulting in any relationship between the 
residuals and X. In Qllr experience, such a relation­
ship is not common irrespective of the value of 
the smoothing parameter 50 this recommenda­
tion does not always work. Since smoothers are 
most commonly used as an exploratory tool 
rather than for model-fitting, we recommend 
trying different values of smoothing functions as 
part of the phase of exploring patterns in data 
before formal analyses 

A second Îssue Îs what we do when the end. 
points (the smallest and largest X-values) are the 
targets , because their windows 飞盯11 usually 
exceed the range of the data. Goodall (1990) sug­
gestl巳d a step-down rule so tha t the wτndow size 
decreases as the largest and smallest X-values are 
approached. although he emphasized that defini­
tive recommendations are not possible 

In summary, smoothing functions have a 
number ofapplications. First , they are very useful 
for graphically describing a relationship between 
two variables when we have no spedfic model in 
mind. Second, they can be used as a diagnostic 
check of the suitability of a linear model or help 
us decide which form of nonlinear model might 
be appropriate. Third, they can be used for model­
ing and prediction, particularly as part of general­
ized additive models (Chapter 13) 

Since Hos about individual correlation and regres­
sion coefficients are tested with t tests , power cal­
culations are relatively straightforward based on 
non-central t dist口butions (Neter et al. 1996; see 
also Chapters 3 and 7). In an a p时0时 context， the 
question ofinterest is "How many observations do 
we need to be confident (at a specified level, i.e 
power) that we will detect a regression slope of a 
certain size if it exists , given a preliminary esti 
mate ofσ."，27" Equivalent questions can be phrased 

within each window) , are defined by the user. 
Kernels are not often used as smoothers 岛r estl 
mating the relationship between Y and X but are 
use归1 as more general univariate or bivariate 

density estimators 
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5.5.5 Other issues 
All the above smoothers describe the relationship 
between Y and X, and a predicted Y.咀lue (y;) can 
be determined for each 引 ηlerefore， residuals 
(y, _ y;) can a1so be calculated for each observation , 

and are produced 仕-om some statistical software 
咀lese residuals can be used in a diagnostic 
fashion to assess the fit ofthe smooth to the data , 

similar to the methods described in Section 5.3.10 
for OLS linear regression. In particular, large 
residuals might indicate influential obse凹atlOns.

although most smoothing techniques are consid­
ered robust to outliers because the components of 
the smoother are fitted to local observations 
within windows. Also. standard errors for 5\ can be 
determined using bootstrap techniques (E仕on & 
Tibshirani 1991; Chapter 2) and hypotheses about 
Yi tested with randomization procedures (Chapter 
3) 

τ'here are several important issues related to 
the practical application of all the smoothers 
described here. First, whichever smoothing 
method is used , an important deci日on for the 
user is the value for the smoothing parameter, i.e 
how many observations to include in each 
window. Hastie & Tibshirani (1990) have discussed 
this in some detail. Increasing the number of 
observations in each window (larger smoothing 
parameter) produces a flatter and "smoother" 
smooth that has less variability (Figure 5.21(a ,c)) 
but is less likely to represent the real relationship 
between Y and X well (the smooth is probably 
biased). ln contrast，也wer observations in each 
window (smaller smoothing parameter) produces 
a "jerki町 more variable , smooth (Figure 
5.21仙，d)) bu t which may better match the pa ttern 
in the data (less biased). Hastie & Tibshirani (1990) 
have described complex. data-based methods for 
choosing the smoothing parameter (window-size) 
and producing a smooth that best minimizes both 
variance and biasτ'hese methods might be useful 
iflowvariance is importantbecause the smooth is 
being used as part of a modeling process , e.g. 

一J

」

3 

τhe windows are separated at user-defined break 
points termed knots and the polynomials within 
each window are forced to be continuous between 
windows , i.e. two adjacent polynomials join 
smoothly at a knot (Hastie & Tibshirani 1990). The 
computations are complex and a rationale for the 
choice ofthe number ofknots , that wil1 influence 
the shape ofthe smooth , is not obvious. Our expe­
rience is that regression splines are less useful 
than Loess smoothers as an exploratory tool fOI 
bivariate relationships 

5.5 .4 Kernels 
We have already discussed kernel 且lnctlOns as 
non-parametric estimators ofunivariate (ChapteI 
2) and bivariate (Section 5.1.3) probability densi可
functions. Hastie & Tibshirabni (1990) also 
described a kernel smoother for Y versus X rela 
tionships. Within a window, observations are 
weighted based on a known function (e.g. normal 
distribution) , termed the kernel, so that the 
weights decrease the further the observation is 
from the targetX-value Uust like in Loess smooth 
ing). The estimated smoother results from the 
means ofthe Y-values within each window. Again , 

a smoothing parameter sets the size of the 
windowand this, along with the kernel (the func­
tion that sets the weights of the observations 
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within a window and 四place

the observed Y; with that pre­
dicted by the local regression 
line for the target X-value. A 
modification of this approach 
is locally weighted regression 
scatterplot smoothi吨怔.oess

or Lowess; Cleveland 1979, 

1994; see Figure 5.21). Here , the observations in a 
window are weighted dif坠rently depending on 
how far they are 仕om the target X-value using a 
tri-cube weight function (see Hastie & Tibshirani 
1990 and Trexler & Travis 1993 岛r details). In 
essence, observations 且lrther from the target X­
value are down飞"，eighted compared with values 
c10se to the target X-value (Gooda1l 1990). Further 
refinement can be achieved by repeating the 
smoothing process a number of times during 
which observations with large residuals (differ­
ence between observed Y, and those predicted by 
the smooth) are downweightedτ'he final Loess 
smooth is often an也cellent representation ofthe 
relationship between Y and X, although the 
choice of smoothing parameter (window size) can 
be important for interpretation (see Section 5.5.5) 
A related smoother is distance weighted least 
squares (DWLS) that also weights observations diι 
ferentlywithin each window. DWLS is slightly less 
sensitive to extreme observations than Loess for a 
given smoothing parameter. 

5, 5.3 Splines 
Splines approach the smoothing problem by 
fitting polynomial regre皿ions (see Chapter 6) , 

usually cubic polynomials , in each window. The 
final smoother is termed a piecewise polynomial 
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for correlation coefficients. As always with power 
analyses , the difficult part is determining what 
effect size , e.g. size of regression slope , is impor­
tant (see Chapter 7) 

5,7 General issues and hints for 

analysis 

5.7.1 General issues 
• Estimating and testing correlations are 

straightforward for linear (straight-line) rela­
tionships. Use robust methods (e.g. non-para­
metric) ifrelationships are nonlinear but 
monotomc 

• Classicallinear regression models 直tted byOLS 
assume that X is a 且xedva口able (Modell). ln 
biology, both Y and X are usually random 
(Model 11) and alternative methods are avail­
able for estimating the slope. Even with X 
random, predictions and tests of hypotheses 
about the regression slope can be based on 
Modell analyses 

• The null hypothesis that the slope of the 
Model 1 regression equals zero can be tested 
with either a t test or an ANOVA F-ratio test 
The conclusions will be identical and both are 
standard output from statistical software 
These are also identical to the tests ofthe null 
hypotheses that the correlation coef:且cient

equals zero and the slope of the RMA (Modelll) 
regression equals zero 

·τhe standardized regression slope provides a 
measure ofthe slope ofthe linear relationship 
between the response and the predictor vari­
able that is independent oftheir units 

·τhe assumptions oflinear regression analysis 
(normality, homogeneity ofvariance, indepen­
dence) apply to the error terms 仕om the model 
and also to the response variable. Violations of 
these assumptions , espe口ally homogeneity of 
variances and independence , can have impor~ 
tant consequences for estimation and testing 
of the linear regression model 

• If transforma tions are inefj也ctive or inapp1ica­
ble , robust regression based on M-estimation Or 
on ranks should be considered to deal with 
outliers and influential observations 

• Smoo吐11日E 臼nctions are very useful 
exploratory tools , suggesting the type ofmodel 
that may be most appropriate for the data , and 
also for presentation, describing the relation­
ship between two variables without being COfl­
strained by a specific model 

5.7.2 Hints for analysis 
• Tests of null hypotheses for non-zero values of 

the correlation coefficient are tric均 becallse

of complex distribution of r; use proced l1res 
based on Fishers's z trans岛rmation

• A scatterplot should always be the first step in 
any correlation or simple regression analysis 
When used in conjunction with a smoothing 
function (e.g. Loess) , scatterplots can 
reveal nonlineari叨， unequal variances and out 
liers 

• As always when 且tting linear models , use diag. 
nostic plots to check assumptions and ade-
quacy of model 且t. For linear regression, plots 
ofresiduals against predicted values are valu­
able checks 击。r homogeneity ofresidual vari-
ances. Checks for autocorrelation , especially if 
the predictor variable represents a time 
sequence , should also precede any formal 
analysis. Cook's D, statistic (or DFITS,) is a valll' 
able measure ofthe influence each observation 
has on the fitted model 

• Trans岛rmations of either or both variables 
can greatly improve the fit oflinear r巳gresslOll

models to the data and reduce the influence of 
outliers. Try transforming the response vari-
able to correct for non-normali可 and unequal 
variances and the predictor if variances are 
already roughly constant 

• Think carefu11y before using a no-intercept 
model. Forcing the model through the origin 
is rarely appropriate and renders measures of 
fit (e.g. r') difficult to interpret 

Chapter 6 

Multiple and complex regression 

In Chapter 5, we examined linear models with a 
single continuous predictor variable. In this 
chapter, we will discuss more complex models, 

including linear models with multiple predictor 
variables and models where one predictor inter­
acts with itself in a polynomial term , and also 
nonlinear models. Note that this chapter will 
assume that you have read the previous chapter 
on bivariate relationships because many aspects 
ofmultiple regression are simply extensions from 
bivariate (simple) regression 

6, 1 Multiple linear regression 

analysis 

A common extension of simple linear regression 
is the case where we have recorded more than one 
pr哩dictor variable. "When a11 the predictor vari­
ables are continuous, the models are referred to as 
multiple regression models. 'When a11 the predic­
tor variables are catego口cal (grouping va口able叶，
then we are dealing with analysis of variance 
(ANOVA) models (Chapters 8-11). The distinction 
between regression and ANOVA models is not 
always helpful as general linear models can 
inc1ude both continuous and categorical predic­
tors (Chapter 12). Nonetheless , the terminology is 
entrenched in the applied statistics , and the bi萨
logical, literature. We will demonstrate multiple 
regression with two published examples 

Relative abundance of C
3 

and C, plants 
Paruelo & Lauenroth (1996) analyzed the geo­
graphic distribution and the effects of climate 

variables on the relative abundance of a number 
ofplant functional types (PFfs) including shrubs , 

forbs , succulents (e.g. cacti) , c
3 

grasses and c
4 

grasses. The latter PFTs represent grasses that 
utilize the C from the atmosphere di他rently in 
photo巧rnthesis and are expected to have different 
responses to cO

2 
and climate change τ'hey used 

data 仕'Offi 73 sites acrQSS temperate central North 
America and calculated the relative abundance of 
each PFT, based on cover. biomass and primary 
production , at each site. These relative abundance 
measures for each PFT were the response vari­
ables.τhe predictor variables recorded for each 
site included longitude and latitude (centesimal 
degrees) , mean annual temperature (oC). mean 
annual precipitation (mm) , the proportion ofpr• 
口pitation falling in winter between December 
and February, the proportion of precipitation 
falling in summer between ]une and August, and 
a categorical variable representing biome (one 岛I

grassland , two for shrubland). The analyses of 
these data are in Box 6.1 

Abundance ofbirds in forest patches 
Understanding which aspects of habitat and 
human activi可 affect the biodiversit:y and abun­
dance of organisms within remnant patches of 
forest is an important aim of modern conserva 
tion biology. Loyn (1987) was interested in what 
characteristics ofhabitatwere related to the abun 
dance and diversi可 of forest birds. He selected 56 
forest patches in southeastern Victoria, Australia , 

and recorded the number of species and abun 
dance offorest birds in each patch as two response 
variables τhe predictor variables recorded for 
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由eir analyses. One group included U\T and LONG and the other included 
MAP. MA飞 l忡忡AP and DJFMAP' We will focus on the relationship between 
log-transformed 陀lative abundance of C3 plants ar 才 latitude and longitude 
We frtted a mu忧iplicative model including an interaction term that measured how 
the 陀lationship between C3 plants and lat比ude could vary with longitude and vice 

versa 

Box 6.1 I Worked example of multiple linear regression: 
relative abundance of plant functional types 

Paruelo & Lauenroth (1996) analyze 才 the geographic distribution and the e忏ects of 
clirηate variables on the relative abundance of a number of plant functional types 
(PFTs) including shrubs, fo巾， succulents (e.g. cadi) , C3 grasses and C4 grasses 
The陀 were 73 sites across North America. The variables of Înte陀st are the 陀la­

tive abunda门ce of C3 plants, the 国itude in centesimal degrees (LÞ句， the longitude 
In cent，凹mal deg陀es (LONG) , the mean annual p吧。pitation in mm (MAP) , the 
mean annual temperatu陀 in oc (问Aη，由e propo时ion ofMAP that fell in June ， Ju片

and August (JJAMAP) an 才 the propo时ion of MAP that fell in December; January 
and February (DJFMAP). The relative abunda门ce ofC3 plants was positi咀Iy skewed 
a扫 d transformed to 10g lO + 0.1 (log 10C3) 

A corr芭latlc 门 matrix between the predi口or variables indicated that some p陀
dictors are strongly correlated 

(log,oC3), ~β。 +ß, (LAT), + ß,(LONG), +β3(LAT X LONG)，十〈

Coefficient P 

Intercept 
LAT 
LONG 
LATxLONG 

Estimate Standard Tolerance 
error 
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Note the very low tolerances Indicating high correlations 七 etween the predic­

tor variables an 才 their interactions. An in 才 ication of the e忏ect of 巳ollinearity is that 
ifwe omit 协e interactic 门 and 陀「此 the model, the pa门 ial reg吧ssion slope for latl­

tude changes 到gn.We 陀frt士edt扣 e multiplicative model after centring both LAT and 

LONG 

LAT LONG MAP MAT W'问 AP DJFMAP 

u气T 1.00 
LONG 0.097 1.000 
MAP 一 0.247 0.734 1.000 
MAT 一 0.839 0.2 13 0.355 1.000 
VAMAP 0.074 0.492 。 112 0.081 1.00口
DJFMAP 0.065 0.771 -0.405 0.001 一0.792 1.00 

Note the high correlations between LAT and MAT, LONG and 问AP. and 
JjAMAP and DJFMAP. suggesting that collinearity may be a problem with this ana作
SIS. 

With six predictor variables, a linear model with all possible interactions would 
have 64 model terms (plus an intercept) induding four二，fI'Ie- and six-way interac-
tions that are extremely difficult to interpret. As a flrst pass, w巳 fìtted an additive 
model 

(log roC3)j =βρ+卢， (LA乃1 十βi(LONG)，十β3(问AP)+β'4(MAl丁1 十β's (JJAMAP)，十
β'，(DJF问AP\+ξ

Coefficient Estimate Standard Standardized Tolerance P 
err。 coeffi仨'e门t

Intercept 一 2.689 1.231 。 一2.170 。 034
LAT 0.043 0.010 0.703 。 285 4.375 <0.001 
LONG 0.007 0.010 0.136 。 190 0.690 0.942 
MAP <0.001 <0.001 。 181 0.357 1.261 0.212 
MAT 0.001 0.012 -0.012 0.267 0.073 0.942 
JjAMAP 一0.834 0.475 -0.268 0.3 16 -1.755 0.084 
DJF叫AP -0.962 0.716 -0.275 。 175 - 1.343 0.184 

Coefficient P Estimate Standard Tolerance 
error 

Intercept 
U气T

LONG 
LATXLONG 

凹
阳m
m

nunununu 3g32 EJ41nunu 500o nunununu 
20.130 

8.483 
0.597 
2.572 

<0.001 
<0.001 

0.552 
0.012 

900 282 898 nununu 

Nowt卡 e collinearity problem has disappeared. Diagnostic checks of廿 e model 
did not reveal any outliers nor influential '1alues. The boxplot of residuals was rea­
sonably symmetrical and although there was some heterogeneity in sp陀ad of陀sid­

uals when plotted ag副nst p陀dicted values. and a 450 line 陀presenting sites with 
zero abundance of C3 plants，由 is was not of a form that could be simply corrected 

(Figu陀 6.2)

The estimated partial 陪:gression slope for the interaction hasn't changed and 
we would reject the Ho that the陀 is no interactive e忏"ect of latitude and longitude 
on log-transíorme 才 relative abu门dance of C3 plants. This interaction is e'lident ìn 
廿eD、 LS smoother íitted to the scatterplot of 陀lative abunda 气 :e of C3 plants 

against latitude a世 long山de (Figure 6.1 1). If íurther inter~陀tation of this interac 
tion is required. we would then calculate simple 510阳伽陀lative abun由nce of C, 
plants against latitude fc 户 speCl白c values of longitude or vice versa. We will illustrate 

the simple slopes analys↓sw协 L町n's (1987) 由国 in ßox 6.2 
Out of intere5t. we also ran t节 full model with all six p陀dictors through both 

a forward and backwa时 selection routine íor stepwise mu h: i内 reg陀目ion. For both 
met扣 ods ， the slgniflca门ce level for entering and 陀moving terms based on partial F 
statistics was set at 0.15 

It is cle盯 that collinearity is a problem with tolerances for tWQ of the 
p陀 dictors (LONG & DjFMAP) approaching 0.1 

Paruelo & Lauenroth (1996) separated the predictors into two groups for 
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Coefficient 

The backwa时 selection is as follows 

P Estìmate 5恒nda时 error

JJAMAP 
DJF刊AP
LAT 
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Ill-nu -- 0.433 
0.486 
0.005 

-2.3 14 
-2.070 

8.033 

0.024 
0.042 

<0.001 

Coefficient 

The fo r..vard selection is as follows 

P 

MAP 
LAT 

Estimé阳 Standa时 error

<0.001 
0.005 

0.070 
<0.001 

1.840 
66.3 19 

<0.001 
0.044 

Note the marked diffe陪nce in the fìnal model chosen by the two methods, 

with only Jatitude (LA1) in common 
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6.1.1 Multiple linear regression model 
Consider a set of i = 1 to n observations where each 
obseIVation was selected because of its specific 

X-values , i.e. the values of the p (j = 2 to p) predic­
tor variables Xl'凡，乓 Xp were 且xed by the 
investigator, whereas the Y-value 置。r each observa­

tion was sampled 仕om a population of possible 
Y-values. Note that the predictor variables are 
usually random in most biological research and 
we will discuss the implications of this in Section 
6.1.17. The multiple linear regression model that 
we usually fit to the data is 

Yj = 卢。+自1χj1 +ß2Xi2 +...+ 鸟乌 +...+ßpχJε1
(6.1) 

τ'he details ofthe linear regression model. inc1ud 
ing estimation of its parameters , are provided in 
Box 6.3 

For Loyn's (1987) data, p equals six and a linear 
model with all predictors would be 

(bird abundance), =卢。+β， (patch area), + 
β，(years isolated), +β3(nearest patch distance)i + 
ß4(nearest large patch distance), + 

β5(stock grazing), +β6(altitude)， +', (6.2) 

Using the data 仕om Paruelo & Lauenroth 
(1996) , we might fit a model where p equals two to 
represent geographic pattern ofC3 grasses 

(relative abundance of C3 grasses)i =β。+

β，(latitude)， + ß ,(longitude), +ε(6.3) 

A multiple regression model cannot be repre­
sented by a two-dimensional line as in simple 
regression and a multidimensional plane is 
needed 仰伊re 6.1). We can only graphically 
present such a model with two predictor variables 
although such graphs are rarely included in 

research publications 
Note that this is an additive model where all 

the explained variation in Y is due to the additive 
effects of the response variables. This model does 
not allow for interactions (multiplicative effects) 
between the predictor va口ables ， although such 
interactions are possible (even likely) and will be 
discussed in Section 6.1.12 

We have the following in models 6.1 and 6.3 

Yi is the value ofY for the ith observation 

when the predictor variable X1 equalsχil' Xz 
equals XîZ ' 乓 equals 勺， etc 

声。， β" ß" 吗 etc. are POpt归tlOn paramete且

also termed regression coefficients, where 
ßo is the population intercept, e.g. the true 

mean value ofthe relative abundance ofC3 
grasses when latitude and longitude equal zero 

