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centroids for two Or mQfe variables. 1n the 
peckarsky et al. (1993) e.四mple. we would test 
whether there is an effect of predator treatment 
on a combination of body mass. egg mass , per­
centage of eggs. total mass , and maturation time 
ofindividual may血es

We wiU illustrate MANOVA with two examples 
from the biologicalliterature. 

Trace metals in marine sediments 
Haynes et a l. (1995) carried out a pilot study to test 
for differences between sites in trace metal con 
centrations in marine sediments offthe Victorian 
coast in southern Australia. They had three sites 
Delray Beach, site of a proposed wastewater 
out也ll ， and two possible control sites , Seaspray 
and Woodside. At each site，出ey had four ran­
domly chosen stations and ateach station, two ran­
domly chosen cores of sediment. They recorded 
the concentrations of copper, chromium, 

cadmium, lead. iron, nickel, manganese and 
mercury. We will test for the effects of site on a 
subset of these response variables taken together. 
Although this is strictly a nested design, sitewould 
be tested against the random station effect so we 
will average the replicate cores for each station and 
use a single factor MANOVA for comparing sites 
The analysis ofthese data is presented in Box 16.1 

Plant functional groups and leaf characters 
ln Chapters 9 and 15. we described the study of 
Reich et a!. (1999) who examined the generality of 
leaf traits 仕om di他rent species across a range 
of ecosystems and geographic regions. We will 
analyze a subset of their data (to avoid missing 
cells) , with two locations (Colorado and 
Wisconsin) and two functional groups (如bs and 
shrubs) in a crossed design 币lere were between 
three and eleven species in each cell and five 
response variables were measured: specific leaf 
area (log10 transformed) , leaf nitrogen concentra­
tìon , mass-based net photosynthetic capaci叨，

area-based net photosynthetic capacity and leaf 
diffusive conductance at photosynthetic capacity, 

We will test for the effects of location and func 
tìonal group, and their interaction, on these five 
response variables taken toge由er. The analysis of 
these data is p四sented in Box 16.2 

16.1.1 Single factor MANOVA 

Linear combination 
The simplest design where a MANOVA is appropri­
ate is when we have n replicate experimental or 
sampling units ("objects" from Chapter 15) allo­
cated to two or more levels of a factor (groups) and 
we record p (where p is greater than two) response 
variables 仕omeach unitτhe MANOVA is based on 
a linear combination (z) of the p response vari­
ables as de自ned in Chapter 15 (see Equations 15.1 
and 15.2).ln the example 仕om Haynes et al. (1995) , 

there were n equals four replicate stations in each 
ofthree groups (sites) with p equals four response 
variables (trace metals). The MANOVA uses the 
linear combination (z) of response variables, out 
ofthein且nite number of possible linear combina 
tions , which maximizes the ratio of between 
group and within气group variances of zτhis linear 
combination is also called the discriminant 缸nc

tion for the di丘erence between groups and is used 
in discriminant function analysis (see Section 
16.2) 

Z优~ constant + c,y" + c,)';, +.. .c1, +... + 9';p (16.1) 

For example , from Haynes et al. (1995): 

Z沈 ~constant + c,(log lO Cu); + c,(loglO Pb); + 
c3(loglO Ni); +乌(loglO Mn); (16.2) 

From Reich et al. (1999): 

2ik = constant+ c1(log lO specific leaf area)j + 
c,(leafN); + c3(mass-based photosynthetic 
capacity); + c.!area-based photosynthetic 
capa口可); + cs(leaf diffusive ca pa口ty); (16.3) 

In Equations 16.1 , 16.2 and 16.3 , Z;, are the 
values for object i for linear combination k , the 
combination that maximizes the ratio of 
between-group and within-group va口ances of lik 

From Haynes et a l. (1995), this is the value for 
station i from solving Equation 16.2 for linear 
combination k τhe coefficients (与) are the weights 
measuring the relative contribution of each vari­
able to the linear combination. As described in 
Box 15.1, these coef且cients wiI1 be scaled in some 
form and will be represented in matrix descrip­
tions ofMANOVA as elements of a matrix of eigen 
vectors (Box 15.1). Note that if the variables are 
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Box 16.1 I Worked example of MANOVA: heavy metals in 
marine sediments 

Haynes et 01. (1995) carried out a pilot study to test for di他rences between sites 
in t甩ce metal concentrations in marine sediments 0忏 the Vict。旧n coast in south 
ern Australia. They had th陀e s比es: Delray ßeach, site of a proposed wastewater 
outfall , an 才 two possible control sites, Seaspray an 才 Woodside. At each site, they 
陀corded the concent旧tions of copper; chromium, cadmium, lead, iron, níckel, man 
ganese and mercu叮 (means of two sedime 节 cores) at four randomly chosen 血
阴阳 We used only the 199 1 data in our analyses. The陀 we陀 strong correlations 
among some ofthe metals (e.g. Cu and Cr; Fe and Ni) so on作 four variables (Cu, 

Ni, Pb, Mn) were included in the analysis. There was strong indication of skew白 ess
for the four variables, so all were loglo-transformed. There were a few cases with 
signifìcant 伊< 0.00 1) Mahalanobis di白nces (D,' > 16.3) but these 阳e not 
extreme and remained in the analysis. AII variables except Cu (Leven的 test， p~ 

0.023) had similar variances between group♀ 
The multivariate test statistics all resutt in reject旧n of the Ho that the陀 IS n。

di忏erence in site group centroids 

Statistic df F P 

Wi!k's .il 虹口58 8. 12 4.728 0.008 
问国 trace 1.272 8, 14 3.058 0.033 
HoteHing-Law!ey trace 10549 8.10 6.593 0.004 

P副rwlse con甘甜s among the sites, with a sequential Bonferroni (Holm's 
method) adjustment of P 'v刮目， indicated that only the di町erence between Delray 

Beach and Woodside was significar过

Cont阳县 Pi l!ai trace df F P Adj P 

Oe!ray vs Seaspray 0.7 13 4, 6 3.719 0.074 且078

Del目y vs Woodside 0.909 4.6 14.924 0.003 O.日回

5巳aspray vs Woodside 0.772 4, 6 5.092 0.039 0.078 

The univariate F te自 indicate signifìcant di忏erences b巳tVl/een sites for all four 

metals. 

Source df M5 F P 

LogCu 
日te Z 。 098 5.208 0.031 
Residual 9 0.019 

Log Pb 
5此e Z 。 136 4.834 0.038 
Residual 9 0.028 

LogNi 
Site 2 0 日 83 8.655 0.008 
我.esidual 9 。 009

L唔 "~n
5 比e 2 0.244 23.608 <0.001 
Residυal 9 0.010 
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问U盯IVARIATEANAlYSIS OFVARIANCE (问ANOVA)

Box 16.21w。由d example of MANOVA: plant functional 

groups and leaf characters 
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Reich et 01. (1999) examined the generality of leaf traits from diffí町"ent species 

acrOS$ a 日nge of ec。可 stems and geographic 陀gions. We will use two of their lo(a­

tions (Colorado and W旺。nsin) and two of their functional groups (fo巾s and 

shrubs) in a crossed design. There were between th陀e and eleven 5阳C阳，n

each cell and 白，e 陪sponse variab\es we陀 measured: speciflc leaf area (log !Q­

transformed) , leaf n盯ügen ζoncentration， mass-based net photosynthetic capacity, 
a陀a-based net photosynthetic capacity and leaf diffusive cc 气 ductance at photosyn­

thetlc capac陀严
T艳阳 15S0me ζoncern abou比 the assumption of homogeneity of variances and 

covariances, especially as Levene's test for homogeneity of variances was 由listically

signifìcant for th 陀e (Iog speci们c leaf area, 1怆eaf N and ι)0 川 oft白he fì队附\
There were no s引Ignl币白(a川Lntmu叶j才1I刽Ivana-况:te test ~刽武元阳tatlS忱由t扫lκcs 币for either main ef叮fect orthe 