卢， is the population slope for Y on X, holding 
XZ' X3, etc., constant. It measures the change in 
relative abundance ofC3 grasses for a one 
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泪。'X 6.21 Worked example of multiple linear regression: 
二 I abundance of birds in forest patches 

:í.oyn (198乃 selected 56 forest patche5 in 四uthe四ern Victoria, Au5l:ra!ia, and 
陀lated the abundance of forest bi时5 in each patch to six P陀di吐。r variables: patch 

寻 area (h功， distance to neare筑阳ch (km). di51ance to neare51 larger patch (km) , 
grazing 510ck (1 to 5 indicating lightto heavy), altitude (m) and y'田r5 since isolation 
(years). Th陀e ofthe p陀d口町 vana刨e5 伽atch area, distance to nea陀51 patch 时

dist, distance to nearest larger patch or Id同 we陀 highly skewed, producing obser 

vations w比h high leverage , 50 these variables we陀 transformed to loglO' A corre­
lation matrix indicated 50me moderate correlation5 between p陀dicto巧， especially 
oeween loglo dist and Jog 1o Idist, loglo area and graze , and graze and ye盯S

Log1o dist Log1o Idist Lmr 臼"a陀a GrazÎng Altitude Years 

Log 10 dist 1.000 

LL。。EE lo l d st 0.604 1.0α3 

10 ar它g 0.302 0.382 1.0∞ 
Grazing -0.143 0.034 0.559 1.000 
A忧阳才e -0.219 -0.274 0.275 -0.407 1.000 
Years 0.020 0.161 0.278 0.636 一 0.233 l ∞o 

As for the data 5et from Paruelo & Lauenroth (1996), a multiple linear 陪Z陀S

sion model 陀 ating abundance of forest bi时5toalls以 predictor variables and their 
interactions would have 64 terms plus an intercept. and would be unwieJdy to inter-
pret. 50 an additive model was frtted 

(bi时 abundance)， ==β。 +βI (log1o a陀a)， +β'，(log lO d旺)， +β3(log ， o Id叫t 十

.ß,(grazing), +β'5(a比itude)， +β'6(years)i +气

Estimat巳 Standa时 Stand臼吐ized Toler百ιe P 
eγ旷 coefficient 

Jnte陀ept 20.78, 8.285 O 2.50, 0.015 
loglo area 7.470 1.465 0.565 0.523 5.099 <0.001 
loglo dist -0.907 2.676 -0.035 0.604 -0.339 0.736 
loglo Idist -0.648 2.123 一0.035 0.498 一0.305 0.761 
G目ZJng 一 1.668 0.930 一0.229 0.396 1.793 0.079 
剧titude 0.020 0.024 0.079 0.681 0.814 0.4 19 
Y邸旷S 0.074 0.045 -0.176 0.554 -1.634 0.109 

Diagnostic checks of t咀 model did not reveal any outliers or Înfluential values 
The response varia刨e (bird abuηdance) was 们 ot skewed, the boxplot of residuals 
was 陀asonably symmetrical an 才 although there was 50me heterogeneity of sp陀ad

of陀S 才 uals when plotted against predicted values, this was not of a form that could 

be simply corrected (F也ure 6.3). The 卢 was 0.685, indicating由at about 69% of the 
variation in bird abundance can be explained by this combination of p陀d目。rS

Note that ♂ one of the tolerances were very low suggesting that despite some cor 
relations among the p同dictors， collinearity may not be a se 门 ous issue for this data 
set The陪 was a signifìcant positive paJ内al regression slope for bird abundance 
against loglo ar陀a. No other partial 陀gression slopes were signifìcant 
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Source df 问5 F P 

Regression 
Residual 

6 
49 

723.5 13 
40.752 

17.754 <0.001 

丁he Ho that all par也a! reg陀ssion slopes equal zero was al50 r可ected

Now we will fìt a second model to investigate possible interactions between 

p陀才 ictor variables. A model with six predictors plus interactions IS U 气时 eldy 50 we 

will simplify the mo 才 el flrst by omi吐ing those predictors that cont广ib旺ed lit甘 e to 

the original model (log1o dist, loglo Idist, altitL 才的 The fìrst tWQ 呐 ere correlated with 

each other and 叭 th loglo area an川a邮y. R阳e副白阳阳刷t杜四t妇加l旧吨n吨gth阳ea甜ddi创l巾tlV啤em阳C 才划el

pr陀edictor陌soml肚t忧ted changed the estimated 陀g陀s白51旧。n slope自50ft协he r，陀emaln川l盯ngterms

only 5纣l悔唱h阳t甘|阳严 S孔阳ug钮ges.乳由ting t白ha芷t an町y bia击5 in the es抗由tlma且te曰5 of the 陀maining predi 吐。rs

from omitting other p陀dictors is 5mall. This leaves us with a model with three pre­

dicto内 and their interactions 

(七 rd abundance), =β。+卢I (loglo a町a)， +β~2(graz吨.)， +βJ(years)，十
ß

4
(log10 area X g田Ing)， +β!s(log 1o area X ye盯5) ， +卢'6(grazing X year5)，十

β'7(log ， O area X grazing X years)，十 E，

Tol巳rance valu巳s were unaιceptably low (all <0.10) unl巳55 the predictor vari 

ables were center，巳d so the model was based on c巳ntered predictors. 

Estimate Standard Standa时ized Tolerance P 
er和nr coefficient 

Inte陀ept 22.750 1.152 。 19.755 <0.001 

Log1o a同a 8.128 1.540 0.615 0 .373 5.277 <0.001 

Grazing 2.979 0.837 0 .408 0.386 - 3.560 0.001 

Years 0.032 0.057 0.076 0.280 0.565 0.574 

Log ,c areaX 2.926 0.932 0.333 0 .450 3. 141 0.003 

Grazing 

Log1ü area X O.l ï3 0.063 0.305 口 411 -2.748 0.008 

Years 

Grazing X Years 0.101 0.035 0 .343 0.362 2.901 0.006 

Log c areaX 0.011 0.034 一0.037 0.397 。 329 0.743 

Grazing X Years 

The three-way interaction was not signifìcant 50 we will fOCU5 on the two-way 

interactlo刊s. The log_o a陀aX 目~azlng te阿n indicate5 how much the effect of grazing 

on bird density depend5 on log , o a陀a. Thi5 interaction i5 signifìcant 50 we might 

want to look at 到mple effe口:5 of grazing on bird den5ity for di开e陀nt values of loglo 

area. We chose mean log , o area (0.932) ::::t one standard deviation (0.120. 1 ]44) 

Because the three-way interaction was not signifì们cant 、Ne 51mply set year5 Slnce 150 

lation to its mean value (33.25). We could al50 just have ignored ye盯5 since isola 

tion and calculated simple slopes a5 for a two pr时Ictor mc 才 el and got similar 

pa忧erns. The simple slopes ofbird abundance against grazing for different 10g,Q ar毛a

values and mean of years since isolation were as follow5 
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Log ,o area Simple slopes 5国ndard erγor Standardized 卦。pe P 

0.120 
0.932 
1.744 

593 570 396 510 •-- <0∞ i 
0.001 
0.558 

1.223 
0.837 
1.024 

-0.734 
-0.408 
• 0.083 

-4.377 
-3.5 6 口

甲0.5 89

Aswep阳dicted ， the negative e俗口 ofg旧zingon bi时 abund刮目 15 strong旷 In

small fragment5 and there is no relationship between bird abu 才 dance and grazing 

in the largest fragmen毡，

Box 6.31 The multiple linear regression model and its 

parameters 

Consider a set of i = 1 to n observations \'，巾ere each obse川 atlo门 was selected 

becau5e of its 5pecifìc X-values，日 the value5 of the p (j ~ 2. to p) P陀才 Ictor vari­

曲 e5X " X2 ， 引 X
þ 
were 门xed by the investigatc代 whereas the Y-旧 ue for 自由

。bservation wa5 5ampled from a population of p05sible Y-values. The mu忧Ip恒 linear

陀gress 。门 mc 才 el that we usual竹自t to the data is 

只=β。 +βiXrI +βr2.X'2+...+鸟飞 +...+β俨ψ+ 可 (6.1 ) 

In model 6.1 we have the following 

Y1 i5 the value of Y for the 胁。b5ervation when the p陀dictor variable X1 
明uals x, l' X 2. equals Xi2-， 乓 equals xij' etc 

卢。 is the population intercept, the true mean 咀lue of Y when X j equals zero, 

X2 eqυ由 ze叫汽 equ由 zero ， etc 

β1 is the partial pc阳lation regre5sion slope for Y on X1 holdi门gX，.叫， etc., 
constant. It mea5ures the change in Y per un比 change in X

, 
holding the value 

of all other X 旧 iables constant. 
β'2 is the 同时ial population regre55ion 510pe for Y on X2 holding X1, X3, etc., 

constant. It measures the change in Y per unit change in X) holding the value 

of all other χvariables constant. 

玛巴 the partial population 吨阳ion slope for Y on 汽卡。 Iding X l' X2, etc., 
∞nstant; It measures 阳 ch叫e in Y per un旧hange in 汽 holding the 、 alue

of the other ρ1 X-variables constant. 

E, IS rar 才 om or unexplained error associated with the 此h observation. Each 气

measures the di忏"erence between each observed y, and the mean of Y,; the 

la民er 巴 the value of Y, pre 才 icted by the population 陀gress旧 n model, which 

we never know. We assume that when the predictor variable X 1 呵uals X,I' 

只 equals X,2' Xj equals Xr!, etc., these er町 terms are 们 )rmally distributed , 
tr 凹 r mean is zero (E(t') equals zero) an 才 their variance is the same and 巳

de引gnatedσ}. This is the assumption of homogeneity of咀riances. We also 

assume that these 气 terms are independent of, and therefore unco lTelated 

with, each other. These assumptions (normality, homogeneity of variances 

and in 才 ependence) also apply to the response variable Y when the predi吐or

var-iable X r equ白汽 ， X2 equals X， 2' 汽 equals X~ ， etc 
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Fitting the multiple regression model to our data and obt.aining estimates of the 
mc 才 el parameters is an extension of the methods used for simple linear regression, 

although the computations are com同ex. We need to estimate the 阳amete白白90，

反，卢2.β'p and σ乃 of the multip恒 linear 陀gression model based on our random 
sample of n (勺， xj2 ，...， X ，þ ，只，) observation♀ Once we have estimates of the param 
eters, we can determine the sample regression !ine 

9;=b(]+b ,\, +b)x叫十 +bx ,+...+bkx "'0 ' "'I"il ' ....Y' i2 ' .... {\; ....p"ip 

whe陀

9, is the 咀lue of y, for X,1, Xí2,.. _, XiJ....' X
Jþ 

predicted by the 阳ed 陪gression line, 
bo is t 飞 e sample estimate ofβσtheγIntercept， 

b
" 
b2，...， 气， ...bp are the 日mple e豆m且自 olp， .p，.....均 ,Pp' the partial 
regresslon slopes. 

We can estimate 白白e parameters uSlng e比her (ordin盯y) least squar臼 (OLS)

or maximum !ikelihood (ML). If we assume normality, the OLS estimates ofβ。β，.

etc., are the same as the ML estimates. As wfth simple 陀gresslc 门， we will focus on 
OLS estimation. The actual calculations for the OLS estimates of the model param­
eters invo扎 e solving a set of simu忧aneous normal equations, one for each param 
eter in the model, and are best represe 丁 ted with matrix algebra (Box 6.4) 

The OLS estimates ofβσ 卢， .β'2' etc., are the values that produce a 臼m剖e

reg同ssion line (9, = bo + b1x， 1 十 b2xi2 + .. + b/ij + ... + bpxit ) that minimlzes 
2:7"" I (Yi - 9y. These are the sum of the squared de\t咄ions (55) bet飞Neen each 
observed Yi and the value of}飞 predicted by the sample 陀gress mline for each xy 
Each (y, - ý,) is a residual from the 丑忧ed 陀gression plane a 丁 d 陀presents the ver• 

tical distance between the regres到on plane and the τ .yalue for each observation 
(Figure 6.1). The OLS estimate 01σ} (the variance of the model error terms) is the 
臼mple variance of these residuals and i5 the Resid叫 (or Error) Mea门 5qua陀 from

the analysi5 of variance (5e吐ion 6.1 .3) 

， \óe 吃仙
\...'3\'" 

li 
-1.5 .2 

centesima1 degree change in latitude , holding 
longitude constant 

ß
2 

is the population slope for Y on X, holding 
Xl' X

3
, etc., constant. It measures the change in 

relative abundance of C3 grasses for a one 
centesimal degree change in longitude , ho1ding 
1atitude constant 

鸟 is the population slope 自or YonX乓) ho叫Idωm

X I ， X2γ， etc. , constant; it measures the change in Y 
per uni t change in 乓 holding the value of the 
other p -1 X-variables constant 

8 j is random or unexplained error associated 
with the ith observation ofrelative abundance of 
C3 grasses not explained by the model 

←-一矗温. Scatterplot of the log-transformed relat附
abundance of C3 plants against longitude and latitude for 73 
sites from Paruelo & Lauenroth (1996) showing OLS fi口ed

multiple regression linear response surface 

The 山pe parameters (βγβγ ，鸟..... ß,) are 
termed partial regression slopes (coefficients) 
because they measure the change in Y per unit 

change in a particular X holding the other p -1 
X_variables constant. It is important to distinguish 
these partial regression slopes in multiple linear 
regresSlOll 仕om the regression slope in simple 
linear regression. If we 直t a simple regression 
model between Y and just one of the X-variables. 
then that slope is the change in Yper unit change 
in X. ignoring the other p - 1 predictor variables 
we might have recorded plus any predictor var>t
ables we didn't measure. Again using the data 
仕om Paruelo & Lauenroth (1996). the partial 
regression slope of the relative abundance of C3 
grasses against longitude measures the change in 
relative abundance for a one unit (one centesimal 
degree) change in longitude. holding latitude con­
stant. Ifwe f:ìtted a simple linear regression model 
for relative abundance ofC3 grasses against longi­
tude. we completely ignore latitude and any other 
predictors we didn't record in the interpretation 
ofthe slope. Multiple regression models enable us 
to assess the relationship between the response 
variable and each of the predicto凹. adjusting for 
the remaining predictors 

6.1.2 Estimating model parameters 
We estima te the parameters (声。，卢1" ßz-.... ßp and 
σε') ofthe multiple linear regression model, based 

on aur random sample of n (飞， "i2"'" 斗， xip,Yj) 
。bservations. using OLS methods (Box 6.3). The 
fitted regression line is 

.9j 二 bo 十 b1xi1 + b2χi2+" .+乌Xij+...+bpxjp

飞，..，here

Yj is the value ofrelative abundance ofC3 
grasses for Xi1 ' Xí2 ,..., Xij'"'' Xíp (e.g. a given 
combination oflatitude and longitude) 
predicted by the fitted regression model. 

"0 is the sample estimate of ß.. the Y 
mtercept, 

(6.4) 

叭. "2..... 鸟 ， ...bp are the sample estimates of 
β1" β2'" .，鸣，...， β川hepar旧1 regression slopes 
We can a1so determine standardized partial 
regression slopes that are independent ofthe 
units in which the 飞rariables are measured 
(Section 6.1.6) 

τl1e OLS estimates of these parameters are 
the values that minimize the sum of squared 
deviations (SS) between each observed value ofrel-
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ative abundance of C3 grasses and the relative 
abundance of C3 grasses predicted by the fitted 
regression model. This difD甘ence between each 
obse凹ed Yj and each predicted .Yj is called a resid­
ual (e;J. We will use the residuals for checking the 
fit ofthe model to our data in Section 6.1.8 

The actual ca1culations for the OLS estimates 
of the model parameters involve solving a set of 
simultaneous normal equations (see Section 
5.2.3). one for each parameter in the model, and 
are best represented with matrix algebra (Box 6.4) 
τ'he computations are tedious but the estimates , 

and their standard errors , should be standard 
output from multiple linear regression routines 
in your statistical software. Con且dence intervals 
自Of the parameters can a150 be ca1culated using 
the t distribution withη P d f. New Y-values can 
be predicted from new values of any or all ofthe p 
χvariables by substituting the new X-values into 
the regression equation and ca1culating the pre­
dicted Y-value. As with simple regression, be 
careful about predicting from values of any of the 
X-variables outside the range of your data 
Standard errors and prediction intervals for new 
Y-values can be determined (see Neter et al. 1996) 
Note that the confidence intervals 岛r model 
parameters (slopes and intercept) and prediction 
intervals for new Y-values from new X-values 
depend on the number of observations and the 
number of predictorsτbis is because the divisor 
for the MSResidual' and the df for the t distribution 
used 岛r confidence intervals，四"一 (p+1)

Therefore, for a given standard error, our conÍÌ­
dence in predicted Y-values 仕OffiQUr 直tted model 
is reduced when we include more predictors 

6.1.3 Analysis of variance 
Similar to simple linear regression models 
described in Chapter 5. we can partition the total 
variation in Y (SSTotal) into two additive compo­
nents (Table 6.1)τ11e 且rst is the variation in Y 
explained by its linear relationship with X,. X2

• 

X气p. t阳e盯E口rm卫"ed SSR聊"盯m川"
in Y not explained by the linear rela且t1凹onshi甲pW1垃th1 

X,. Xo ••••• X~. termed SSo_.,".._. and which is meas. p' ~_~~H_"， ........Residual 
ured as the difference between each observed v 
and the Y-value predicted by the regression model 
(9,). These SS in Table 6.1 are identical to those in 
Table 5.1 for simple regression models.ln fact. the 
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Box 6.4 1 Matrix algebra approach to OLS estimation of 
multiple linear regression models and 
determination of leverage values 

Consider an additive linear model wit 丁 one 陀sponse variable (Y) and Þ predictor 
var刷出 (X1 ， X2 ， ..Xp) and a sample of n observations. The linear model will have 
p + I parameters, a slope term for each χvariable ar 才 an intercept. Let Y be a 
vector of observed Y-values with n roW5 , Y be a vector of i=它过ictedτvalues with 
n 盯ws and X be an 门 X(p+ 1) mat门 X of the values of the X-variables (one 
X-variable per column) plus a column for the inte陀ept. The linear model can be 
wr陀ten as 

Y=βX+E 

where 卢 15 a ve口旷 of model parameters (ßO'β1"βi~ with þ+ j roW$ and Eis a 
vector of errorterms with n roWS. The OLS estimate ofβcan be found by solving 
the normal equations 

X'Xb=X'Y 

τhe OLS est 节 ate ofβthen is 

b 二 (X'X)叶 (X'Y)

whe陀 b 旧 vector of sample partial regression coeffkients (bσ抖 ，...， bp) with p+ 1 
rows. Note that 饵'X)-I is the inverse of 饵'X) and is cr比ica! to the solution of 
the normal equations and hence the OLS estimates of the parameters. The ca!cu 
lation of this inverse is very sensitive to rounding errors, especially when the陀 are

many parameter乌 and also to correlations (1阳ar depe 丁 dencies - see Rawlings et 
01. 1998) among the X-variables, i.e. coll↑near句 Such cor陀!ations exaggerate the 
rounding errors problem and make estimates of the paramete内 unstable and their 
旧nanc自治rge (see Box 6.5) 

The matrix contai门 ing the variances of, and the covariances between, the 
samp怆 partial 陀gression coeffkients (bo' b l ,. .., bt>) is 

Sb2 = 卜1S阳;rduiX'X) - I 

From the variances of the sample partial regression coeffi也ients， we can calculate 
standa时 errors for each partial 陀gress旧n coeffkient 

We can also c陀ate a matrix H whereby 

H=X(X'X)-IX' 

HisannX 门 matrix ， usually termed the hat matrix, whose ηd旧.gonal elements a陀
!everage values (hJ for each observation (Neter et 01. 1996). These !everage values 
measu町卡 ow far an observation is fr陀 m the means of the X 、 a门ables. We can then 
relate Y to Y by 

y二 HY

50 the hat matrix transforms observed Y into p吨才 Icted Y (Bollen & Jackman 1990) 

们

口
~(9j- 9)' 

Regres引on 2:(引厅 p 
1= 1 

p 
n 

门
~(y， - 9)2 

Residual 2:仇 η2 n-p-I J=I 
门 p-I

n 
丁rotal 三(y，月2 门一|

partitioning of the SSTotal for the simple linear 。 Total

regression model isjust a special case ofthe multi­
ple regression model where p equals one, 

although the calculation of the SS for multiple 
regression models is more complex. These SS can 
be converted into variances (mean squares) by 
dividing by the appropriate degrees of 仕.eedom
For example , using the data from Paruelo & 

Lauenroth (1996) and the regression model 6.3, 
the SS....___ , in relative abundance of C, grasses Total ~H ~.....~......~..... ........~H~....~~__ ....~ ~3 b 

across the 73 sites is partitioned into the SS 
explained by the linear regression on latitude and 
longitude and that unexplained by this regres­
slOn 

Theεxpected values ofthese two mean squares 
are again just an extension of those we descri.bed 
for simple regression (Table 6 ，2)ηle expected 
value for MSn._ ,,_ _, isσ2 ， the variance of the error Rcsidual ε 

terms (εi)' and ofyj, which are assumed to be con 
stant across each combination ofx，，， χ ， ....χ ， etc i1' .-i2"'" "W 

The exvected value 岛r MSn__ ___,__ is more comolex r__ L
__ ._~-- ~~~ ~'~-Regressioll -- ------ -----r 

(Neter et al. 1996) but importantly it includes the 
square of each regression slope plusσf 

6.1 .4 Null hypotheses and model 
compansons 

τhe basic null hypothesis we can test when we fit 
a multiple linear regression model is that all the 
partial regression slopes equal Z4盯o，i.e.H。 ββ2

同=... = O. For example. Paruelo & 
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Lauenroth (1996) might have tested the Ho that 
the partial regression slopes for abundance of C3 
plants on latitude and longitude both equal zero 
We test this Ho with the ANOVA partitioning ofthe 
total va口ation in Y into its two components, that 
explained by the linear regression withX1, X2

' etc., 
and the residual variation. If the Ho is true, then 
MSo_..___..__ and MSo__...._, both estimateσ2 and 

E只ression ....H_ ~'~~Residual ~~LH '-.....~u~........... ...." 
their F-ratio should be one.lfthe Ho is false , then 
at least one of the partial regression slopes does 
not equal zero and MSRcgrcsSÎon estimatesσ.，，2 plus a 
positive term representing the partial regression 

slopes , so the F-ratio of MSRegreSSiOn to MSResidual 
should be greater than one. So we can test this Ho 
by comparing the F-ratio statistic to the appropri­
ate F distribution , just as we did with simple 
linear regression in Chapter 5 

Irrespective of the outcome of this test , we 
would also be interested in testing null hypothe­
ses about each partial regression coefficient, i.e 
the Ho that a町吗 equals zero. We can use the 
process of comparing the 缸 of full and reduced 
models that we introduced in Chapter 5 to test 
these null hypotheses. Imagine we have a model 
with three predictor variables 叭 . X2 , X,). The full 
model is 

Yj = 声。十 βlXil +βzχα+ 卢3χi3 +öj (6.5) 

Using the data 丘omLo归 (1987). we might model 
the abundance of forest birds against patch area , 

years since isolation and grazing inten且可

(bird abundance), =β。+卢1 (patch area)j + 
β2(years isolated)j +卢:3(stock grazing), + B, (6.6) 

To test the Ho that the partial regression slope for 
bird abundance against patch area holding years 
since isolation and grazing intensi可 constant (i.e 
β1) equals zero , we compare 出e 且t of models 6.5 
and 6.6 to the reduced models 

Yj =β。 +β2χi2 +β3Xj3 十ε(6.7)

(bird abundance)j =声。 +β，(years isolated)j + 
卢3(stock grazing)j + B; (6.8) 

Models 6.7 and 6.8 assume the Ho (β1 equals zero) 
is true. If the explained variance (SSRegmsion) of 
models 6.6 and 6.8 is not different, then there is 
no evidence to reject Ho; ifthere is an increase in 
explained variation for the 且III model compared 
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to the reduced model, we have evidence suggest 
ing the Ho is false. We calculate the extra SS 
四plained by including 卢1 in the model 

SSExtra = Full SSRegression - Reduced SSRegression (6.9) 

This SSExtr，虱 15 sometlmes 四pressed as 
SSRegression(XtIX2.x3) , the increase in 55趾阳鸳阳归Slonn 
whenX乓1 is added to a model already inc时c1udingX毛

2 

and X3, e.g. SS"'g叩g'酬
gr曰a且Zlng st阳ock均). This is identical to measuring the 
drop in unexplained variation by omittingβE 
from the model 

SSDroP = Reduced SSResidual - Full SSResidual (6.10) 

a150 expressed as SSRes idua,(X1IXz>X3), the decrease 
in SSResidual when X1 is added to a model already 
includingX1 andX、 We convert the SS"..__ or 55_ 

r:xu.. vrop 

into a M5 by dividing by the df.哑lere is one df in 
this case because we are testing a single regression 
parameter. In general. the df is the number ofpre­
dictor variables in the full model minus the 
number of predictor variables in the reduced 
model. We can then use an F test, now termed a 
partial F test, to test the Ho that a single partial 
regression slope equals zero 

F 一些坠I巳←
l.n-p Full MSResîdual (6.11) 

For any predictor 飞rariable Xj' we can also test the 
Ho that 吗 equals zero w抽 a t statistic with 仙一
(p +1))df: 

t=EL(612) 
s与

where Sb, is the standard error of b; (see Box 6.4). 
These t' tests are standard multiple regression 
output 仕om statistical software. Note that the F 
and t tests 岛r a given Ho are equivalent and F 
equals t2

• We prefer the F tests , however, because 
the model fitting procedure (comparing full and 
reduced models) can be used to test any subset of 
regression coefficients , not just a single coef:且­

cient. For example , we could c臼alc口u时Ilat，胆e the 

S5R峙￡咱申"阳宅
巳quals zero. Wejustneed to 且ta 且1址11 and a reduced 
(Ho i阻s tru出e) model. In g'醉ene町ra剖1.由e 且h削1让11 model wi山11 l 
contai口n all the predictor va口ables and the 
reduced model omits those predictors that are 
spec植ed in Ho to be zero. In Section 6.1.15 , we will 

see that it is also possible to test partial regression 
coeffìcients in a sequential fashion , omitting 
those terms 岛und to be not significantly different 
仕om zero from the model 

111e Ho that ßo (population intercept) equals zero 
can also be tested , either with a t test or with an F 
test by compa口ng a full model with an intercept 10 
a reduced model withoutτhe test ofzero intercept 
is usually of much less interest because it is testing 
a parameter using an estimate that is usually 
outside the range of our data (see Chapter 5) 

6.1.5 Variance explained 
111e multiple 1" is the proportion of the total vari­
ation in Yexpl田ned by the regression model 

r2 =空坦旦旦~1 一空挝兰兰丑~1 →]豆豆坠些且
SSrotal SSTotal Reduced SSResidual 

(6.13) 

Here the reduced model is one withjust an inter­
cept and no predictor variables (i.e 卢卢2 ... 
鸟~... ~ 0). Interpretation of r2 in multiple linear 
regression must be done carefully. Just like in 
simple regression，泸 is not directly comparable 
between models based on different trans岛rma­

tions (.扭曲son-Sprecher 1994; Chapter 5) 
Additionally, 1" is not a use且11 measure oftìt when 
comparing models with different numbers of, or 
combinations of, predictor variables (e.g. interac­
t lOn terms, see Section 6.1.12). As more predictors 
are added to a model, r cannot decrease so that 
models with more predictors will always appear 
to fit the data better. Comparing the fit of models 
with difi岳rent numbers of predictors should use 
alternative measures (see Section 6.1.15) 

6.1.6 Which predictors are importantl 
Oncewe have tìtted our multiple linear regression 
model, we usually want to determine the relative 
importance of each predictor variable to the 
response variableτhere are a number of related 
approaches for measuring relative importance of 
each predictor variable in multiple linear regres­
sion models 

Tests on partial regression slopes 
The simplest way of assessing the relative impor­
tance of the predictors in a linear regression 

model is to use the F or t statistics , and their assc护
口ated P values，仕om the tests ofthe null hypothe­
S自由at each 吗 equals zero. These tests are 
straightforward to interpret but only tell us the 
probability of observing our sample observations 
or ones more extreme for these variables if the Ho 
for a given predictor is true. A1so, some statisti­
cians (Neter et a l. 1996, Rawlings et al. 1998) have 
argued thatwe are testing null hypotheses about a 
number of regression coeffìcients simultaneously 
from a single data set, so we should adjust the sig­
nificance level 五br each test to limit the overall 
probability of at least one 巧rpe 1 error among all 
our tests toα5uch an adjustment will reduce the 
power of individual tests , and as we dis口lssed in 
Chapter 3, seems unnecessarily harsh. Ifyou deem 
such an adjustment necessary, however, one ofthe 
sequential Bonferroni procedures is appropriate. 

Changeinεxplained variation 
111e change in variation explained by the model 
with all predictors and the model with a spec姐c

predictor omitted is also a measure of importance 
of that predictor. 111is is basically comparing the 
fit oftwo models to the data; because the number 
ofpredictors differs between the two models , the 
choice of measure of fit is critica1 and will be dis' 
cussed 句rther when we consider model selection 
in Section 6.1.15. To measure the proportional 
reduction in the variation in Y when a predictor 
variable Xj is added to a model already including 
the other predictors (X, to Xp except Xj) is simply 

• 2 一 5坠旦
. Xj Reduced SSResidual 

(6.14) 

where SSExtra is the increase in SSRegressîon' or the 
decrease in SSo_",".._" when X, is added to the idual' .. ~._~. '-j 
model and Reduced SSResidual is unexplained SS 
仕om the model including all predictor variables 
except Xjτ'hisγXj2 is termed the coeffìcient of 
partial determination for乓 and its square root is 
the partial correlation coeffi口ent between Y and 
乓 holdi吨 the other predictor variables constant 
(i.e. already including them in the model) 

A related approach is hierarchical partitioning 
(Chevan & Sutherland 1991, Mac Nally 1996), 

which quantifies the independent correlation 
of each predictor variable with the response 
variable. It works by partitioning any measure of 
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explained variance (e.g. r2) into components meas­
uring the independent contribution of each pr• 
dictor. It is an important tool for multivariate 
inference, especially in multiple regression 
models , and we will describe it in more detail in 
Section 6.1.16 

Standardized partial regression slopes 
τhe sizes of the individual regression slopes are 
diffìcult to compare if the predictor variables are 
measured in di他rent units (see Chapter 5). We 
can ca1culate standardized regression slopes by 
regressing the standardized response variable 
against the standardized predictor variables , or 
alternatively, ca1culate for predic阳乓

SλI 
b 二 b，--'"'ïsy 

(6.15) 

These standardized regression slopes are compar 
able independently ofthe scales on which the pre­
dictors are measured. Note that the regression 
model based on standardized va口ables doesn't 
include an intercept, because its OLS (and ML) esti­
mate will always be zero. Note also that ifthe pre­
dictor variables are not correlated with each 
other, then the standardized regression slopes 
relati吨 Y to each 乓 are the same as the correla 
tion coefficients relati吨 YtoXj

For model 6.3. standardized regression slopes 
would not assist interpretation because both pre 
dictors (Iatitude and longitude) are in the sarne 
um臼 (centesimal degrees). However, if we 
included mean annual temperature (o C) and mean 
annual precipitation (mm) in the rnodel. then the 
magnitudes of the unstandardized regression 
slopes would not be comparable because ofthe dif­
ferent units, so standardization would help 

Bring (1994) suggested 由at the size of each 
standardized slope should relate to the reduction 
in explained variation when each predictor is 
omitted 仕om the full model (see Equation 6.14) 
He argued that standardization should be based 
on partial standard deviations rather than ordi­
nary standard deviations , so that the size ofthe b

j
' 

rela tes to the red uction inγ，2 when that 乓 IS

omitted 仕om the model. 111e partial standard 
deviation of predictor va口ablej (X) is 

5Xó ~‘ n-1 

句=专有F; V n-p 
(6.16) 
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for simple regression models will rarely be ade­
quate岛r checking the appropriatene臼 ofa multi 
ple regression model. Fortunately, the same 
diagnostic checks we used for simple regression in 
Chapter 5 apply equa11y we11 for multiple regres 
sion. All are standard output from regression or 
linear model routines in good statistical softw"are 

Leverage 
Leverage measures how extreme each observation 
15 仕om the means ofa11 theXj (the centroid ofthe 
p X-variables) , so in contrast to simple regression, 

leverage in multiple regression takes into account 
a11 the predictors used in the model. Leverage 
values greater than 2(Pln) should be cause for 
concern , although such values would also be 
detected as influential by Cook's D, 

Both of our examples illustrate this point: Paruelo 
& Lauenroth (1996) did not choose specific lati­
tudes and longitudes for their sampling sites and 
U严1 (1987) did not choose forest patches with spe­
u垣cally chosen values of area, number of years 
since the patch was isolated by c1earing, distance 
to the nearest patch, distance to th巳 nearest larger 
patch , stock grazing history, or altitude. Our infer­
ences are then conditional on the particular 
values of xj1 'χi2' etc., that we have in our sample 
Model n multiple regression when the predictor 
variables are random wìll be discussed in Section 
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Residuals 
Resìduals in multiple regression are interpreted in 
the same way as 句r simple regression, the differ­
ence between the obsetved and predicted Y-values 
for each observation (y, - Y;l- These residuals can be 
standardized and studentized (see Chapter 5) and 
large residuals indicate outliers 仕om the fitted 
model that could be influential 

Influence 
Measures of how influen tial each 0 bservation ìs 
on the fitted model include Cook's D, and Dms, 
and these are as relevant for multiple regression 
as they were for simple regression (Chapter 5) 
Observations with a Dj greater than one are 
usually considered influential and such observa 
tions should be checked careful1y 

6. 1.9 D旧gnostic graphics 
A5 we emphasìzed for simple regression models , 

graphical techniques are often the most informa­
tive checks of assumptions and for the presence of 
outliers and influential values 

Scatterplots 
Bivariate scatterplots betw.四n the 乓s are lmpor­
tant for detecting multicollinearity (see Section 
6.1.11) and scatterplots between Y and each鸟， par­

ticularly in conjunction with smoothing func­
tions , provide an indication of the nature of 
relationships being modeled. Scatterplot matrices 

6.1.17. 
An additional assumption that a旺ècts multi­

ple linear regression is that the predictor vari­
ables must be uncorrelated with each other 
Violation of this assumption is cal1ed (multi)col­
linearity and is such an important issue 岛r multi­
ple regression that we wil1 discuss it separately in 
Section 6.1.11 

Finally, the number of observations must 
εxceed the number of predictor variables or else 
the matrix calculations (Box 6.4) wi11 fail. Green 
(1991) proposed specific minimum ratios of obs町­
vations to predictors , such as p + 104 observations 
for testing individual predictor variables , and 
these guidelines have become recommendations 
in some texts (e.g. Tabachnick & Fide111996). These 
numbers of observations are probably unrealistic 
for many biological and ecological research pro­
grams. Neter et al. (1996) are more lenie时， recom. 
mending six to ten times the number of 
predictors 岛r the number of obsetvations. We can 
only suggest that researchers try to maximize the 
numbers ofobservations and iftrade咱ffsin terms 
of time and cost are possible, reducing the 
numbers of variables to allow more obsetvations 
is nearly always preferable to reducing the 
number of observations 

6.1.8 Regression diagnostics 
Diagnostic checks ofthe assumptions underlying 
the fitting of linear models and estimating their 
parameters , and towarn ofpotential outliers and 
intluential observations , are particularly impor­
tant when there are mu1tiple predictor variables 
We are usua11y dealing with large data sets and 
scanning the raw data or simple bivariate scatter 
plots (see Section 6.1.9) that might have worked 
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6. 1.7 Assumptions of multiple regression 
As with simple linear regression (Chapter 町， lnter­
val estimation and hypothesis tests of the param­
eters ofthe multiple linear regression model rely 
on a number of assumptions about the model 
error terms at each combination of x，，， χ il' .ï2'. _., "j" 
We assume that the error terms , and therefore th~ 
Y-values , are norma11y distributed , thε'Y have con­
stant variance and they are independent of each 
other. Checks of these assumptions are carried 
out as for simple linear regression (Chapter 5) 
Boxplots and probability plots of the residuals Can 
be used to check for normali叨， plots ofresiduals 
against Yi can detect heterogeneity of variance 
(Section 6.1.9; Figure 6.2, Figure 6.3) and plots of 
residuals against each X; can detect autocorrela­
tion if Xj is a time sequeIÍce 

We also assume that each X is a :fixed 飞rariable
with the values xil 'χ泣， etc., being constan ts tha t 
would not vary 仕'om sample to sample. This is 
un1ikely in biological research with some or a11 of 
the predictors likely to be rando皿 variables and 
our observations actually coming 仕om a multi­
variate distribution that we aSsume is normal 

Plot of residuals against predicted values (with 
multiple linear 陀gression of bird abundance 

in forest patches against patch area, distance to nearest patch, 

distance to nearest larger patch (these three variables loglo 
transformed), grazing incensity, altitu曲， and years since 
isolation for the 56 patches surveyed by Loyn (198η 

VIF is the variance inflation factor and wil1 be 
defìned in Section 丘1.11 when we examine the 
problem of multicol1inearity. This partial stan­
dard deviation can then be incorporated in the 
formula for the standardized regression slope 
(Equation 6.15) 

Regressions on standardized variables will 
produce coef:且cients (except for the intercept) 
that are the same as the standardized coeffi­
cients described above τ11e hypothesis tests on 
individual standardized coeffìcients will be iden­
tical to those on unstandardized coeffìcients_ 
Standardization might be useful if the variables 
are on very dif坠rent scales and the magnitude of 
coefficients for 飞rariables with small values mav 
not indicate the町 relative importance in infl吁
encing the response variable. Hu飞.vever， it is the 
predictor variables that are important here and 
standardizing the response variable may not be 
necessary and will make predicted values from 
the model more difficult to interpret. Regression 
models using standardized (or simply centered) 
predictors are very important 伽 detecti吨 and
treating multicollinearity and interpreting inter­
actions between predictors (Sections 6.1.11 and 
6.1.12) 

PJot of residuals againsc predicted values (with 
boxplots) from frtti咱 che mulciplicative model (Jog 10C3);= 卢。
+向(LAη，+民(LONG)，+鸟(LAT X LONG), +εto da阻
with centered prediccors from Paruelo & Lauenroth (1996) 
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Grazing Years 
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PaniaJ regression pJ。臼 for three of the 
predictors from a Jinear model relating bird abundance in 
forest patches to patch area. distance to nearest patch. 