l盯盯旧t忧eracti旧on. Note t白ha址1 s刽l门C咀e there were c 内 ý 1wo 1怡ev巳els of each f，伯acto时， the df, the 

approximate F-ratios and the P values we陀 identical for each term for all three 

阿1U忧ivanate statlstlcs 

The rawand 白nda时ized coe低ients for the discriminant function obviously di他r

b川 because t丁 e variables we陀 log ， o-transformed ， the difference in scales between 

the variables is not g陀at and the basîc pattem is the same. The standa时ized coef­

flcÎents suggest that lead contributes least to the difference between sites and man 

ganese the most. The loadings simply reflect the univariate F-ratio statistics from 

above, a门d the pa忧ern is the same as for the coefficients. 问n and Ni are most 

Impo叫ant， and Pb least impo时ant， at separating the 5比es.
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We had no theoretical basis for ordering our variables so we entered them in 

a step-down analys•5 in order of their univariate F-ratios. Log 问n ente陀d 白 rst， then 

we tested log Ni with log Mn as a covariate , then log Cu with log Mn and log Ni as 

covariates and fì旧时 log Pbw协 log Mn, log Ni and log Cu as covariates. We we陀

not interested in testing hypoth臼es about the covariates and adjusted the 5哩nifì

cance levels fl町 the s胆 effects with a Holm correction (Chapter 3) 

Constant 
Log Cu 
Log Pb 
LogNi 
Log Mn 

Loading 

0.334 
0.258 
0.428 
0.724 

Standardized coefficient 

。 172

-0.083 
0.653 
0.945 

Raw coefficient 

29.013 
1.253 
0.494 
6.690 
9.30日

Varia七 e

Hotelling-Lawle)' 
t <.ace P r df Pillai trace 叭lilk's .t1

0.085 
0.065 
0.682 

2.3日4

2.622 
0.626 

666 555 
0.745 
0.819 
0.196 

0.427 
0.450 
0.164 

396 743 358 000 
Location 
Functional group 
Inte目ction

P(Adj P) F M5 df Source 

The univariate F tests indicate 白at the on竹 signifìcant effect was that of func­

tional group for nitrogen conζentration in leave乌 al廿 ough the effect of functional 

group for mass-based net photosynethetic capacity and of location for leaf di百uSlve

conductance were marginal 

<0∞ 1 (0.004) 

0.085 (0.255) 

23.608 

3.407 

0.244 
0.010 
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LogMn 
Site 
Res 才 ual

Log Ni 
Site 
Log Mn 
Residual 

Location 
Log specifìc leaf area 
LeafN 

Ao飞"，
Aa .. ,,, 
ζ5 

Fu门ctlonol gfiοup 

Log specifìc leaf ar陀a

LeafN 

A广陆当
A，咄
乓

Jnteroc臼00

Log specifìc leaf area 
LeafN 
A 

町、'"
A 
"" G 

P 

1.19 

F df Source 
0.620 (0.9 1 0) 0.5 12 。 011

<0.001 
0.023 
0.021 

Z 

7 

LogCu 
5比e

Log 问n

log Ni 
Residual 

0.359 
0.947 
0.323 
0.841 
0.069 

0.880 
0.005 
1.025 
0.042 
3.756 

1, 20 

0.455 (0.910) 0.901 。 033

0.021 
0.022 

0.002 
0.037 

2 

6 

Log Pb 
Slle 
Log Mn 
logNi 
Log Cu 
Residual 

0.145 
0.032 
0.086 
0.297 
0.119 

2.299 
5.305 
3.254 
1. 148 
2.645 

The step-down analysis suggests that none of the variables contributes 到gnifì

cantly to the difference betvveen groups when entered after log Mn, i.e. none of the 

s比e effects for any variable is signifìcant once log Mn is included as a ζovanate 1, 20 
0.175 
0.389 
0.2 17 
0.802 
0.304 

1.979 
0.774 
1.624 
0.065 
1. 112 
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The standa时 zed discrimi旧时 function coefficients for each main e仔ect and 
interaction would not normally be of much interest given that there we陀 nO signif­
icant effects from the MANOV A. We present them simply to iIIu民rate that there is 
a separate discriminant function for each effect in the model and we can interpret 
these coefficìents just as we wouJd for single factor MANOVAs. 