O 。

。

distance to nearest larger patch (these three var旧 bles loglo 
transformed). grazing intensity, alti阳de， and years since 
isolation for the 56 patches surveyed by Loyn (1 987).Vertical 
axis is residuals from OLS regression of bird abundance 
against al1 predictors except the one labelled, horizontal axis 
is residuals from OLS regression of labelled predictor against 
remaining predictors. See Section 6.1.9 for fu l1 analysis 

(SPLOMs; see Chapter 4) are the easiest way of dis­
playing these bivariate relationships. However, 
scatterplots between Y and X

1
' Y and X

2
• etc., 

ignore the other predictor variables in the model 
and therefore do not represent the relationship 
we are modeling, i.e. the relationship between Y 
and 乓 holdi吨 all other Xs constant 

A scatterplot that does show this relationship 
for each predictor variable is the added variable , 

or partial regression , plot, which is a plot between 
two sets of residuals. Let's say we are fitting a 
model of Y against p predictor variables and we 
want a scatterplot to show the relationship 
between Y and 宅. holding the other p -1 X-vari­
ables constant. The residuals for the vertical axis 
ofthe plot (e,,) come from the OLS regression ofY 
against all p predictors except乓 τ'he residuals for 
the horizontal axis of the plot (e ,,) come 仕om the 
OLS regression of)乓(j against a剖all p pr因edict臼ors except 
乓 T刊hi恤11旧1川S口sca皿a旺tt阳e盯rp卢lotωofe鸟ei1卢ag伊'ainst ei2 shm川he rela­
tlω1旧ionshi甲p between Y and 乓 hol削01凶di吨I

var口iables constant and will also show outliers that 
might influence the regression slope for X;. If we 
fit an OLS regression of ei1 against ei2, the fitted 
slope of this line is the partial regression slope of 
Yon乓仕om the full regression model ofY on all 
p predictors 

20 
2 --<l0 。 80 

τhree partial regression plots are illustrated in 
Figure 6.4仕om a model relating bird abundance 
in forest patches to patch area, distance to nearest 
patch, distance to nearest larger patch (these 
three variables loglO transforme哟， stock grazing, 
altitude. and years since isolation for the 56 
patches su凹eyed by Loyn (1987). The partial 
regr白白on plot for patch area (Figure 6.4, left) has 
the residuals from a model relating bird abun­
dance to all predictors except patch area on the 
vertical axis and the residuals from a model relat­
ing patch area to the other predictors on the hor­
izontal axis. Note the strong positive relationship 
for loglo area and the weak negative relationships 
for grazing and years since isolation. There was 
little pattern in the plots for the other three pre­
dictors. The slopes of the OLS regression lines 
且tted to these residual plots are the partial regres­
sion slopes 仕om the multiple regression modeJ 
relating bird abundance to these predictors 

Residual plots 
There are numerous ways residuals 仕Dm the 且t of 
a multiple linear regression model can be plotted 
A plot of residuals against Yi, as we recommended 
for simple regression (Chapter 剖， can detect het 
erogeneity of variance (wedge-shaped pattern) 
and outliers (Figure 6.2 and Figure 6.3). Plots of 
residuals against each 乓 can detect outliers spe 
cific 归 that 乓， nonline盯句 between Y and tha t 尺
and can also detect autocorrelation if乓 is a time 
sequence. Finally, residuals can be plotted against 
predictors , or interactions between predictors , 

not incll1ded in the model to assess whether these 
predictors or their interactions might be impor­
tant. even if they were deleted from the model 
based on other criteria (Neter et a!. 1996) 

6.1.10 Transformations 
Our general COlllments on transformations 仕om
αlapter 4, and speci且cally 岛r bivariate regression 
in Chapter 5. are just as relevant for multiple 
regression. Transformations of the response vari­
able can remedy non-normali可 and heterogene­
ity ofvariance of error terms and transformations 
of Qlle or ffiOfe ofthe predictor variables might be 
necessary to deal with nonlinearity and influen­
tial observations due to high leverage. For 
example. the abundance of C3 plants in the study 
by Paruelo & Lauenroth (1996) was transformed to 
logs to reduce strong skewness and three of the 
predictor variables in the study by Loyn (1987) 
were a150 log transformed to deal with observa­
tions with high leverag巳 (Box 6.2). Transforma. 
tions can a150 reduce the influence ofinteractions 
between predictors on the response variable, i.e 
make an additive model a more appropriate 缸
吐lan a multiplicative model (see Section 6.1.12) 

6.1 川 Collinearity
One important issue in multiple linear r巳greSSlOl1
analysis , and one that seems to be ignored bymany 
biologists who fit multiple regression models to 
their data , is the impact of correlated predictor 
variables on the estimates of parameters and 
hypothesis tests. If the predictors are correlated, 

then the data are said to be affected by (multi)col­
linearity. Severe collineari句'can have important, 

and detrimental, effects on the estimated regres­
sion parameters. Lack of collinearity is also very 
difficult to meet with real biological data , where 
predictor variables that might be incorporated 
into a multiple regression model are likely to be 
correlated with each other to some extent. In the 
data set仕om Loyn (1987) , we might expect heavier 
grazing history the longer the forest patch has 
been isolated and lighter grazing history for 
bigger patches since domestic stock cannot easily 
access larger forest fragments (Box 6.2) 

τ'he ca1culations for multiple linear regression 
analysis involve matrix inversion (Box 6.4) 
Collinearity among the X-variables causes compu­
tational problems because it makes th巳 determi­

nant of the matrix ofX-variables close to zero and 
matrix inversion basically involves dividing by the 
determinant. Dividing by a determinant that is 
close to zero results in values in the invert，巳d
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matrix being very sensitive to small differences 
in the numbers in the 0口ginal da ta ma trix 
(Tabachnick & Fidell1996). i.e. the inverted matrix 
is unstable. This means that estimates ofparame­
ters (particularly the partial regression slopes) are 
also unstable (see Philippi 1993). Small changes in 
the data or adding or deleting one of the predic­
tor variables can change the estimated regression 
coefficients considerably, even changing their 
sign (Bowerman & O'Connell 1990) 

A second effect of collinearity is that standard 
errors of the estimated regression slopes. and 
therefore confidence intervals for the model 
parameters , are intlated when some ofthe predic­
tors are correlated (Box 6 .5). Therefore , the overall 
regression equation ffiight be significant, i.e. the 
test of the Ho that all partial regression slopes 
equal zero is rejected , but none of the individual 
regression slopes are significantly different from 
zero 币lÎs reflects lack of power for individual 
tests on partial regression slopes because of the 
inflated standard errors for these slopes 

Note that as long as we are not extrapolating 
beyond the range of our predictor variables and 
we are making predictions 仕onl data with a 
similar pattern ofcollinearity as the data towhich 
we fitted Ol1r model, collinearity doesn't necessar 
ily prevent l1S 仕om estimating a regression model 
that fits the data well and has good predictive 
power (Rawlings et al. 1998). It does , however, 

mean that we are not confident in our estimates 
of the model parameters. A difl岳rent sample 仕om

the same population of observatio町， even uSlng 
the same values ofthe predictor variables , might 
prod uce very di旺erent parameter estImates 

Detecting collinearity 
Collinearity can be detected in a number ofways 
(e.g. Chaterjee & Price 1991, Neter et a!. 1996 , 

Philippi 1993) and we illustrate some of these in 
Box 6.1 and Box 6.2 with our example data sets 
First, we should examine a matrix of correlation 
coefficients (and associated scatterplots) between 
the predictor variables and look for large correla­
tions. Ascatterplot matrix (SPLOM) is a veryuse且i1
graphical method (Chapter 4) and. ifthe response 
variable is included , also indicates nonlinear rela­
tionships between the response variable and any 
of the predictor variables 
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number of highly correlated predictor variables 
that contain biologically and statistically redun 
dant information is a sensible 面目t step to dealing 
with collinearity. 

The second approach is based on a principal 
components analysis (PCA) of the X-variables (see 
αapter 17) and is termed principal components 
regresslOllτ'he p principal components are 
extracted 仕om the correlation matrix of the pre­
dictor variables and Y is regressed against these 
principal components , which are uncorrelated , 

rather than the individual predictor variables 
Usually, components that contribute little to the 
total variance among the X-variables Qr that are 
not related to Y are deleted and the r哩gression
model of Y against the remaining components 
refitted. The regression coeffìcients for Y on the 
principal components are not that use且11 ，

however, because the components are often diffi­
cult to interpret as each is a linear combination of 
all p predictor variables. Therefore, we back. 
calculate the partial rεgression slopes on the orig. 
inal standardized variables from the partial 
regression slopes on the reduced number ofprin­
cipal componentsηle back-ca1culated regression 
slopes are standardized because the PCAis usually 
based on a correlation matrix ofX.variabl凹， sowe

don't have to woπy about an intercept term 
Because principal components regression 
requires an understanding of PCA, we will 
describe it in more deta i1 in Chapter 17; see also 
]ackson (1991), Lafi & Kaneene (1992) and Rawlings 
et al. (1998) 

Note that deciding which components to omit 
is critical for principal components regression 
Simply deleting those with small eigenvalues 
(little relative contribution to the total variation 
in theX-variables) can be verymisleading Uackson 
1991 , Hadi & Ling 1998). The strength ofthe rela­
tionship of each component with Y must also be 
considered 

τ'he third approach is ridge regression , 

another biased regression estimation technique 
that is somewhat controversial. A smal1 biasing 
constant is added to the normal equations that 
are solved to estimate the standardized regression 
coefficients (Chaterjee & Price 1991, Neter et al 

1996). Adding this constant biases the estimated 
regression coefficients but also r.εduces their 

predictor variables (see Chapter 17). Principal 
components with eigenvalues (i.e. explained vari­
ances) near zero indicate col1inearity among the 
original predictor variables , because those compo­
nents have little variability that is independent of 
the other componentsτ'hree statistics are com. 
monly used to assess collinearity in this cont.四t

First, the condition i口dex is the square root of the 
largest eigenvalue divided by each eigenvalue 
CV'\m~/'\). There will be a condition index for 
each principal component and values greater 
than 30 indicate collinearities that require atten­
tion (Belsley et al. 1980, Chaterjee & Price 1991) 
The second is the condition number, which 臼s 
simply t阳he largest con削nd仙制1t刨阳ti
η1口ird， Hocking (1996) proposed an indicator of 
collinearity that is simplyλmin and suggested 
values less than 0.5 indicated collinearity prolJ.. 

lems 
lt is worth noting that examining eigenvalues 

from the correlation matrix ofthe predictor vari­
ables implicitly standardizes the predictors to 
zero mean and unit variance so they are on the 
same scale. ln fact , most collinearity diagnostics 
give dif也rent results for unstandardized and stan. 
dardized predictors and two of the solutions to 
collinearity described below are based on stan­
dardized predictor variables 

Dealing with collinearity 
Numerous solutions to col1inea口ty have been pr仔
posed. All result in estimated partial regression 
slopes tha t are likely to be more pre口se (smaller 
standard errors) but are no longer unbiased. 白le

first approach is the simplest: omit predictor vari 
ables if they are highly correlated with other pre­
dictor variables that remain in the model 
Multiple predictor variables that are really meas­
uring similar biological entities (e.g. a set of 
morphological measurements that are highly cor­
related) c1early represent redundant information 
and little can be gained by inc1uding all such var­
iables in a model. Unfortunately, omitting vari­
ables may bias estimates of parameters for those 
variables that are correlated with the omitted var­
iable(s) but remain in the model. Estimated 
partial regression slopes can change considerably 
when some predictor variables are omitted or 
added. Nonetheless , retaining only one of a 

80咀 6剧 Collinearity

Here is a simple illustratio 门 of the effects of collinear此y In a multiple 陪S陀 SSlon
model 叭础 one respon咒 variable (Y) and two predict旷 var剧目 (X，. 几). Two 
artiflcÎal 也tas巴巴 were generated for the three vari抽|白 from normal distributions 
In the lÎrst data 咒t， X1 and X) are relat附Iy uncorrelated (r= 0.2 1). A multiple linear 
regres引on model , including an intercept. was fìtted to these data 

口447

<0.001 
O.98ì 

P 

-0.779 
7.444 

甲 0.017

ToJera门ce

也954

0.954 

Standard error 

1.341 
0.120 
0.112 

Coefficient 

一1.045

0.893 
0.002 

tntercept 
日opeX

SJope X2 

Note that tole日nce is 0.95 indicating no ιollinearit)' problems and standard 
err白刊陀 smal l. The partial r陀S陀ssion slope for Y on X1 hol曲19X2 con白们自 slg.
川口cant

For the second data set, the values of X 2 were re.arranged betwee门 observa.
tions (but the values, their mean and standard deviation we陀 the same) so that theγ 
a陀 highly co时la恒们由 X， (r~ 0.99), wh lCh along with Y 巴 U时an萨d. Again 二
multiple line盯陀gresslon mc 才 el ， including an inteπept， was 阶ted

Note that tolerance is now very low ind陀ating severe collinearity. The standard 
error for the pa口 al reg陀ssion slope of Yagai门stX1 is much 以gger than for the 自rst
data set and the test of 廿 e Ho that this slope equals zero is now not signifìcant. 
despite 廿e values of γ 盯 d X1 being identical to the 币 rst data set. 

Now let's add a third predictor (X]) 白at is correlated with both X1 and X
2 

P 

阳
阳
叩

583 97! 46o 
n
u
n
u气
4

Tolerance 

0.024 
0.024 

Standar吐 error

1.371 
0.681 
0.634 

Coeffìζlent 

0.678 
-0.461 

1.277 

Intercept 
Slope X1 
Slope X, 

p 

0.831 
0.687 
0.5 16 
0 口 98

一0.217

0.4 10 
0.664 
1.758 

Tole阳"，e

吐023

0.015 
0.068 

Stand也"ci error 

1.410 
0.652 
0.746 
0.374 

Coefficier此

-0.306 
-0.267 

0.495 
0.657 

阳
忡
忡
忡Note that the estimated regression coe币。ents for X1 and X二 have changec 

markedly upon the addition of X
3 
to 由e model 

expre皿ed as the variance inflation factor (VIF) , 

which is simply the inverse of tolerance (and can 
also be ca1culated from the eigenvectors and 
eigenvalues derived from a PCA on the predictor 
variables - see Chapter 17); VIFvalues greater than 
ten suggest strong collineari可

Thi时， we can extract the principal compo­
I1ellts from the correlation matrix among the 

Second, we should check the tolerance value 
for each predictor variable. Tolerance for X is 
simply 1-r2 仕om the OLSregresslon ofxaEaillst 
the remaining p -1 predictor variables 正 low tol 
erance indicates that the predictor variable is cor 
related with one or mOfe of the other predictors 
An approximate guide is to worry about tolerance 
values less than 0.1. Tolerance is sometimes 
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T油le 6.2T Expected values of mean 叫uares from analysis of旧rìance for a multiple linear 吨陀蚓on
model with 也NO P陀dictor varia副es

Mean squa陀 Expected value 

M50 
t\egreSSIQI1 

iAZZ(Xil El)2 十UZ(h-22)+W吾(XiI - X，)的却
σ+ 

M50 
吨。 "'1

2 
0" 

E 

variability and hence their standard errors. The 
choice of the constant Îs critical. The smaller its 
value , the less bias in the estimated regression 
slopes (when the cons臼nt is zero , we have an OLS 
regression); the larger its value, the less collinear­
ity (increasing the constant reduces the VIF) 
Usuallya range ofvalues is tried (say, increasing 
仕om 0.001) and a diagnostic graphic (the ridge 
trace) used to determine the smallest value ofthe 
constant that is the best compromise between 
reducing the variation in the estimated regres­
sion slopes and reducing their VIFs. Neter et aI 
(1996) provided a clear worked example 

Careful thought about the predictor variables 
to be included in a multiple linear regression 
model can reduce collinearity problems before 
any analysis. Do not inc1ude c1early redundant 
variables that are basically measuring similar bio­
logical entities. If the remaining predictor vari­
ables are correlated to an extent that might affect 
the estimates of the regression slopes , then we 
prefer principal components regression over ridge 
regression for two reasons. First, it is relatively 
straightforward to do with most statistical soft­
ware that can handle multiple regression and 
PCA, although some hand calculation might be 
required (e.g. for standard errors). Second. PCA is 
also a use且11 check for collinearity so is often done 
anyway. The calculations required for ridge regres­
slOn. ln contrast, are complex and not straightfor­
ward in most statistical software 

6.1.12 Interactions in multiple regression 
The multiple regression model we have been using 
so far is an additive one, i.e. the effects of the pre­
dictor variables on Yare additive. In many biolog 
ical situations. however, we would anticipate 
in teractions between the predictors (Aiken & West 

4 

1991 , Jaccard et aJ. 1990) so that their effects on Y 
are multiplicativ，已 Let' s just consider the case 
with two predictors , Xt and XZ' The additive multi. 
ple linear regression model is: 

Yi = 卢。 +β1Xi1 + ßZXiZ + εl (6.17) 

τhis assumes that the partial regression slope ofY 
on X1 is independent of Xz and vice-versa. The 
multiplicative model including an interaction is 

Yj = β。 +β1χj1 +β:ZXiZ + 自3χj1 XiZ +ε(6.18) 

η1e new term (ß3Xi1 Xjz) in mode16.18 represen ts the 
interactive effect ofX1 and Xz on Y. It measures the 
dependence of the partial regression slope of Y 
againstXt on the value ofXz and the dependence 
ofthe partial regression slope ofYagainstXz on the 
value ofX,. The partial slope ofthe regression ofY 
against X1 is no longer independent of Xz and vice 
versa. Equivalently. the partial regression slope of 
YagainstX1 is different for each value ofXz 

Using the data 仕om Paruelo & Lauenroth 
(1996), model 6.2 indicates that we expect 110 

interaction between latitude and longitude in 
theireffect on the relative abundance ofC3 plants 
But what ifwe allow the relationship between C, 
plan臼 and latitude to vary for different longi 
tudes? Then we are dealing with an interaction 
between latitude and longitude and our model 
becomes 

(relative abundance of C3 grasses)j =卢。+
β，(latitude)， +β，(longitude); + 
ß3(latitude), X (longitude), +叫 (6.19)

One of the difficulties 飞rVith including interaction 
terms in multiple regression models is that lower­
order terms will usually be highly correlated with 
th臼r interactions , e.g. X1 and Xz will be highly cor­
related with their interactionX1XZτhis results in 

all the computational problems and inflated va口，
ances of estimated coef:且cients associated with 
collinearity (Section 6.1.11). One solution to this 
oroblem is to rescale the predictor variables by 
centeri吨， i.e. Sl阳racting their mean 仕om each 
observation, so the interaction is then the product 
ofthe centered values (Aiken & West 1991, Neter et 
a1. 1996; see Box 6.1 and Box 6.2). If X, and X, are 
centered then neither will be strongly correlated 
with their interaction. Predictors can also be stan­
dardized (subtract the mean 丘。m each observa­
tion and divide by the standard deviation) which 
has an identical affect in reducing collinearity. 

"When interaction terms are not inc1uded in 
the model. centering the predictor variables does 
not change the estimates of the regression slopes 
nor hypothesis tests that individual slopes equal 
zero. Standardizing the predictor variables does 
change the value of the regression slopes. but not 
their hypothesis tests because the standardization 
affects the coeffìcients and their standard errors 
equally. When interaction terms are inc1uded, 

centering does not affect the regression slope for 
the highest咱rder interaction term , nor the 
hypothesis test that the interaction equals zero 
Standardization changes the value of the regres­
sion slope for the interaction but not the hypoth­
esis test. Centering and standardization change all 
lower.叫order regression slopes and hypothesis tests 
that individual slopes equal zero but make them 
more interpretable in the presence of an interac­
tion (see below). The method we will describe for 
further examining interaction terms using simple 
slopes is also unaffected by centering but is 
af坠cted by standardizing predictor variables 

We support the recommendation of Aiken & 

West (1991) and others that multiple regression 
models with interaction terms should be fitted to 
data with centered predictor variables 
Standardization might also be used if the vari­
ables have very different variances but note that 
calculation and tests of simple slopes must then 
be based on analyzing standardized variables but 
using the unstandardized regression coefj且cients
(Aiken & West 1991) 

Pro bing interactions 
Even in the presence ofan interaction. we can sti11 
interpret the partial regression slopes for other 
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terms in model 6.18. The estimate of ß1 deter­
mined by the OLS fit of this regression model is 
actually the regression slope ofY on X, when X, is 
zero. If there is an interaction (卢3 does not equal 
zero) , this slope will obviously change for other 
values of XZ; if there is not an interaction (自3
equals zero). then this slope will be constant for 
a11 levels of X.,. In the presence of an interaction, 

the estimated slope for Y on X1 when Xz is zero is 
not very informative because zero is not usually 
within the range of our observations for any ofthe 
predictor variables. Ifthe predictors are centered. 
however, then the estimate ofβ1 is now the regres 
sion slope of Y on X1 for the mean of Xz. a more 
use且11 piece of in岛rmation. This is another 
reason why va口ables should be centered before 
fìtting a multiple linear regression model with 
interactIon terms 

However, if the fit of our model indicates that 
interactions between two or more predictors are 
important, we usually want to probe these inter­
actions further to see how they are structured 
Let's express our multiple regression model as 
relating the predicted Yi to two predictor variables 
and their interaction using sample estimates 

Yi = bo + b1xi1 + bZXiZ + b 3xn\z 

This can be algebraically re-arranged to 

y, = (b, + b3,,,)x,, + (b,x;, + bo) 

We now have (仙b ， +b3♂χXiZ叶z

(6.20) 

(6.21) 

regression ofY on X1 画岛or any particular value ofXz 
(阳1皿nd副1C囚at剧ed a且sχXjz) ， We can t由he四n choose values of X几2 

and caIculate t由he e臼st口1m卫1at，恒εd s日imple slope. for 
either plotting or significance testing. Cohen & 

Cohen (1983) and Aiken & West (1991) suggested 
using three di直是rent values of XZ: xz' Xz + s，主z -5 , 

where 5 is the sample standard deviation ofXz' We 
can calculate simple regression slopes by substi­
tuting these values of Xz into the equation for the 
simple slope ofYonX, 

The Ho that the simple regression slope ofY on 
X1 for a particular value ofXz equals zero can also 
be tested τ'he standard error for the simple regres­
sion slope is 

V 5~1 + 2X z5i3 + χ~sib (6.22) 

where s~_ and s~~ are the variances of b, and b。11 ~~~~ ~33 --- ---- .--------- -- -1 --- -3 
respectivelY.5导~3 is the cov肝va阻E口nanc臼eb忱et阳we回e臼n叶1b1 andb3
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and X2 is the value of X2, chosen. The variance and 
covariances are obtained 仕om a covanance 
matrix ofthe regression coeffìcients , usually stan­
dard output for regression analyses with most 
software. Then the usual t test is applied (simple 
slope divided by standard error of simple slope) 
Fortunately, simple slope tests can be done easily 
with most statistical software (Aiken & West 1990, 

Darlington 1990). For example , we use the 也llow­

ing steps to calculate the simple slope of Y on X1 
且or a speci自c value of X2, such as x2 + S 

1. Create a new variable (called the condi-
tional value of Xz , say CVX2). which is Xi2 minus 
the specific value chosen 

2. Fit a multiple linear regression model for Y 

on X 11 CVX2 > X1 by CVXz' 

3. The partial slope ofY on X，仕om this 
model is the simple slope ofY on X, for the 
specific value ofXz chosen 

4. The statistical program then provides a 
standard effor and t test 

ηlis procedure can be followed for any condi 
tional value. Note that we have ca1culated simple 
slopes for Y on X, at dif坠rent values of X2 
Conversely, we could have easily ca1culated simple 
slopes 白or Y on X2 at different values ofX1 

If we have three predictor va口ables ， we can 
have three twoMway interactions and one three 
way interaction 

Yj = β。+同lXi1 +β2Xj2 +自3χi3 +卢:4Xi1 Xj2 + 
βSXi1χ但十日'6Xi2Xi3 +β.，xil X♂i3+ετ ( 6.23) 

In this modeJ. β7 is the regression slope for the 
three--way interaction between 尺， X, and X3 and 
measures the dependence of the regression slope 
ofY on X, on the values of diff险rent combinations 
ofboth X, and X3. Equivalent1y, the interaction is 
the dependence of the regression slope ofY on X2 
on values of d 证盯fer阻e凹nt c∞ombinat 

and the dependence of the r巳gression slope of Y 

on X乓3 on valu 巳臼s of difl岳r阻e凹凹nt江t c∞ombinations of X1 
andX毛，. 1旺fwe 白foc口us on the 白趾rs旺t int臼e盯r叩pret国atlOn， we 
can de眈termine simple regression equations for Y 
on X1 at different combinations ofX2 and X3 using 
sample estimates 

y， =(b ， 十鸟飞2 + bsx臼 + b.,xi2X i3)Xi1 + 
(b，χi2 + b3xi3 + b6χ""，， + bo) (6.24) 

Now we have (b, +问Xi2 + bSXi3 + b7Xj2Xi3) as the 
simple slope for Y on X, for specific values of X、

and X3 together. Following the logic we used 时
models with two predictors. we can substitute 
values 茧or Xz and X3 into this equation for the 
simple slope. Aiken & West (1991) suggested using 
Xz and X3 and the four combinations of马±飞、 and

主3 士 \3' Simple slopes for Y on X2 or X3 can b是 cal­
culated by just reordering the predictor variables 
in the model. Using the linear regression routine 
in statistical software, simple slopes , their stan­
dard errors and t tests for YonX1 at specifìc values 
of Xz and X3 can be calculated 

1. Create two new variables (called the condi­
tional values of X, and X3, say CVX, and CVX3), 
which are xj2 and X臼 minus the speci且c values 
chosen 

2. For each combination of specifìc values of 
Xz and X3, fìt a multiple linear regression model 
for Y on Xl' CVX,. CVX3. X, by CVX" X, by CVX3' 

CVX, by CVX3, and X, by CVX, by CVX3 
3τ11e partial slope of Y on X，仕om this 

model is the simple slope ofY on X, for the 
chosen specifìc values of X2 and X3 

With three or more predictor variables , the 
number of interactions becomes large and they 
become more complex (three--way interactions 
and higher). Incorporating all possible interac 
tions in models with numerous predictors 
becomes unwieldy and we would need a very large 
sample size because ofthe number ofterms in the 
model. There are two ways we might decide which 
interactions to include in a linear regression 
model , especially if our sample size does not allow 
us to include them all. First, we can use our biolog 
ical knowledge to predict likely interactions and 
only incorporate this subset. For the data from 
Loyn (1987) , we might expect the relationship 
between bird density and grazing to vary with 
area (grazing effects more important in small 仕ag
ments?) and years since isolation (grazing more 
lmportant ln new 丘agm巳nts?)， but not with dis­
tance to anyforest or larger fragments. Second , we 
can plot the residuals from an additive model 
against the possible interaction terms (new vari­
ables formed by simply multiplying the predic­
tors) to see if any ofthese interactions are related 
to variation in the response variable 

τhere are two take--home messages from this 
section. First, we should consider interactions 
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betwεen continuous predictors in multiple linear 自

regression model because such interactions may ~ 

be common in biological data. Second, these int，盯-主
a旺ctions can b快e 且臼H口ther ex邱plored and int恒:er叩prete巳d 画
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6.1.13 Polynomial regression 
Generally, cu凹ilinear models fall into the c1ass of 
nonlinear regression modeling (Section 6.4) 
because they are best fitted by models that are 
nonlinear in the parameters (e.g. power 且lnc­

tions) 咀lere is one type of cu:rvilinear model that 
can be fitted by OLS (i.e. it is still a linear model) 
and is widely used in biology, the polynomial 
regress lOn 

Let's consider a model with one predictor var 
iable (X,). A second-order polynomial model is: 

Yj = 卢。 +β1χj1 +βz吨+飞 (6.25)

where β1 is the linear coefficient and 卢2 is the 
quadratic coefficient. Such models can be 且tted by 
simplyaddi吨 the X~ term to the rightMhand side 
of the model , and they have a parabolic shape 
Note 由且将is just an interaction tenn (i.e. Xi1 by 
X

i1
). There are two questions we might wish to ask 

with such a model (Kleinbaum et aI. 1988). First, is 
the overall regression model significant?τ'his is a 
test of the Ho that 卢1 equals ßz equals zero and is 
done with the usual F test 仕om the regression 
ANOVA. Second, is a second咱rder polynomial a 
better缸 than a firstMorder model? We answer this 
with a partial F statistic, which tests whether the 
full model inc1uding X' is a better 缸 than the 
reduced model εxc1uding X' using the principle of 
extra SS we described in Section 6.1 .4 

(SSEX1C' due to added X')凡
F(X'IX)= 

Full MSResidual 
(6.26) 

where the SSExtra is the difference between the 
SS~ for the full model with the second-order 

K(' \l reSSIO I1 

polynomial term and the SSRegression for the 
reduced model withjust the fìrstMorder term 

Forεxample ， Caley & Schluter (1997) examined 
the relationship between local and regional 
species diversity 岛r a number of taxa and gecr 
graphic regions at two spatial scales of sampling 
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Regional species richness 

Scatterplot of local species 时chness against 
regional species rkhness for 10克。f regions sampled in 
North America for a 目nge of taxa (Caley & Schluter 1997) 
showing linear (solid 1ine) and second-order polynomial 
(quadratic; dashed line) regression functions 

250 

(1% ofregion and 10% ofregion). Regional species 
diversity was the predictor variable and local 
species diversity was the response variable and 
Caley & Schluter (1997) showlεd that adding a 
quadratic term to the model explained signifiM 

cantly more of the variance in local species diverM 

sitycompared with a simple linear model (Box 6.6: 
Figure 6.5) 

Polynomial regressions can be extended to 
third咱rder (cubic) models , which have a sigmoid 
shape 

Yj =β。+卢lXil +β2χ;1+β3X~1 + Bj (6.27) 

Polynomial models can a150 contain higher orders 
(quartic , quin缸， etc.) and ffiQfe predictors. We 
have to be very careful about extrapolation 
beyond the range of our data with polynomial 
regression models. For 四ample ， a quadratic 
model will have a parabolic shape although our 
obseIVations may only cover part ofthat function 
Imagine fitting a quadratic model to the species 
area da ta in Figure 5.17. Predicting species 
number for larger clumps using this quadratic 
model would be misleading as theory suggests 
that species number would not then decline with 
increasing c1ump area 

ll3 
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Grazing4 
nunununu--

Grazing3 
AUAUnut-AU 

一
i

f Table' 6.3 I Dummy variable coding 加 gra由_g effect from 1ρ归 (1987)
μ 

GrazIng In性 nsity Grazing
, 

Zero (re也陀 nce category) 

Low 
问edium

High 
Intense 

一

Grazing2 
nUAUt--nunu nu--tnununu 

Box 6.61 Work~d example of polynomial regression 

We will use the data set from Caley & Schluter (1997), examÎning the 陀gresSlon of 
lo(al species rich门ess against regional species richness 归st for North America and 
at a sampling scale of 10% of the region. Atthough the陀 was some evidence t卡在t
both lo(al and regional species richness were skewed, we will, like the original 
aL巾or5 ， analyze untra门sformed variables. Caley & Schlute广 (1997) force 才 their

models through the origin, but because that makes interpretation di币cult，叭吧阳 11

include an intercept in the models. First, we will 丑t a secor 才 order polyno川al to 
the data: 

could code grasslands as zero and shrublands as 
one, although the authors used coding of one and 
two. As long as the interval is the same , the coding 
doesn't matter in this case. For Lo庐山 (1987)

grazing history variable, there are five categories 
that we will call zero, low, medium, high , and 
m tense graZ1ng 币1e dummyvariables would be as 
follows 
X, 1 iflow 

o ifnot 
1 ifmedium 
o ifnot 
1 ifhigh 
o ifnot 
1 ifintense 
o ifnot 

X 
Z 

polynomial terms in these models will always 
be correlated with lower.咀rder terms , so collinear­
ity can be a problem , causing unstable estimates 
of the coefficients 岛r the lower order terms and 
increasing their standard errors. Since the polyno­
mial term is just an interaction, centring the pre­
dictors will reduce the degree of collinearity, 

without affo巳cting the estimate and test of the 
slopεfor the highest唱rder term in the model nor 
the partitioning of the SS. However, the estimate 
ofthe slope 岛r the lower.咱rder terms will be dif­
ferent but also ffiore reliable with smaller stan­
dard errors once collinearity has been reduced 

(1出al species richnes5) , =β'， +βI (regional 甲四e5 rich用55) ， +β'，(陀E旧nal species 
richness); +ξ 

P 

。 283

0.203 
0.017 

1.204 
1.463 
3.500 

Tolerance 

0.066 
0.066 

Standard e阿飞"
qJnull 

刊
厅
∞

600 

Coefficient 

8.124 
0.249 
0.003 

A
A
a
的

We would reject the Ho thatβ'2 equal5 ze盯 Note tr且由e tolerance5 are very low, 

indicating collinearity between 吧gional5peαes richness an 才(町gional species rich 
ne目)2 as we would expe吐 This collinearity m哩ht affect the estimate and test ofβl 
but 叭 on't affect the pa内itioning of the variance and the calculation of SS&:trõ 
[(陀gional specie5 门chness)2 1 regional spe 二 ies richness], 50 we , like Caley & Schluter 
(! 997) will continue the analysis with uncentered data 

The pa时itioning ofthe variation resulted in the followingANOVA. 

X 
3 

X 
4 

τhis defines all our categories (Table 6.3) and 
we would fit a linear model including each of 
these dummy variables as predictors. For a predic­
tor va口able with c categories , we only need c-1 

dummy variables. Interpreting the regression 
coefficients is a little tricky. The coefficients for X1 , 

X" X3 and X4 indicate how different the effects of 
low, mediu日1 ， high and intense grazìng respec­
tively are compared to zero grazing, i ,e. the coeffi­
cients for dummy variables measure the 
differential effects of each ca tegory compared to a 
reference category (in which all dummy variables 
equal zero). The choice of the reference category 
should be made prior to analysis. In this example , 

we used the zero grazing category ("control") as 
the reference category. An alternative method of 
coding dummy variables is using the deviation of 
each category mean from the overall mean, which 
is commonly used in analysis ofvariance models 
(see Chapter 8 onwards) and is termed effects 
coding 

6,1. 14 Indicator (dummy) variables 
There are often situations when we would like to 
incorporate a categorical variable into our multi­
ple regression modeling. For example , Lo.严1 (1987) 
included a predictor variable indicating the his­
torical intensity of grazing in each of his forest 
patches. This variable took values of 1, 2, 3, 4 or 5 
and was treated as a continuous variable 也r the 
analysis. We could also treat this as a categorical 
variable , with five categories of grazing 飞Nhile the 
values ofthis variable actually represent a quanti­
tative scale (仕om low grazing intensity to high 
grazing intensity), many categorical variables will 
be qualitative. For example , Paruelo & Lauenroth 
(1996) included a categorical variable that separ­
ated sites into shrubland and grassland. To 
include categorical variables in a regressìon 
model, we must convert them to continuous vari­
ables called indicator or dummy variables 
Commonly, dummy variables take only two 
values, zero or one , although other types of 
coding are possible 

In the example from Paruelo & Lauenroth 
(1996) where there are only two categories , we 

p 

R，司g飞出Slon

Re电 dual

<0.001 

F 

184582 

M5 

1.390x 10' 
75.324 

df 

2 
5 

55 

2.781 x 10' 
376.620 

Sour，ζe 

Note t卡 e SSReg陀，s:or 扣 as tvvo df because there a陀协同e parameters 1n the 
mode l. We wou!d reject the Ho thatß

, 
equa!sP2 equals zero 

Nowwe nt a 陀duced model without the quadratic term 

(local5pec巴s richness)二β。十β(reg旧咀 1 species richness)，十气

P F 问5df 55 Source 

<0.001 124.152 2.688x 10~ 
216543 。

2.688 X 104 
1299.257 

Reg同sSlon

Re日dual

The SSRe~出'00 from the full model is 2.7日 1 x 104 and the SSRem'".on from the 
叫邑.''''

陀duced model is 2.688 X 10'. The陀fore SShtra is 922.7 with one df and F [(regional 
speC1es 广l巾eS5)' I 陀gional species ri出门ess] 呵U出 12.249 w,th P<O.OI8. We 
would conclude that adding the second-order polynomial term to this model cor 
tributes signi白cantly to exp!ained variation in local species richnes5. It i5 apparent 
from Figur飞::- 6.5, despite the 5ma!1 sample 引ze ， that the 5econd-order polynomial 
mode! provide5 a better visual 白t than a simple linear mode l. Note that quadratic 
models were not better f1此s tha门 li门ea广 fora门y of the other ζombinations of region 
(worldwide, Australia, Nc 协 America) and 5patial scale (1% and 10% ofregion) 
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Box 6.71Wo以白四ample of indicator (世ummy) variable了

l!i 
E' 

We will consider a subset of the data from Loyn (1切7) where abundance of forest 
birds is the response 旧 iable and grazing intens时 (1 to 5 from least to greate吐)
and log lQ patch area ar，已由e predictor va门ables. First, we t陀at grazlng as a coηtin­
uaus variable and fit model 6.28 

Coefficient Estimate Standard e厅or P 

Inteπept 

Grazing 
Log 0 area 

340 
副
部
回

-26 7"- 230 
归
刀
万

飞
d
o
u
-
-

75l 
M
n∞
到

645 
<0.001 
<0.001 
<0.001 

Note that both the e叮ects of grazing and loglo area are 5唱nifìcant and the pa时 ial

regression slope for grazing is negati咀， indicating that, hold盯g patch area constam, 

t七 ere are fewer birds in patches with more intense g甩到ng

Now we will conve同 grazing into four dummy variables with no grazing (Ieve 
1) as the reference ca二.tegoryσ马ble 6.3) and 自t model6.29 

Estimate 5"，门 dard e 牛ro， P 

Intercept 
Grazing

, 

Grazing2 
Grazing3 

G目Zln&
Log

, o area 

15.716 
0.383 

-0.189 
-1.592 

-1 1.894 
7.247 

2.767 
2.912 
2.549 
2.976 
2.931 
1.255 

5.679 
0.131 

-0.074 
一0.535

4.058 
5.774 

<0.001 
0.896 
0.941 
0.595 

<0.001 
<0.001 

The partia! regression slopes for t 飞 ese dummy variables measure the diffe陀nce In 
bird abundance between the grazing category represented by the dummy 、 ariab!e

and the reference category for any specifìc leve! of loglo area. Note that only the 
e能ct of intense grazing (category: 5; dummy variable: grazing4) •s diffe陀nt from the 
no gr叩门g category. 

If our linear mode1 only has categorical pre­
dictor variable叫"factors") ， then they are uSllally 
considered as classical analyses of variance 
models. Commonly, we have linear models with 
a mixture of categorical and continuous vari 
ables. The simplest case is one categorical pre 
dictor (converted to dummy variables) and one 
continuous predictor. For example , consider a 
subset of the data 仕om Loyn (1987) where we 
will model the abundance of forest birds against 
grazing intensity (1 to 5 indicating no grazing 
to intense grazing) and patch area (transformed 
to loglO) - see Box 6.7. Because the levels of 
grazing categories are quantitative , grazing 
intensity can be treated as a continuous vari 
able with the following typical mllltiple regres 
sion model 

This model can be envisaged as separate linear 
regression models between Y and log lO area 画。r

each level of the categorical predictor (grazing) 
The partial regression slope for each dummy vari 
able measures the difference in the predicted 
value of Y be t:vJeen that category of grazing and 

(bird abundance), ~β。+卢1 (grazing)j + 
β2(loglo area)j + t:: j 

A1ternatively, we could consider grazing intensity 
as a categorical variable and we would create four 
dummy 飞rariables (Table 6.3) and include these in 
our model 

(bird abundance), ~β。+卢1 (grazing 1)' + 
β，(grazing，)， +卢，1grazing3) ， + 
β4(grazing4)j +βS(log10 area)j 十 e，
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Criteria for "best" model 
Irrespective of which method is used 且or selecting 
which variables are included in the model (see 
below) , some cr口lt，恒:er口lOn mus旺tbe u山sed f岛orde旺C口idi口旧n

whi口ichi四s the '‘b民est" model. One cha盯ra缸ct恒e口s目tic of 
such a c町cn口1此te盯r口1旧on 1臼s t由ha且t 1皿t must prot胆εC目t against 
"、over且ttl江旧ng"气， where the addition of extra predic­
tor variables may suggest a better 且t even when 
these variables actllally add very little to the 
explanatory power. For examp1e , r2 cannot 
decrease as more predictor variables are added to 
the model even if those predictors contribute 
nothing to the ability of the model to predict or 
explain the response variable (Box 6.8). 50 r2 is not 
suitable for comparing models with dif坠rent

numbers ofpredictors 
We are usually dealingwith a range ofmodels , 

with different numbers of predictors , but a11 are 
subsets of the 臼11 model with all predicto四 We

will use P to indicate a11 possible predictors , p is 
the number of predictors included in a specific 
model , n is the number of observations and we 
will assume that an intercept is always 直tted. If 
the models are all additive , i.e. no interactio旧，
the nllmber ofparameters is p + 1 (the number of 
predictors p1us the intercept). VVhen interactions 
are included , then p in the equations below 
should be the number of parameters (except the 
intercept) in the model, including both predictors 
and their interactions. We will describe four crite 
ria for determining the 且t of a model to the data 
(Table 6.4) 
卫1e 白rst is the adjusted r2 which takes into 

account the number of predictors in the model 
and , in contrast to the usual r2 , basically uses 
mean squares instead of sum of squares and can 
increase or decrease as new variables are added to 
the model. A larger value indicates a better fit 
Using the MSResidual 仕om the 且t of the model is 
equivalent where a lower value indicates a better 
fit 

The second is Ma11ow's Cp' which works by 
comparing a specific redllced model to the full 
model with all P predictors included. For the 也II

model with a11 P predictors，马 will eqllal P+ 1 (the 
number of parameters including the intercept) 
The choice ofthe best modelusing Cp has two con1-
ponents 马 should be as small as possible and as 
close to p as possible 

由e reference category (zero grazing) for any spe­
cific value of loglo area. Using analysis of covari­
皿ce terminology (Chapter 1刻， each regression 
slope measures the difference in the adjusted 
roean of Y between that category and the refer­
ence category(Box 6.7). Interaction terms between 
由e dummy variables and the continuous variable 
could a1so be inc1uded. These interactions 
measure how much the slopes of the regressions 
between Y and the log,o area differ between the 
levels of grazing. Most statistical software now 
automates the coding of catego口cal variables in 
rεgression analyses , although yOll should check 
what form of coding your software uses. Models 
that incorporate continuous and categorical pre­
dictors will also be considered as part of analysis 
of covariance in Chapter 12 

(6.28) 

6.1.15 Finding the "best" regression model 
In many uses of multiple regression, biologists 
want to find the smallest subset of predictors that 
provides the "best 自t" to the observed data. There 
are two apparent reasons for this (Mac Nally 2000) , 

related to the two main purposes of regression 
analysis - explanation and prediction. First, the 
"best" subset of predictors should include those 
that are most important in explaining the varia­
tion in the response variable. Second , other things 
being equal, the pre口sion of predictions from our 
fitted model will be greater with fewer predictor 
variables in the model. Note that, as we said in the 
introdllction to Chapter 5, biologists , especially 
ecologists , seem to rarely use their regression 
models for prediction and we agree with Mac 
Nal\y (2000) that biologists are usually searching 
岛r the "best" regression model to explain the 
response variable 

It is important to remember that there will 
rarely be , for any real data set, a single "best" 
subset ofpredicto凹， particularly if there are many 
predictors and they are in any way correlated with 
each other. There will usually be a few models , 

with different numbers of predicto凹， which 
provide similar fits to the observed data.τhe 
choice between these competing models will still 
need to be based on how well the models meet the 
assumptions , diagnostic considerations of outli­
ers and other influential observations and biolog­
ical knowledge ofthe variables retained 

(6.29) 



139 MULTIPLE Ll NEAR REGRESSION ANALYSIS ι138 MULTIPLEAND COMPLEX REGRESSION 
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马~

Crfterion 

一

Box 6.sl Hierarchical 阳rtitioning and model selection. 