Variable 

Log specifìc leaf area 
LeafN 
Arrill' 
A"~ 
G, 

standardized to zero mean and unit variance , the 
constant equals zero 

The determination of the linear combination 
that maximizes the ratio of berureen-group and 
within-group variances is best done using simple 
matrix algebra. some of which we have already 
described in Chapter 15τhe steps for a single 
臼ctor MANOVA are as follows 

1. 币le between-groups , within-groups and 
total SS used in an ANOVA are replaced by sums 
of-squares-and-cross-products matrices (SSCP or 
S; see Chapter 15), one matrix 岛rbetween

grou ps (the hypothesis or eff坦ct matrix, H) , one 
for within groups (the error or residual matrix, 

E) and one for total (the total matr阻， T)ηm 
values in the main diagonal ofthese matrices 
are the univariate sums-of-squares for each 
variable. either between group means (H) or 
pooled across replicates within groups (E). The 
other elements are the sums唱f-cross-products

between any two of the va口ables. For example, 

the cross product for the between-groups 
matrix for two variables is the sum of (i) the 
product of the differences between each 
group mean and the overall mean for one 
variable and (ii) the differences between each 
value and the mean for the other variable - see 
Table 16.1 

2. We multiply H by the inverse ofE (i.e. 
HE-l). Matrix inversion is the multivariate 
analogue of division so what we are really doing 
here is "divτding" H by E, the between.groups 
SSCP matrix "由vided by" the within-groups SSCP 
matrix. 

Location Functiona! group Interadion 

-2.002 l 刀 l 1.3日 9

1.798 1.499 -1 .294 
0.612 1.409 0.479 
1.489 -1.615 0.338 
1.436 1.472 0.709 

3. We then decompose the resulting matrix 
product (Box 15.1) to calculate characteristic 
roots or eigenvalues of 巳ach linear combination 
(eigenvector). The eigenvalues measure how 
much of the total between-group variance in the 
variables (the sum of the between-group 
variances of each ofthe variables) is explained by 
each linear combination or eigenvector. The 
eigenvectors contain the coefficients for each 
linear combination 

4. The linear combination producing the 
largest eigenvalue is the linear combination that 
maximizes the ratio ofbetween-group and 
within-group variance (i.e. maximizes the 
explained variance between groups) and the 
eigenvector is a vector of coefficients or weights 
for that linear combination 

Null hypothesis 
The Ho for a single factor MANOVA is that the pop­
ulation effect ofthe groups or treatments is zero 
with respect to all linear combinations of the 
response variables. This is equivalent to no differ­
ence between population centroids (multivariate 
means). This Ho can be tested by using statistics 
based on one of the measures of variance of a 
matr阻， such as the determinant or the trace 
(Chapter 15; see also Harris 1985, ]ohnson & Field 
1993, Stevens 1992, Tabachnick & Fidell 1996) 

• Wilk's lambda (抖， which is the ratio ofthe 
determinants ofthe within苦roups SSCP and 
the total SSCP: 1 E 1 !lTI. Remember that the 
determinant of a matrix is a measure of 
generalized variance for that matrix (Chapter 

问ULTlVARIATEANALYSIS OFVARIANCE (MANOVA) 

丁Table 16.1 I Group.严s (刨a叫)and四dl咄b)and叫d们ωt阳阳ota1 (例C叶} 阳ms-o叫fs呻叩q申耶u阳1
盯os臼s-p严roduct岱smat盯时z刘ice臼s f<岛or data 企omH可ne回s etaω1. (1995) 