Formula 
The data from Loyn (1 锦7) we陀 used to compa陪 model selection cr阳ria. Only 
飞he best Ì\No models (based on the BIC) for each number of predicto巧 are pre~ 

sented as well as the full model. The model with the lowest 剧C is in bold 5SResidual 耳η 一 (p + 1)] 

55了叫 I(η 1) 
Adjusted r2 

Reduced SSRe5idua.l 

Full 问5Re到四， 1

n[ln(55阳;"0'1)] + 2(p + 1) - nln(n) 

n[ln(55陆时川)] + (p + 1 )In(n) - nln(n) 

[η-2(p+I)] Mallow's 乌

Akaike Information Criterion (AIC) 

Schwa目(国Q

228.45 
237.76 
217.67 
219.14 
218.29 

AIC 

224.39 
223.7 1 
21 1.59 
213.06 
210.19 

C, 
0 .539 18.4 

0.456 3 1. 1 

0.640 4.0 
0.630 5.4 

0.654 2.8 
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5chwa目 Bayesian lnformation C川ter旧n (B IC) 

chooses the best one (or more than one) based on 
one of the criteria described above. Until rela­
tively recently, automated fitting of a11 subsets 
was beyond the capabilities of most statistical 
software because of the large number of possible 
models. For example, with six predictors , there 
are 64 possible models! Consequently, stepwise 
procedures were developed that avoided 且tting

a11 possible models but selected predictor vari­
ables based on some spec植c criteria. There are 
three types of s胆pwise procedures , forward 
selection , backward selection and stepwise selec­
t lOn 

Forward selection starts offwith a model with 
no predictors and then adds the one (we' l1 ca11X,) 
with greatest F statistic (or t statistic or correlation 
coefficient) for the simple regression of Y against 
that predictor. [fthe Ho that this slope equals zero 
is rejected, then a model with that variable is 
且tted， The next predictor (Xþ ) to be added is the 
one with the highest partial F statistic for X b given 
that X, is already in the model [P(Xb [X,)I. If the Ho 
that this partial slope equals zero is rejected, then 
the model with two predictors is refitted and a 
third predictor added based on P(X, [Xλ). The 
process continues until a predictor with a non-sig­
m直cant partia1 regression slope is reached or a11 
predictors are inc1uded. 

Backward selection (elimination) is the oppo. 
site of 岛rward selection, whereby a11 predictors 
are initia11y inc1uded and the one with the small­
est and non-significant partial F statistic is 
dropped τhe model is refitted and the nεxt pre 
dictor witb the sma11est and non-significant 

咀le remaining two measures are in the cate­
goryofinformation criteria, introduced by Akaike 
(1978) and Schwarz (1978) to summarize the infor­
mation in a model, accounting 岛r both sample 
size and number of predictors (Table 6.4). 
Although these information criteria are usua11y 
based on likelihoods , they can be adapted for use 
with OLS since the estimates ofparameters will be 
the same when assumptions hold τhe 直rst of 
these criteria is the Akaike information criterion 
(AIC), which tends to select the same models as 

Mallow's Cp as n increases and the MSResidual 
becomes a better estimate of σ. 2 (Christensen 
1997; see Box 6.8). The Bayesian (or Schwarz) infor­
mation criterion (BIC) is similar but adjusts 自or

sample size and number of predictors differently. 
[t more harshly penalizes models with a greater 
number of predictors than the AIC (Rawlings et al 
1998) 

For both AIC and BIC. sma11er values indicate 
better, more parsimonious , models (Box 6.8). We 
recommend the Schwarz criterion for determin­
ing the model that best fits the data with the 
fewest number of parameters (see also Mac Na11y 
2000). It is simple to ca1culate and can be applied 
to linear and generalized linear models (see 
Chapter 13) 

219且8

220.73 

22 1.28 

227.27 

228.32 

225.05 

21 1.77 

210.60 

215.11 

214.14 

21 1. 15 

212.89 

4.3 

14 

5.1 

7.0 

3.9 

5.1 

0.644 

ι657 

0.654 

0.649 

0.635 

0.646 

0.664 

0.682 

0.679 

0.668 

0.685 

0.681 

loglo area 
grazlng 
loglo area + grazing 
loglo area +)它ars
log lQ area + grazing + 
γears 

loglo are地 +grazing + 
loglo ldist 
loglo area + grazing + 
Y田rs + alt队，de
b品。 a陀a +grazing+ 
years + loglo Idist 
Iog,o a陀a +grazing+ 
years + loglo Idist + 
loglo dist 
logl{l苟言a + grazing + 
a陆忧U 才 e + loglo Idist 
+ IO".n dist 山bW

log 10 area + grazing + 
years + altitude + loglo 
Idist + loglo dist 

Model No. P陪dictors

ilz23 

3 

4 

4 

5 

6 

5 

TheSchw町 criterion (BIC) selects a mo 才 el with just two P陀dictors (log 1o a陀a

and grazing). In contrastλhe AIC and Mallow's C
p 

selected a model that included 
these two predictors and years since isolation, and the adjusted (l selected a four­
predictor model that added altitude to the previous three predictors. Note that the 
unadjusted (l is highest for the model with all p陀dictors.

Forthese data, automated forwa时 and bac阳ard selection procedures (由e 到E

nifìcance level for enter 们 g and removing teπns based on pa叫ial F-ratio 白t吐ICS

was set at 0.15) produced the same fìnal model including loglo area, grazing 时

years since isolation. The results from a hierarchical partitioning of (l from the mode 
relat吨 abundance of fore咀 birds to all six predictor varia七 es from Loyn (1987) a陀
shown below. 

Total 

0.548 
0.016 
0.014 
0.149 
0升66

0.253 

Joint 

0.232 
0.0口 9

<0.001 
0.092 
0.275 
0.152 

Independer民

0.3 15 
0.007 
0.014 
0.057 
0.190 
0.101 

Log
,o area 

Log
,o dist 

Log 1o Idist 
A忧民.ude

Grazing 
Years 

Selection procedures 
The most sensible approach to selecting a subset 
of important variables in a complex linear model 
is to compare all possible subsets. This procedure 
simply fits a11 the possible regression models (i.e 
a11 possible combinations of predictors) and 

Clearly, logw ar它a and grazing contribute the most to 廿 e explained variance in 
abundance of fc陪st bird孔 both as independent effects and joint effects with otr白
predictor三 with some contribution also by years since 巴olat旧n
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Le、 el of hierarchy 

。

It--2223 

For example, for尺， we would compare the follow­
mgγ2 values 

Y气X， ) vs r叫Null)

r'(X, ,x,) vsγ'(X，) 

r'(X,'x3) vsγ'(X3 ) 

γ'(X， 'x, '(3) vs r'(X,'x3) 

币le differences in y2 values are averaged within 
each hierarchical level (fìrst order, second order, 

third order) and then averaged across the levels to 
produce the independent contribution of X1 to 
the explained variance in Y. τ'he same procedure 
H 岛llowed for the other predictor variables 
These independent contributions of a11 the pre 
dictor variables represent a partitioning ofthe r2 

仕om the full model with all predictors inc1uded 
For example, the sum ofthe independent contri 
butions of log10 area , log lO dist, log1O ldist, alti 
tude , grazing and years to forest bird abundance 
for the data 仕omLo归1 (1987) equals the r' 仕om
the fit of the full model with all these predictors 
(Box 6.8) 

If the predictor variables are completely inde­
pendent of (i.e. uncorrelated with) each other, 

then there wi11 be no joint contributions and the 
sum of the r' for Models 2, 3 and 4σ'able 6.5) will 
equal the total γ2 台om the full model. This latter 
r2 can be unambiguously partitioned into the 
independent contributions of each predictor and 
the analysis would be complete. We know, 

however, that correlations betw巳en predictors 
nearly always occur within real data sets so the 

Table 6.51 Eight possible models with one 
r田 ponse variable and three predictor variables 

Model 

mm/hJ dEJ js­LFN2332 
问
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X
X
X
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F
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J
/。

7
'
Q
U

• The "independent" contributions of each 
predictor variable , which is a partitioning of 
the r' for the fì.lll model with all predictors 
(ModeI8) 

• The "joint" contributions of each predictor in 
conjunction with other predictors 

For the independent contributio旧， we calcu 
late for each predictor variable the improvement 
in fit by adding that predictor to reduced models 
without that predictor at each hierarchicallevel. 

6.1.16 Hierarchical partitioning 
Hierarchical partitioning is a method that has 
been around for some time but its utilityfor inter­
preting the importance of variables in linear 
models has only recen t1y been a pprecia ted in the 
statistical (Chevan & Sutherland 1991) and biolog­
ical literature (Mac Nally 1996). Its purpose is to 
quantify the "independent" correlation of each 
predictor variable with the response variable. It 
works by measuring the improvement in the fit of 
all models with a particular predictor compared 
to the equivalent model without that predictor 
and the improvement in fi.t is averaged across a11 
possible models with that predictor. We can use 
any of a number of measures of缸， bu t for linear 
models, it is convenient to use r 

Consider a model with a response variable (Y) 
and three predictor variables (尺，凡， X3). There are 
2p possible models when there are p ‘ 'indepen­
dent" predictor variables , so here, there are 23 

equals eight models. We can ca1culate r' for the 
eight possible models listed in Table 6.5. Note that 
there are 岛ur hierarchical levels of model com­
plexity, representing the number of predictors in 
the model. Hierarchical partitioning splits the 
total r2 for each predictor, i.e. the r2 for the linear 
relationship between Y and each predictor by 
itself (as in Models 2, 3 and 4) , into two additive 
components 

sensib1e , a1though more complex procedures are 
possible (Mac Nally 2000)._ We conc1ude with a 
~uote from James & McCulloch (1990 , pp. 
136-137): "Many authors have docum巳nted the 
folly ofusing stepwise procedures with any mu1ti­
variate method. Clearly, stepwise regression is not 
able to select 仕om a set ofvariables those that are 
ßlost influential." 

including and exc1uding variables can produce 
very different 直nal models even 仕om the same set 
of data Uames & McCulloch 1990, Mac Nally 2000), 

particularly if there are many predictors 
Additionally, simulation studies have shown that 
these stepwise procedures can produce a final 
model with a high r', even ifthere is really no rela­
tionship between the response and the predictor 
variables (Flack & Chang 1987, Rencher & Pun 
1980). Finally, variable selection techniques are 
sensitive to co11inearity between the predictors 
(Chaterjee & Price 1991). This is because col1inear­
ity will often result in large variances for some 
regression slopes that may result in those predic­
tor variables being exc1uded 仕om the model irre­
spective of their importance 

The all-subsets procedure is limited by the 
large number of models to be compared when 
there are many predictor variables , although 
most statistical software can now compare all 
subsets for reasonable numbers ofpredictors. It is 
difficult to envisage a data set in biology with too 
many variables for a11 subsets comparisons that is 
also not plagued by serious collinearity problems , 

which would invalidate anyvariable selection pr任
cedure 

If the number of observations is large enough , 

then we recommend using cross-validation tech 
niques to check the validity of the final model 
The simplest form of cross-validation is randomly 
to split the data set in two and 位 the model with 
halfthe data set and then see howwell the model 
predicts values of the response variable in the 
other half ofthe data set. Unfortunately, splitting 
the data for cross-validation is not always possible 
because of small sample sizes often encountered 
in biology. 

In the end, however, the best argument against 
stepwise variable selection methods is that they 
do not necessarily answer sensible questions in 
the currentage ofpower且11 computers and sophis 
ticated statistical software. If a regression model 
is required for explanation, then we wish to know 
which variables are important, and the criteria we 
described above , combined with hierarchical par­
titioning (Section 6.1.16) , are the best approaches 
If a model is required for prediction , with as few 
predictor variables as possible. then comparing 
al1-subsets is feasible and probably the most 

partial F statistic is dropped. The process contin 
ues until there are no more predictors with non 
significant partial F statistics or there are no 
predictors left 

Stepwise selection is basically a forward selec­
tion procedure where , at each stage of re缸­
ting the model , predictors can also be 
dropped using backward selection. Predictors 
added early in the process can be omitted later 
and vice versa 

For all three types of 飞?ariable selection , the 
decision to add , drop or retain variables in the 
model is based on either a specified size ofpartial 
F statistics or significance levels τllese are some­
times termed F-to-enter and F-to-remove and obvi­
ously, the values chosen will greatly influence 
which variables are added or removed from the 
model , especially in s恒pwise selection 
Sign诅cance levels greater than 0.05 , or small F 
statlst口， are often recommended (and are 
default settings in stepwise selection routines of 
most regression software) because this will result 
in more predictors staying in the model and 
reduce the risk of omitting important variables 
(Bowerman & O'Connell 1990). However, as 
always , the choice of signi且cance levels is arbi­
trary. Note that so many P values for tests of 
partial regression slopes are generated in variable 
selection procedures that these P values are dif:且
cult to interpret, due to the multiple testing 
problem (see Chapter 3) and lack of independence 
Variable selection is not suited to the hypothesis 
testing framework 

It is difficult to recommend any variable selec­
tion procedure except a11 subsets. The logical and 
statistical problems with the forward , backward 
and stepwise procedures have been pointed out 
elsewhere (e.g. James & McCulloch 1990, 

Chaterjee & Price 1991 , Neter et a l. 1996). They all 
use somewhat arbitrary statistical rules (signi丘­
cance levels or the size ofF statistics) for deciding 
which variables enter or leave the model and 
these rules do not consider the increased prob­
ability of τ'ype 1 errors due to multiple testing. 
τhese approaches se巳m to be an abuse of the logic 
oftesting a p1iori statistical hypotheses; statistical 
hypothesis testing and significance levels are ill­
suited for exploratory data-snooping. Also , the 
forward , backward and stepwise approaches for 



142 MULTIPLEAND COMPLEX REGRESSION 

sum of the r' for Models 2, 3 and 4 will exceed the 
total γ2 from the full model because of the joint 
effects ofpredictors. Thesejoint effo巳cts represent 
the variation in Y that is shared between two or 
more predictors. The joint effects for each predic 
tor are ca1culated from the difference between the 
squared partial correlation 岛r the model relating 
Y to that predictor and the average r2 representing 
the independent contribution of that predictor 
already determined. This simply uses the additive 
nature of the independent and joint contribu­
tions of each predictor to the total γ.2 for each pre­
dictor, as described above 

The sum of the average independent and 
averagejoint contribution to γ.2 is the total contri­
bution of each predictor variable to th巳 vanation
in the response variable , measured by the r2 for 
the model relating Y to each predictor. We might 
like to test the Ho that this total contribution 
equals zero for each predictor. Un岛rtunately，

hypothesis tests 岛r r are not straightforward , 

a1though Mac Nally (1996) suggested an expedient 
solution ofusing the appropriate critical value of 
the correlation coeffìcient (飞/r')

As Mac Nally (1996) has pointed out, hierarchi 
cal partitioning uses a11 possible models and aver. 
ages the ìmprovement ìn fìt for each predictor 
variable , both independently and jointly, across 
a11 these models. Note that hierarchical partition 
ing does not produce a predictive model nor does 
it provide estimates of, and tests of null hypothe­
ses about, parameters of the regression model 
With anything more than a 岛'W predicto凹， hier­
archical partitioning cannot be done manua11y 
and the algorithm ofChevan & 5utherland (1991) 
needs to be programmed 

Mac Nally (1996) illustrated the utility ofhier 
archical partitioning for a data set relating breed­
ing passerine bird species richness to seven 
habitat variablesτ'he two predictor variables 
retained by hierarchical partitioning were the 
same as those 、vith signifìcant bivariate correla­
tions with the response variable but were quite 
d时去rent 仕om those chosen by a full model multi­
ple regression and variable selection (backwards 
and forwards) procedures (Box 6.8) 

6.1.17 Other issues in multiple linear 
regresslon 

Regression through the origin 
We argued in Chapter 5 that 岛rClng a regression 
model through the origin by omitting an inter_ 
cept was rarely a sensible strategy. This is even 
more true for multiple regres臼Sl凹on because We 
would need to be s阳ur目et由ha且t Y equals zero when aU 1 
乓 e吨qual ze巳rO.Evl四enl芷ft由hi四swa臼st由hec囚as距e ， fo岛r眈rClI口四11吨I

model through the orig凯1n Wl山11 nearly always 
involve extrapolating beyond the range of our 
observed values 岛r the predictor variables and 
measures of 直t for no-intercept models are diffi 
cult to interpret 

Weighted least sqnares 
Weìghting each observation by a value r飞elated to 
the variance ìn Yj is one way of dealing with het­
erogenel可 ofvariance although determining the 
approprtate weights is not straightforward 
(Chapter 5). As with simple linear regression , our 
preference is to transform Y andfor the X-variables 
if the heterogenei可 ofvariance is due to skewed 
distributions of the variables , particularly if our 
understanding of the biology suggests a dif:坠rent
scale ofmeasurement is more appropriate 岛rone

or more of the variables. Alternatively, general­
ìzed linear models with an appropriate non­
normal distribution of the error terms should be 
used (Chapter 13) 

X random (Model II regression) 
丁be extension of Model 11 bivariate regression 
techniques (Chapter 5) to the situation with multi. 
ple predictor variables was reviewed by McArdle 
(1988). To calculate the RMA equivalent estimates 
for each 鸣，如t produce a correlation matrix 
among all the variables (Yand all p X.variables) 
Then run a principal components analysis (see 
Chapter 17) on this correlation matrix and extract 
the eigenvector for the last component with the 
sma11est eigenvalue (explained variance). The esti­
mate of the regression slope for each predictor 
variable (鸟) is 

b~旦L
Jαy 

(6.30) 

where bj is the regression slope for X;， αis the coef­r -J 
fìCÎent 岛rXjandαy1S 出e coefficient for Y仕om the 

eigenVector for the principal conlponent with the 
s';;allest eigenvalue. McArdle (1988) refers to this 
me也od as the standard minor axis (S阳) and 
simply becomes the RMA method when p equals 
one. Note that these are standardized regression 
slopes, because they are based on a correlation 
matrix, so the regression model does not include 

an intercept 
咀le choice between OLS and SMA is not as 

straightforward as that between OLS and RMA岛E
símple bivar咀te regression. McArdle's (1988) sim­
ulations suggested that if the error variance in 乓
is greater than about halfthe error variance in Y, 

then SMA is better. However, the relative perfor­
皿ance of OL5 and SMA depended on the correla­
tion between Y and X

j 
so definitive guidelines 

cannot be given 

Robust regression 
When the underlying distribution of error terms 
may not be normal, especia11y if extreme observa 
tions (outliers) occur in the data that we cannot 
deal with via deletion or transformation , then the 
usual OLS procedure may not be reliable. One 
approach is to use robust fìtting methods that are 
less sensitive to outliersτhe methods described 
in Chapter 5, least absolute deviations , Huber M 
estimation and non-parametric (rank-based) 
regression, a11 extend straightforwardly to multi 
ple predictorvariables 币lem句or difficul可 is that 
the computatìons and associated algorithms are 
complex (Birkes & Dodge 1993). Fortunately, 

robust regression procedures are now common 
components of good statistical so仕ware

The randomization test ofthe Ho that β1 equals 
zero in simple linear regression can also be 
extended to multiple regression. We compare the 
observed partial regression slopes to a d四tribu­

tion of partial regression slopes determined by 
randomly allocating the Yi to observations but not 
altering the x，.， χ ， etc., for each observation 

。 il' <Yi2 

(Manly 1997). Other randomization methods can 
be used , including using the residuals , although 
the different methods appear to give similar 
results (Manly 1997) 

Missing data 
It is common for biological data comprising two 
or more variables to have missing data. In data 
sets suited to multiple regression modeling, we 

REGRESSION TREES 

may be missing values for some of the predictor 
variables or the response variable for sonle sam­
pling units. It is important to distinguish n1Íssing 
values (no data) 仕om zero values (data recorded 
but the value was zero) - see Chapter 4. Ifmissing 
values for the 四sponse variable reflect a biologi­
cal proc巳ss， e.g. some organisms died during an 
experiment and therefore growth rate could not 
be measured, then analyzing the pattern of 
ffiissing values in relation to the predictor vari 
ables may be informative. More commonly, we 
have mìssing values for our predictor variables , 

often due to random events such as equipment 
failure , incorrect data entry or data being subse 
quently lost. ln these circumstances , most linear 
models software wi11 omit the entire sampling 
unit from analysis , even if data are only missing 
for one of the variables. Alternatives to deletion 
when missing data occur, inc1uding imputing 
replacement values , wi11 be discussed in Chapter 
15 

Power of tests 
τ'he tests of whether individual partial regression 
coe:Ð且cÏents equal zero are based on t statistics and 
therefore the determination of power of these 
tests is the same as for any simple t test that a 
single population parameter equals zero 
(Chapters 3 and 7). Our comments on power ca1cu 
lations for simple regression analyses (Chapter 5) 
apply similarly 岛r multiple regression 

6.2 I Regression trees 

An alternative to multiple linear regression anal­
ysis for developing descriptive and predictive 
models between a response variable and one or 
more predictor variables is regression tree analy­
sis (Brieman et al. 1984, De'ath & Fabricius 2000) 
A "upside-down" tree is created where the root at 
the top contains a11 observations , which are 
divided into two branches at a node, then each 
branch is fur吐1er split into two at subsequent 
nodes and so on. A branch that terminates 
without further branching is called a leaf. 

Consider the data from Loyn (1987), where we 
have a continuous response variable (abundance 
offorest birds) and six predictor variables describ­
ing 56 forest patches, in this case a11 continuous 
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A11 possible binary spli臼 of the observations are 
assessed for each predictor variableη1e first split 
is based on the predictor that results in two 
groups with the smallest within-group (residual) 
sums-of-squares for the response variable. Other 
measures of (lack 0白 fit can be used , inc1uding 
absolute deviations around the mean or median 
for a more robust measure of fit (see Chapter 5) 
τhese splitting criteria are different indices of 
impurity, a measure of heterogeneit:y of the 
groups at a split (De'ath & Fabricius 200创刊IS

"recursive binary-parti tioning" process is 
repeated within each ofthe two groups for all 出e

predictors , again choosing the next split based on 
the predictor that results in the minimum resid­
ual SS within groups , Groups 白lrther along in the 
splitting process are more homogeneous than 
those higher upτhe regression tree looks like a 
dendrogram from c1uster analysis (Chapter 18), 

but is really a tree with the root (the undivided 
complete data set) at the top, branches with nodes 
for each division and leaves where branches termi­
nate (terminal nodes) 

Regression trees produce a predictive model 
Foranyobse凹ation， a predicted value is the mean 
of the observations at a leaf, i.e. in a terminal 
group, Obviously, predicted values 岛r observa­
tions in the one group (leaf) will be the same , This 
is in contrastto the usuallinear model , which wi11 
have different predicted values for a11 observa­
tions unless they have identical values for a11 pre­
dictors. Because we have observed and predicted 
values , we can also ca1culate residuals for each 
observation and use these residuals as a diagnos 
tic check for the appropriateness ofthe model and 
whether assumptions have been met. Normality 
of predictor variables is not a concern because 
only the rank order of a variable governs each 
split, although transformation of the response 
variable to alleviate variance heterogeneity may 
be important (De'ath & Fabricius 2000) 

The splitting process (tree building) could con 
tinue until each leafcontains a single observation 
and for the Loyn (1987) data, we would have 56 ter­
minal nodes. In this situation, the tree would 
predict the observed values of the response vari­
able perfect1y and explain all the variance in the 
response variable , the equivalent offitting a satu­
rated linear regression model (Section 6,1.4) 

Usua11y, we want the best compromise between 
tree simplicity (few nodes) and explained variance 
in the response variable. In practice, therefore ， α 

priori stopping criteria are used , such as a 
maximum number ofnodes allowed , a minimUlu 
number of objects in each group or a minimum 
reduction in explained variance from adding 
more nodes. Different software for building trees 
will use differen t measures of 且t and different 
default stopping rules so don't expect trees based 
on the same data built using different programs 
to be the same unless these criteria are set to be 
the same. Once the tree is built, using the stop 
ping criteria, we can also "prune" or "shrink" 
trees to produce simpler models that achieve a 
better compromise between 且t and simplicity, 

often using criteria similar to those used for 
model selection in standard multiple regression 
(Section 6,1.15), A1ternatively, we can assess the 
predictive capabilities of different sized trees and 
choose the "best" tree as the one with the small 
est prediction error, i.e. the model that provides 
the most accurate predictions 

De'ath & Fabricius (2000) argue strongly that 
the best approach for determining prediction 
eITor and thus appropriate tree size is using cross 
validation (Section 6,1 ,15; De'ath & Fabricius 
2000). One method for cross-validation is where 
the observations are divided randomly into tvvo 
groups of a speci直ed size, e.g. 10% and 90% of the 
observations , and the regression tree model is 
!ìtted to the larger group ("training group") to 
predict values in the smaller group ("validation 
group") 刀le difference between the observed and 
predicted values of the response variable in the 
smaller group is a measure ofprediction error. Of 
interest is how much of the total variation in 
the observed values of the response variable is 
explained by the pr喧dicted values. Cross 
validation is usually repeated many times , each 
with a new random allocation of observations to 
the groups of pre-defined size , i.e. in a randomiza 
tion testing framework. Randomization testing 
can also be used to test whether the derivecl 
regression tree explains more of the variation in 
the response variable than we would expect by 
chance. Brieman et a1. (1984) and De'ath & 

Fabricius (2000) provide more detail on cross­
validation for regression trees 

PATH ANALYSIS AND STRUCTURAL EQUATION MODELl NG 

Regression trees are often inc1uded in statisti­
cal so仕ware under the acronym CART (c1ass凶ca­

tion and regression tree analyses)τhe main 
distinction between c1assi且cation and regression 
trees is that the former is based on categorical 
response variables and the latter on continuous 
response variables. Two common algorithms are 
A1D (Automatic Interaction Detection) 岛r regres­
sion trees and CHAlD (Chi叫uared Automatic 
Interaction Detection) for c1assi且cation trees 

We will use two biological examples of regres­
sion tree analysis. The first comes from Rejwan et 
al. (1999) , who used both standard multiple 
regression and regression trees to analyze the 
relationship be tw"een the density of nests of sma11 
mouth bass (continuous response variable) and 
four predictor variables (wind/wave exposure, 

water temperature , shoreline reticulation and lit­
toral-floor rugosity) for 36 sites in Lake Opeongo , 

Canada. There were nonlinear relationships 
between both exposure and littoral-floor rugosity 
and nest density. The standard multiple regres­
sion analysis showed that shoreline reticulation , 

temperature and (temperature户， and exposure 
were significant predictors , the final model 
explaining 47% of the variation in nest density 
t咒tween sites. However, cross-validation analysis 
showed that the model had little predictive 
power, with almost none of the va口ation in nest 
density in random samples of10% ofthe sites pre­
dictable from the model 且tted to the other 90% of 
the sites 

Their regression tree analysis split the sites 
based on a temperature cut-off of17.05 oC into two 
initial groups of 28 and 8 sites , and then split the 
latter group into two groups of four sites each 
based on shoreline reticulation below and above 
100m. This tree explained 58% ofthe variation in 
nest densi可 and cross-validation analysis showed 
that the tree model had more predictive poweI 
and could explain about 20% ofthe variation nest 
density in random samples of10% of sites 

The second example , illustrated in Box 6.9, 

uses the data set from Loyn (1987) , who recorded 
the abundance of 且orest birds in 56 茧orest frag 
ments and related this response variable to s四
predictors that described aspects of each patci1 
(area , distance to nearest patch and nearest larger 
patch, stock grazing, altitude and years sinc巳 IS仔

lation) - see Box 6.2. We built a regression tree 
model for these data, after transforming area and 
the two distances to logs. The 且rst split was 
between patches with grazing indices 仕om one to 
four and those with a grazing indεx of 直veη11S
former group was further split into two groups 
with log]O area 士 1 ，176 (approx. 15 ha) , The final 
tree is presented in Figure 6.6τbis tree is a little 
different from the results of the multiple linear 
regression analysis ofthese data in Box 6.2τhere ， 

loglo area was a significant predictor, with grazing 
not significant (P二 0，079) ， although model selec­
tion and hierarchical partitioning both resulted 
in a model with loglo area and grazing as the t\.vo 
predictors (Box 6, 8) , The fit of the regression tree 
model was 0，699τbe equivalent multiple linear 
regression model includingjust grazing and log lO 

ar它a as predictors resulted in an r of 0.653 so the 
regression tree model produced a slightly bettel 
且t

This brief introduction ffiight encourage you 
to explore these methods further， τhe standard 
reference is Brieman et a1. (1984) , and De'ath & 

Fabricius (2000) provide an excellent and up-dated 
overview with ecological applications 

6.3 I Path analysis and structural 
1 equation modeling 

τhe linear model we fit for a multiple regression 
represents our best guess at causal relationships 
The model is postulating that the predictor vari­
ables we have incorporated may have biological 
effects on our response variableτhe multiple 
regression model 凹， however, a conveniently 
simple representation of potential causal path­
ways among our variables as it only considers 
direct effects of each predictor, adjusting for the 
others , on the response variable. We may hypoth­
esize much more complex causal links between 
variables. For example , we may inclllde indirect 
eff怪cts where one predictor affects a second pre­
dict时， which in tllrn affects the response variable , 

and we may have two or more response variables 
that can affect each other. The statistical tech­
nique we use to analyze models ofpotential causal 
relationships was 直rst developed over 50 years ago 
by Wright (1920 , 1934) and is called path analysis 
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Box 6.91 Worked example of regression trees: abundance 

of birds in forest patches 

A 陀旦同5SIon t陀e for the data from Loyn (198乃陀lated the abundance of fore处

biπ15 in 56 fo陪st 币"agments to log area, log dista门ce to nearest patch and nearest 

larger patch, grazing intens比川 altitude and years since isolation. We used OLS as our 

meas山它 of flt aηd set stopping crite门a 50 that no spl比 would result in less than five 

observations in a group, the maximum 门umberof nodes was less than 20 (although 

this la位er c叫凹on turned out to be ir陀levant) and the minimum pro阳时lonal

reduction in 吧sidual variance was 5%. The fìrst node in the tree was betwee门 43

habitat patches with grazing 盯才 Ices 什'om one to four and the 13 patches with a 

grazl咆 l门dex of 们ve (F刷re 6.6). This form旷 group was further spl比 Into tWQ 

groups, 24 patches with loglo a陀a le55 than 1.176 (approx. 15 ha) and 19 patζhe5 

with loglo area g陀ater than 1. 176 

The fìt ofthls tree model was 0.699. The plot of residuals from the tree model 

15 业 own in Figure 6.8(a) w协 four obse川ations in the group of small patches w怕

low grazing (!ess than 们ve) standing out from the others and warranting checking 

and possibly re-running the analysis after their omission to evaluate their influence 

Out ofinterest, we 陀fìtted thet陀ew协 looser stopping crite门a (smaller allow 

able 陀duction in r飞出idual variance) to see what subsequent splits in the data would 

have occurre 才 (Figur飞::- 6.7). On one side of the tr它e. 廿 e I 3 patches w位h a grazing 

m 才 ex of fìve were further split by loglo dist. On the other side , the 24 small patches 

we陀句时 er s肘比 byage (and then by loglo a陪aa门d loglo dist) and the 19 larger 

patches were 札 rther 5pl吃 by 10glO area again. The fit of the model was improved 

to 0.84 but the model is much more complex with additional variables, some 

repeated throughout the tree (e.g. loglo area) so the improvement in fìt is at least 

pa时Iya consequence of the inc陀ased number of predictors in the tree model. The 

residuals show a mc陀 even pattern, with no obvious ou甘 iers (Figure 6.8(b)) 

R吨ression tree modeling bird abundance in 
against patch area, distance to nearest patch , 

distance to nearest larger patch (these three variables loglo 
transformed) ,grazîng incensity, altîtude, and yea内 smce

isolation for the 56 patches surveyed by Loyn (1987). The 
criterîa for each node a陀 induded， with leftMhand branches 
indicating observations wîth values for that prediccor below 
the cutMo仔 and rightMhand branches indicating observations 
with values for that p陀dictor above the cut-off.The 
predicted value (mean) and number of observations for each 
leaf (terminal group) a陀 also provided 

(see also Mitchell 1993 for a review). Path analysis 

was originally designed for simple mllltiple 

regression models and is now considered a subset 

of a more sophisticated collection of analytical 

tools called structural equation modeling (SEM). 

also called analysis of covariance (correlation) 

18.3丁

(24) 

Grazing 1 - 4 : 5 

30.08 
(19) 

6.29 
( 13) 

structure σ.abachnick & Fidell 1996). lt is very 

important to remember that causality can only 

really be demonstrated by carefully designed and 

analyzed manipulative experiments , not by any 

specific statistical procedure. SEM and path analy. 

sis are basically analyses of correlations , although 
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Grazing 4.5o .噩噩II!ID Regression tree based 

2.76 8.50 
(5) (8) 

I on the same data as in Figur'哩 6.6.

阻cept that branching was 

continued to a lower level 

11 .21 19.72 24.73 18.84 34.05 30.24 
(7) (6) (6) (5) (6) (5) 

20 r 20 
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they can be used to analyze experimental data 

(Smith et al. 1997), and simply test howwell postu 

lated causal pathways fit the observed data in a 

modeling context 

The fundamental component of SEM or path 

analysis is the a priori specification of one or mor它

causal models. althollgh most published applica­

tions of path analysis in biology do not seem to 

compare competing models. Let's consider a 

simple path diagram, based on the data from 

Lo严1 (1987). that relates the abllndance of forest 

birds in isolated patches of remnant forest to a 

number of predictor variables (Figure 6.9). We 

will include three of these predictors (loglO patch 

area, years since isolation , grazing) and include 

all correlations among the predictors and all sup­
posed causal links between each predictor and 

(γ\ 
(一/

Path diagram for simple multiple 陀Z同SSlon

model relating three pred口or variables (log 1o patch ar剧，
grazing, years since isolation) to one r国ponse variable 
(abundance of forest birds) using the data from Loyn (1987) 
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the response variable in our path diagram 
Single-headed arrows represent supposed causal 
links between variables and double-headed 
arrows represent correlations between variables 
with no directional causality postulated. U repre­
sents unexplained causes (variables we have not 
measured) that might affect a response variable 

The process starts by speci市ing the model for 
each response variable. In Dur simple example, 

there is only one response variable and the model 
is a standardized multiple regression model 
without an intercept 

II--

(bird abundance), =β，(loglo area)j + 
卢，(years)， +β'3(grazing)，+ε(6.31) 

Path analyses basically represent a restructuring 
of the correlations (or covariances) between all 
the variables under consideration (Mitche1l 1993). 
The correlation (乍.) between any predictor vari 
able)与 and the respo口se variable Y can be parti 
tioned into two components: the direct and the 
indirect effects (Mitchell 1993). This partitioning 
simply repr四ents the normal equations that we 
used for fitting the regression model using OLS 
(Box 6.3). The direct effect is measured by the stan 
dardized partial regression coefficient between Y 
and 乓. holdi吨 all other predictor variables con 
stantτhis direct effect is now the path coefficient 
relati吨 Y to 乓 Path coefficients are identical to 
standardized regression coef直口ents if all correla­
tions between predictor variables are included in 
our path diagramτhe indirect effect is due to the 
correlations between乓 and the other predictors , 

which may in turn have direct effects on Y. 

Mathematically. this decomposition of the cor­
relations ca口 be derived from the set of normal 
equations used for estimating the parameters of 
the multiple regression model (Petraitis et a!. 1996) 

For example , for predictorvariable one (logw area) 

r1Y = 叭 + r,2b, + rl3b3 (6.32) 

where r represents simple correlations and b rep­
resents standardized partial regression coeffi­
Clents 

For the Loyn (1987) data 

rhgm ama ahndance=blogmam abuMazz四十
TIOgI0 area.)飞ears'"'y哩ars.abundance
rhgmmagmmgbgMngabundance(633) 
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The direct effiεct oflog lO area on bird abundance is 
represented by the standardized regression slope 
刀le indirect effect oflog10 area on bird abundance 
via theform凹's correlation with years since isola 
tion and with grazing is calculated 仕om the surn 
of the last two terms in the 口ght hand side of 
Equation 6.33 above. The correlations betv.reen 
years since isolation and bird abundance and 
betv.reen grazing and bird abundance can be simi­
larly decomposed into direct and indirect effects 
The path identified by U (unexplained effucts) can 
be determined from 飞/(1 - r') from the 缸 ofthe
model for a given response variable (Mitchell 
1993). The results are summarized in Box 6.10 and 
Figure 6.9 

Complex path models. with multiple response 
variables , are not as easily handled by the multi­
ple regression approach to path analysis we have 
just described (Mitchell 1992). More sophisticated 
forms of structural equation modelling, such as 
those implemented in software based on CALIS 
(Covariance Analysis of Linear Structural equa­
tions; in SAS) and LlSREL (Linear Structural 
Relations; in SPSS) algorithms. offer some advan­
tages , especially in terms of model testing and 
compansonτhese procedures estimate the path 
coefficients and the variances and covariances of 
the predictor variables simultaneously from the 
data using maximum likelihood. although other 
estimation methods (including OLS) are available 
(Tabachnick & Fidell 1996). A covariance matrix is 
then determined by combining these parameter 
estimates and this covariance matrix is compared 
to the actual covariance matrix based on the data 
to assess the fit of the model. Most software pro 
duces numerous measures of model 缸. the A1C 
(see Section 6.1.15) being one of the preferred 
measures. As pointed out by Mitchell (1992) and 
Smith et a!. (1997). such goodness咱f-fit statistics 
can only be determined when there are more C01'­

relations between variables than there are coeffi­
cients being estimated , i.e. the model is 
over-identified. For example , we cannot test the fit 
of the path model in Figure 6.9 because we have 
estimated all the direct and indirect effects pos­
sible, i.e. there are no unestimated correlations 
τhe number of unestimated correlations contrib­
utes to the df of the goodness-of-fit statistic 
(Mitchell 1993) 

溢0)( 6.10 I Worked example of path analysis: abundance of 
t注 I birds in forest patches 

;:We will use the data from Loyn (198ηto relate the abur 才 ance of fo陀5t bi时51n

: isolated patches of remnant fore泣 to tht飞，e p陪dictor variables: log lo patch area, 

问rs since isolation, grazing (Figure 6.9). Our path model inc\udes all correlations 
among the predιtor5 and all supposed causallinks between each predi吐or andthe 
陀sponse variable. The path model outlined in Figure 6.9 was evaluated by calculat 
ing both direct and indirect effects of predi口ors on the 陀sponse variable. The full 
cor阳lation matrix was as follo叭侣