(功
Log ,o Cu Log ,o Pb Log ,o Ni Log

lO 
Mn 

Log ,o Cu 。 196

Log ,o Pb 。 152 0.273 
Log ,o Ni 。 164 。 192 。 165

Log ， o 问n 0.306 0.275 0.273 0.487 

(b) 
Log ,o Cu Log ,o Pb Log ,o Ni Log lO问n

Log ,o Cu 。 169

Log ,o Pb 0.001 0.254 
Log ,o Ni 0.045 0.031 0.086 
Log ,o Mn -0.011 0.033 一0.026 0.093 

(c) 
Log ,o Cu Log ,o Pb Log ,o Ni Log ,o Mn 

Log lO Cu 0.369 
Log ,o Pb 。 153 0.523 
Log

lO 
Ni 0.209 0.223 0.251 

Log lO Mn 0.295 0.308 0.247 0.579 

Note 
The main diagonals are sums-of-squares bet川/een groups, within 
groups and total and the other elements are cross-products. 

1日， soWilk'sλis a measure ofhow much of 
the total variance is due to the residual, with 
smaller values indicating larger group 
diff坦rences

• Hotelling-Lawley trace , which is the ratio of 
the determinants of the between苦roups SSCP 
and the within-groups SSCP: 1 H 1 J 1 E 1. This is 
also the sum ofthe eigenvalues (trace) ofthe 
matrix product HE-l. Larger values indicate 
greater differences between group centroids 

• Pillai trace , which is the sum of the 
eigenvalues (trace) ofHT-l. i.e. the variance 
between groups. 

• Roy's largest root. which is the largest 
eigenvalue ofHE斗， i.e. the eigenvalue ofthe 
linear combination that explains most of the 
variance and covariance between groups.τhis 
statistic is less commonly provided by 
statistical software. 

τ'he sampling distributions of these statistics 
are not well understood and they are usually 
converted to approximate P.咀tio statistics 
(Tabachnick & Fide1l 1996). Wilk、 Hotelling's and 
Pillai's statistics produce identical F tests when 
there are only two groups and become Hotelling's 
'f2 statistic - see example based on plant func­
tional group data in Box 16.2 τ'his is the multivar­
iate extension of the t test for comparing two 
groups (Harris 1985 , Tabachnick & Fidell 1996) 
ηley will generally produce similar results with 
more than two grou肘， although Pillai.s trace 
seems to be the most robust of the tests Uohnson 
& Field 1993), especially when the assumption of 
similar variance-covariance matrices might be 
violated (Section 16.1.4).ln our two worked exam­
ples (Box 16.1 and Box 16.2), the conclusions 仕'om
Wilk's , HoteUing's and PillaÎ's statistics were the 
same. Most statistical software will provide H, E, 
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maXlmumλand all the multivariate test statistics 
with th凹r approximate F tests 

16, 1,2 Specifìc comparisons 
Most statistical softw'are allow contrasts among 
the factor levels in M1气NOVA， analogous to planned 
contrasts in the univariate ANOVA (Chapter 8) 
Unplanlled multiple comparisons are a more diffi­
cult problem. although use ofBonferroni.adjusted 
(see Chapter 3) pairwise MANOVAs is one conserva. 
tive solution , Harris (1993) and ]ohnson & Field 
(1993) have reviewed other approaches for compar. 
ing specific groups after a MANOVA 

16, 1, 3 Relative importance of each 
response variable 

If the null hypothesis of no difference between 
group centroids is r，句ected ， we usual1y are inter­
ested in which of the response variables contrib­
utes most to the group differences 吐回国 a四

several methods of assessing the relative contribu­
tion of each response variable to the difference 
between groups in a MANOVA 

Univariate ANOVAs 

We can examine the univariate ANOVAs on each 
response variable separately. Indeed , univariate 
hypotheses about group differences 岛r each 
response variable will often be relevant τ'hese 
univariate results do not necessarily indicate the 
relative contribution of each variable to the 
MANOVA result because they ignore correlations 
between variables. Correlations between variables 
can have marked effects on the power ofMANOVA 
tests (Cole et aI. 1994), Some authors (e,g, Harris 
1985, 1993) also emphasize the problem of 
mcreasing family-wise Type I error rates when 
doing multiple univariate ANOVAs, a problem 
inherent in any multiple testing situation (see 
Chapter 3) 