Abundance Log 1 口 area Years Grazi门E

Abundance 1.000 
log lO ar回 0.740 1.000 
Years 0503 0.278 1.000 
G阳zlng 一 0.683 一0559 0.636 1.000 

The dir，巳ct and indir，巳cte忏ects for loglo ar它a were calculated from: 

r10gl 0 area.ab'J-.darcc 二 b1cg . o 盯hbwdhre+1108l3mym「sbyemah叮叮 + r og lQ 

-.'叫:bgr.az;ng.abunGance 

whe自 bbglC a~aa.~un~剧已巴 the direct effect of logl
::ì 

area on abu们才 ance (the pa同 al

reg陀sson ccefumt)!hlcm阳J问s.abundance is the ind 陀cte民口 of log lO area on 

abundance via years and rlog ， Oarea.graz;ngbgr.叫血响e is the indire江 effect of loglo area 

on abundance via grazing. Equivale们te阳 atlons wer它 used forthe other predictors 

Corr它lations between predictor variables we陀 al50 calculated. The 们nal 陀sults

we陀 as follo叭包

p，它dictor Direct effec1s Indirect e忏ects 下otal effects 

Log ,o area 0542 0.198 0.740 
vla years 0.542 
vla grazlng 0.146 

Years since isolation 。 187 0.3 17 0.503 
via log G al毛a 0.151 
vla grazlng 。 166

Grazing -0.261 0.422 0.683 
Vla 10'2白 10 area 0.303 
VIJ years 一0.119

It is clear that the "e忏ect" of loglo area on bird abundance is primarily a direct 

effect whereas the ιe他cts" of grazing and years since isolation are primarily indi* 
rect through the other predictors. Our use of quotation marks around "e他ct"he陀

emphasizes that this is simply a ∞rrelatlon ana怡is; attributing causality to any of 

these pl它dictor variables can onl)' be achieved by 出"哩 manipulative experimen且

The r2 for th巴 model is 0.673 so the coefficient of the path 行飞:::.m U to bird abun­

dance is 0.572 
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These programs also allow for latent (unmeas­
ured) variables. which are unfortunately termed 
factors in the SEM literature. Latent variables are 
not commonly included in path models in the 
biological literature , although Kingsolver & 

Schemske (1991) discussed the inclusion of 
unmeasured phenotypic factors in path analyses 
of selection in evolutionary studies 币1e difficul ty 
with these sophisticated SEM programs is they are 
more complex to rUll. For example , LISREL 
requires that a number of matrices be specified , 

representing the variances , covariances and rela­
tionships betvveen variables. Detailed compari­
sons of these diff旨rent programs , inc1uding 
required input and interpretation of the output, 
are available in Tabachnick & Fidell (1996) 

The limitations and assumptions of c1assical 
path analysis are the same as those for multiple 
regression. The error terms 仕om the model are 
assumed to be normally distributed and indepen­
dent and the variances should be similar for dif­
岳rent combinations of the predictor variables 
Path analysis will also be sensitive to outliers and 
influential observatio时， and missing observa 
tions will have to be addressed , either by replace­
ment or deletion of an entire observation (see 
Chapters 4 and 15). Collinearity among the predic­
tor variables can seriously distort both the accu 
racy and precisìon of the estimates of the path 
coeffìcients , as these are simply partial regressìon 
coefficients (Petraitis et al. 1996; Section 6.1.11) 
τ'here is still debate over whether more sophisti 
cated SEM techniqu凹， such as those based on 
USREL, are more robust to these issues (Petraitis et 
a l. 1996, Pugusek & Grace 1998). Diagnostics , such 
as residual plots , should be an essential comp萨
nent of any path analysis. Irrespective of which 
method is used , all estimates of path coefficients 
are sensitive to which variables are included or 
which coefficients (correlation or path) are set to 
zero (Mitchell1992, Petraitis et al. 1996). This is no 
different to multiple regression , where estimates 
of partial regression slopes are sensitive to which 
predictors are included or not. 

Finally, we repeat our earlier caution that, 

although structural equation mode1ing analyzes 
postulated causal relationships , it cannot 
"confirm or disprove the existence of causallinks" 
(Petraitis et al. 1996 p. 429). Such causallinks can 

only be demonstrated by manipulative experi­
ments. SEM and path analyses do allow complex 
linear models to be evaluated and path diagrams 
provide a use臼1 graphical representation of the 
strengths of these relationships 

6.4 I Nonlinear models 

When the relationship between Y and X is clearly 
cur飞riline盯" there are a number of options. We 
have already discussed using a polynomial model 
(Section 6.1.13) or linearizing trans岛rmations of 
the variables (Section 6.1.10) , but these are 110t 
always applicable. For example , the relationship 
between Y and X might be complεx and cannot be 
approximated by a polynomial nor can it be line­
arized by transformations of the variables. The 
third option is to 直t a model that is nonlinear ìn 
the parameters. For example, the relationship 
between number of species (S) and island area (A) 
can be represented by the power function: 

S= 也Aβ (6.34) 

where αand βare the parameters to be estimated 
(Loehle 1990) - see Box 6.11 币1is is a two parame­
ter non1inear model. A three parameter non­
linear model which is very use且11 for rela ting a 
binary variable (e.g. presence/absence , alive/dead) 
to an independent variable is the logistic model 

α 

Y= 
1 + e(ß- åX) 

(6 .35) 

where α， βand δare the parameters to be esti 
mated. Ratkowsky (1990) has described a large 
range ofmultiparameter nonlinear models , both 
graphically and statistically, and some of their 
practical applications. 

OLS or ML methods can be used for estimatio l1 

in nonlinear regression modeling, as we have 
described for linear models. The OL5 estimates of 
the parameters are the ones that minimize the 
sum of squared differences between the observed 
and fìtted values and are determined by solving a 
set of simultaneous normal equations. 501ving 
these equations is much trickier than in linear 
models and some sort of iterative search proce­
dure is required , whereby different estimates are 
tried in a sequential fashion. Obviously, with two 

!BoX 6.1 1 I Worked example of no毗lear regresslon: 
I species richness of macroinvertebrates in 
mussel clumps 

'As described in Chapter 5, Peake & Quinn (1993) colle吐ed 25 clum阳 of an inter­
h旬出I mussel from a rocky sh旷B at Phi l! ip Island in Victoria. The relationship between 
"ihe number of speci目的 per clump and clump area in m2. (沟 was examined. The 
scatterplot suggested a 门onlinear relationship between number of species and 
clùmp area (Figure 5.17) and theory suggests that a power function might be appro­

priate: 

speCles 二 qarea}"

飞刊is power function was frtted using a modifìe 才 Gauss-Newton met扣 od (quasi­
Newton). No starting values we陀 provided. The algorithm took six iterations to 
converge on the following estimates, with their approximate standard errors 

Parameter Estimate Standard error P 

σ 

β 

18.540 0.630 
0.3 34 0.035 

29.449 <0.00 I 
9.532 <0.00 I 

The MS阳Sldllal was 7.469. The fìtted model was, therefore 

species ~ 18.540( ar田)'J.33 4

Note that the 俨lS~凹dual 币or the nonlinear power functionρ469) 巴 about half that 
for a linear model (14.133) , indicating the former IS a better fìt to the data. The 
他ed mode\ is shown 川 Figu陀 6.10(a) and the resldual plot (Figure 6.IO(b)) 
suggested no st盯ng skewness in the 陀sponse variable an 才 t卡 e 户e were no unusual 
。υtlie目
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NONLlNEAR MODELS 

(a) PI口t of number of 
mussel clump area 

from Peake & Quinn (1993) showing 
fìtted nonlinear model: number of 
species = 18.540 X (area)O.334. 
(b) Plot of residuals againsc 
predicted va[ues (with boxplots) 
from fìtted nonlinear model in (a) 
fìtted to number of species against 
mussel clump area from Peake & 

Quinn (1993) 

or more parameters , the number ofpossible com­
binations of values for the parameters is essen­
tially infìnite so these searching procedures are 
sophisticated in that they only try values that 
improve the fì[ of the model (i.e. reduce the 
SS_ .. .1 Residll ,I[' 

The most common method is the Gauss 
Newton algorithm or some modification of ìt 

(Myers 1990). Starting values of the parameters 
must be provìded and these are our best guess of 
what the values of the parameters might be , The 
more complex the model, the more important it 
is for the starting values to be reasonably c10se to 
the real parameter values. Starting values may 
COlne fro111 fits of the equivalent model to other, 

similar, data (e.g, from the published literature) , 
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theoretical considerations or, for relationships 
that can be linearized by transformation, back­
transformed values 仕om a linear model fìtted to 
transformed data. The Gauss-Newton search 
method is complex , using partial derivatives from 
the starting values and X-values to 且t an iterative 
series of essentially linear models and using OLS 
to estimate the parametersτhe best estimates are 
reached when the sequential iterations converge, 

i.e. don't change the estimates by very much 
Variances and standard errors 丑or the parameter 
estimates can be determined; the ca1culations are 
tedious but most statistical software provides this 
informatioll. Confidence intervals , and t tests 岛r

null hypotheses , about parameters can also be 
determined (Box 6.11) 

There are a number of difficulties with nonlin­
ear modeling. First, sometimes the iterative 
Gauss-Newton procedure won't converge or con­
verges to estìmates that are not the best possible 
("local minimum''). Most statistical software use 
modified Gauss-Newton procedures , which help 
convergence , and choo日ng realistic starting 
values is very important. It is usually worth refìt­
ting nonlinear models with different starting 
values just to be sure the fìnal model can be 
achieved consistently. Second , OLS works fine for 
linear models ifthe errors (residuals) are indepen­
dent, normally distributed with constant vari­
ance; however, for nonlinear models , even when 
these assumptions are met, OLS estimators and 
their standard errors , and confidence inte凹als

and hypothesis tests for the parameters , are only 
approximate (Myers 1990; Rawlings et al. 1998). We 
can be more certain of our estimates and confi­
dence intervals if d的erent combinations of 
search algorithms and starting values produce 
simìlar results. Finally, measuring the fìt of non 
1inear models to the data is tric忡; 1" cannot be 
easìly interpreted because the usual SSTütal 自or the 
response variable cannot always be partitioned 
i_nto two additive components (SSRegression and 
SSRes挝 ual)' Comparing different models , some of 
which might be nonlinear, can only be done with 
variables measured on the same scale (i.e 
untrans岛rnled; see Chapter 5) and the MSResidual is 
probably the best criterion offit 

Once a non1inear model has been estimated, 

diagnostic evaluation of its appropriateness is 
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一一画画皿 Response su巾ces
relating log-transformed relative 
abundance of C3 plants to latitude 
and longitude for 73 s比.es in North 
America (Paruelo & Lauenroth 
1996). (a) Quadratic model fitted , 

and (b) distance-weighted least 
squares (DWLS) fit时

between two predictors can 
help interpret the nature of 
such an interaction. Again for 
the data 仕om Paruelo & 

Lauenroth (1996) , the DWLS smoothing function 
suggests that the relationship between log-trans­
formed abundance of C3 plan臼 and latitude 
depends on longitude and vice versa (Figure 
6.11(b)). Most statistical software can plot a ral1ge 
of model-based and smoothing response surfaces 
on three-dimensional scatterplots 

6_6 General issues and hints for 

analysis 

essential. Residuals can be ca1culated in the uSual 
manner and large values indicate out1iers 
Because OLS estimation is commonly used for 
nonlinear models , assumptions of normality, 

homogeneityofvariance and independence ofthe 
error terms from the model are applicable 
Boxplots ofresiduals and scatterplots ofresiduals 
against predicted values (Figure 6.10) can detect 
problems with these assumptions as described for 
1inear models. Other estimation methods , such as 
maximum likelihood , might be more robust than 
OLS 

For simple nonlinear structures , transforming 
the variables to achieve 1ine盯ity is usually reCOffi­
mended , particularly ifthe transformed variables 
can be easily interpreted because the transformed 
scale is a natural alternative scale of measure­
ment for that variable. Note that the transformed 
model is not the same as the untransformed non­
linear model, in the same way that a t test 0口
untransformed data is not testing the same Ho as 
a t test on the same data transformed. Our param­
eter estima tes 企om the transformed model 
cannot easily be interpreted in terms of the origi­
nal nonlinear model, which may have the 
stronger theoretical basis 
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Forεxample， pol归omial models (quadratic , 

cubic , etc.) are often good approxìmations to more 
complex relationshìps and provide a more reahs­
tic representatìon of the relationship between Y 
and X

1 
and Xz than a simple linear model. Fìgure 

6.11(a) shows a quadratic response surface , repre­
senting a model inc1uding linear and quadratic 
terms for both predictors as well as their ìnterac 
tion , fitted to the data 仕om Paruelo & Lauenroth 
(1996). Note that compared with the 且rst-order

linear model in Figure 6.1 , the quadratic model 
allows a hump-shaped response of log-trans 
formed C

3 
plant abundance to longitude 岛r a 

given latitude. The choice of whether to use this 
response surface would depend on the results of 
fitting this model compared with a simpler 且rst

order model 
Smoothing functions , like we discussed in 

Chapter 5, can sometimes also be applied to three­
dimensional surfaces. VVhile the Loess smoother 
cannot easìly be extended to three dimensions , 

DWLS can and allows a flexible exploration ofthe 
nature of the relationship between Y and X1 and 
Xz unconstrained by a spec诅c model. For the data 
仕om P盯uelo & Lauenroth (1996), the DWLS 
surface (Figl1re 6.11(b)) suggests a potentially 
complex relationship between log transformed C3 

plant abundance and longitude in the northern, 

high latitude , sites , a pattern not revealed by the 
linear or polynomial models. Note that, like the 
bivariate case , parameters for these smoothing 
且lnctions cannot be estimated because they are 
not model-based; they are exploratory only 

Response surfaces also have other uses. For 
example , comparing the 直tted response surfaces 
for linear models with and without an interaction 

6.6.1 General issues 

r2 
，
。 Smoothing and response 

surfaces 

• Multiple regression models are 直tted in a 
similar fashion to simple regression models , 

with parameters estimated using OLS 
methods 

·τhe partial 四gression slopes in a mu1tiple 
regression model measure the slope of the 
relationship between Yand each predictor, 

holding the other predictors constant. These 
relationships can be represented with partial 
regression plots 

• Comparisons of fit between full and reduced 
models, the latter representing the n、odel
when a particular Ho is true , are an important 
method 岛r testing null hypotheses about 
model parameters. or combinations of 
parameters , in complex models 

• Standardized partial regression slopes should 
be used if the predictors and the response vari 
able are measured in different units 

• Colline盯呵" correlations between the predic 
tor variables. can ca use estima tes of parame 
ters to be unstable and have artificially large 

The linear plane representing the linear regres­
sion model of Y against X

1 
and Xz illustrated in 

Figure 6.1 is sometimes referred to as a response 
surface , a graphical representation of the rela­
tionship between a response variable and two pre­
dictors. Response surfaces obviously also exist 
when there are more than two predictors but we 
cannot display 出em graphically. Response sur­
faces , in this graphical context, are often used to 
display the model chosen as the best fit based on 
the model-fitting techniques we have already 
described. Additionally, exploring a range of 
response surfaces may help decide what sort of 
model is best to use and detect patterns we might 
have missed by being restricted to a speci且c

model 
Model-based surfaces that are linear in param 

eters inc1ude linear and curvilinear relationships 
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variances. This reduces the power oftests on 
individual parameters. 

• Interactions between predic阳rs should be con­
sidered in multiple regression models and 
multiplicative models, based on centered pre­
dictors to avoid collinearity, should be 且tted
when appropriate. 

• Hie四rchical partitioning is strongly recom­
mended for det盯mining the relative indepen­
dent andjoint contribution of each predictor 
to the variation in the response variable 

• Regression trees provide an alternative to mul 
tiple linear models 岛r exploring the relation­
ships between response and predictor variables 
through successive binary splits ofthe data , 

although cross-validation is necessary for eval­
uation of predictive power and hypothesis 
testlng 

• Path analysis can be a useful technique for 
graphically representing possible causallinks 
between response and predictor variables, and 
also between predictor variables themselves 

• Nonlinear models can be fitted using OLS , 

although the estimation procedure is more 
complexτbe trick is deciding a pri肝i whatthe 
most appropriate theoretical model is 

6,6, 2 Hints for analysis 
• Multiple regression analyses are sensitive to 

outliers and influential values. Plots ofresidu­
als and Cook's Dj statistic are useful diagnostic 
checks 

• Information criteria, such as Akaike's (AlC) Or 
Schwa阻's (BIC) are the best criteria for distin_ 
guishing the 且t of different models, although 
MSResidual is also applicable for regression 
models fitted using OLS 

• Avoid automated selection procedures 
(forward , backward , etc.) in model fitting 
Their results are inconsistent and hard to 
interpret because of the large number of 
significance tests. For moderate numbers of 
predictors , compare the fit of all possible 
models 

• Use simple slopes for further interpretation of 
interactions between predictor variables in 
multiple regression models 

• Causali戈y can only be demonstrated by careful 
research and expe口mentation， not by a partic­
ular statistical analysis. For εxample， path 
analysis is a method for summarizing correla­
tion structures among variables and cannot 
show causality. 

• Alwaysεxa皿ine scatterplots and correlatio日S

among your variables, to detect nonlinear rela­
tionships but also to detect collinearit)r among 
predictors. Tolerance (or the variance inflation 
factor) will also indicate collinearity, Choose 
which predictor variables to include in the 
final model carefully, avoiding variables that 
are highly correlated and measuring a similar 
quantl可

Chapter 7 

Design and power analysis 

王，-1 Sampling 

Fundamental to any statistical analysis , including 
the regression models we described in the pre叶
。us two chapters , is the design of the sampling 
regime. We are assuming that we can c1early 
define a population of interest, including its 
spatial and temporal boundaries , and thatwe have 
chosen an appropriate type and size of sampling 
unit τhese units may be natural units (e.g. stones, 

organisms , and lakes) or artificially delineated 
units ofspace (e.g , plots or quadrats). Our a皿 IS to 
design a sampling program that provides the most 
efficient (in tenns of C05tS) and precise estimates 
of parameters of the popula tion. 1 t is importan t to 
remember that we are talking about a statistical 
population, all the possible sampling or experi 
mental uni臼 about which we wish to make some 
inference. The term population has another 
meaning in biology, a group of 0哩"anisms of the 
same species (Cha pter 刻， although this might also 
represent a statistical population ofinterest. 

We will only provide a brief overview of some 
sampling designs , We recommend Levy & 

Lemeshow (1991) , Manly (2001) and Thompson 
(1992) , the latter two having more of a biological 
emphasis. as excellent references for more detai1 
on the desigo of sampling programs and using 
them to estimate population parameters 

7, 1.1 Sampling designs 
Simple random sampling was introduced in 
Chapter 2 and is where all the possible sampling 
units in our population have an equal chance of 

being selected in a sample. Technically, random 
sampling should be done by giving all possible sam 
pling units a number and then choosing which 
units are inc1uded in the sample using a random 
selection ofnumbers (e.g. 仕om a random number 
generator). In practice , especially in field biology, 

this method is often difficult, because the sampling 
units do not represent natural distinct habitat 
units (e ,g. they are quadrats or plots) and cannot be 
numbered in advance or because the sampling 
units are large (e.g. 20 m 2 plots) and the population 
covers a large area. In these circumstances , biolo­
gists often resort to "haphazard" sampling, where 
sampling units are chosen in a less formal manner 
We are assuming that a haphazard sample has the 
same characteristics as a random sample 

The formulae provided in Chapter 2 for esti. 
mating population means and variances, stan 
dard errors of the estimates and confidence 
intervals for parameters assume simple random 
sampling. If the size of the total population of 
sampling units is 自nite ， then there are correction 
factors thatcan be applied to the formulae forvar. 
iances and standard errors , although many popu­
lations in biological research are essentially 
infinite. 

You can't really go wrong with simple random 
sampling. Estimates ofthe parameters of the pop­
ulat阻止 especially the mean , will be ML estima 
tors and generally unbiased 四e downside of 
simple random sampling is that it maybe less effi. 
cient than other sampling design5 , especially 
when there is identified heterogeneity in the 
population or we wish to estimate parameters at a 
range of spatial or tempo四1 scales , 