Step.down analysis 

Step-down analysis is an analogue of forward 
selection stepwise multiple regression (Chapter 6) 
but taking into account the group structure 
(Tabachnick 岛日dell 1996) 卫11S procedure relies 
on ordering the response variables based on the仔
retical expectations of their importance or using 
unlvanate analyses to choose the variable that 

shows the greatest difference between groups 
First, the response variable with the highest prior­
I可 is decided; for example, this might be the vari 
able with the largest f.ratio 仕om univaria te 
ANOVAs on all the response variables. Each 
response variable is then tested sequentially. in 
the order determined a p时ori ， in an ANCOVA 
model (Chapter 12), with groups as the ca恒gorical
predictor and the higher priority response vari 
ables as covariates. We are interested in how much 
each additional variable adds to the variance 
explained by the variables already inc\uded 

Automated step-down analysis is available in 
some statistical soft飞、rare; otherwise, it must done 
with a series of ANCOVAs. Step-down analysis 
suffers from the problems we described in Chapter 
6 for stepwise multiple regression, although we 
are not trying to find the "best" model in this situ. 
ation, just assess the relative importance of each 
of the response variables. Step-down analysis also 
results in numerous unplanned significance tests 
so you need to be aware of the high family.wise 
Type 1 error rate. Huberty (1994) describes similar 
approaches , such as deleting variables one at a 
time and running a MANOVAon each set ofthe p 

1 remaining variables τbe variables can be 
ordered based on the size of the change ill 
MANOVi生 test statistic for each set 

Coefl且cients of linear combination 
A more subjective approach is based on exa皿inin2:
the discriminant function , i.e. the linearcombin斗
tion of the response variables that maximizes the 
ratio ofbetw'een古roup to within-group variance. 
刀lere is a coefficient for each variable in the dis­
criminant function , plus one 岛r the grand mean 
(i.e. intercept or constant) , If the dif:也rent vari~ 
ables are measured on comparable scales (or we 
have values of a single variable recorded repeat­
edly through time in a repeated measures design) , 

then the relative size of these coefficients (also 
termed "weights") provides a comparable measure 
of the contribution of each variable to the vari 
ance explained by the discriminant function and 
thus the difference between groups. If the vari 
ables are measured on very differ它nt scales , then 
we need to standardize them so that the coeffi. 
cients can be comparedτ'he simplest method is to 
standardize the discriminant function by the 

within-group variances , altho l1gh whether this 
produces coefficients 吐lat are directly comparable 
is debatable (see Harris 1985 and Huberty 1994 for 
differing opinions). Standard errors can be esti­
mated for each discriminant function coefficient 
(Flury &阻ed飞N}'l 1988) , although they are rarely 
provided by statistical software 

Loadings 
Iρadings are the correlations between each vari­
able and the discriminant function (see Chapters 
15 and 17) 刀lese simply represent the correla­
tions between the value of a variable and the score 
for the discriminant function with the units as 
replicatesτhe loadings of each variable on each 
discriminant function can be found by multiply. 
ing the within-group correlation matrix between 
va口ables (pooled across groups) by the matrix of 
standardized discriminant 且lnction coefficien ts 
(Tabachnick & Fidell 1996). Correlations automa仁
ically standardize the variables and examining 
loadings is popular because correlation coeffi­
cients a四 familiar and easily interpretable 
However, these loadings are directly proportional 
to the univariate F-ratio statistics 岛r each variable 
tested between groups so they ignore any relation­
ships between the variables (Harris 1985) , Note 
that one of the effects of highly correlated 
response variables can be a contradictory pattern 
when coefficients are compared with loadings_ 

Comments 
Most statistical software will provide all of these 
coefficients and the loadings , either in MANOVA 
output or as part of a discriminant function anal 
ySlSτhe terminology used in the output does, 

however, vary considerably between programs 
and Tabachnick & Fidell (1996) provide a detailed 
comparison of the major software. Our experi 
ence is that unless there are many variables with 
some high correlations. the different approaches 
will produce a similar pattern. In our worked 
example of trace metals in sediments (Haynes et 
a1. 1995; Box 16,1), the variables were log. 
transformed but not standardized.τ'he univariate 
F-ratios , loadings and 且lnction coefficien ts 
showed the same pattern, with the order ofimpor­
tance being log Mn，岛llowed by log Ni , log Cu and 
log Pb. The step-down analysis showed that none 
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of the variables contributed signifìcantly to site 
differences besides log Mn 

16.1 .4 Assumptions of MANOVA 
It is irnportant to check normality, homogeneity 
of variance, and outliers 五or each response vari 
able using univariate exploratory data analysis 
procedures (boxplots , residual plots , pplots , etc.; 
see Chapter 4). Given that the multivariate tests 
(especially Pillai's trace) are relatively robust to 
deviations 仕om multivariate normali吵.， partlcu 
larly if each response variable has approxünate 
univariate normali可 and sample sizes are equal, 
two multivariate a臼umptions are of major 
concern Uohnson & Field 1993 , Tabachnick & 

Fidell 1996) 
First, MANOVA tests are sensitive to multivari­

ate outliers , which are cases with an unusual 
pattern of values for a11 the response variables 
considered simultaneously. Mahalanobis dis­
tance , the distance of each observation 仕'om the 
centroid or multivariate mean , can be used to 

detect mu1tivariate outliers and is provided by 
most statistical software (Chapter 15) 

Second , homogeneity ofvariances and covari­
ances (i.e. equality of the variance-covatiance 
matrices 岛r each group) is an important assump­
tion - this is the mu1tivariate 臼tension of univar­
iate homogeneity of within-group variances_ If 
this assumption is not met, then the pooled 
within.group matrix (E) will be misleading. Box's 
M test can test the Ho of equal variance-covariance 
matrices but it is very sensitive to deviations 仕om
multivariate normality and is not recommended 
There is no easy check 面or this assumption (bu t see 
discussion in]ohnson & Field 1993), although it is 
more likely to be met when l1nivariate homogene­
ity holds for each response variable. Like univari­
ateANO飞从 tests ， MANOVA tests are more reliable 
when sample sizes are eql1 al. Reducing the dimen­
sionality(reducing the number ofvariables) ofthe 
analysis improves the robustness of all the 
MANOVA tests statistics Uohnson & Field 1993) 

]ohnson & Field (1993) provided strong evi 
dence 仕om simulation studies that Pillai's trace 
statistic is the most robust to deviations 仕omthe
assumption of homogeneity of the variance­
covariance mat口ces across gro l1ps. Sl1itable 
trans岛rmations of individual variables should 
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Table 16,21 MANO\\…Jts fromJuenger & Bergel叫2000) who tested 
the ef去cts of clìpping, emasculation and 白白r interaction on four response 
variables (flower. fruit. and seed production, total seed mass) ofthe 
perennial wildflower, the scarlet gilia 

Source df Wilk'sÀ F 

Cl ipplng (C) 
Emasculatlon (E) 
CXE 

4, 56 
4, 45 
4, 56 

0.467 
0.936 
0.826 

23.950 
3.251 
2.768 

P 

<0.001 
0.439 
0.029 

a150 be used where appropriate and including 
quadratic terms in the discriminant function can 
also help (Section 16.2.3) 

Collineari可 between variables is also a 
problem in the same way as for multiple regres­
sion (Chapter 6). The discriminant function coeffi­
cients , just like multiple regression coefficien臼，
will be sensitive to which variables are induded or 
excluded when variables are highly correlated 
Most statistical softw-are provides collinearity 
diagnostics , such as tolerance or variance intlation 
facto凹， and examinations ofpairwise correlations 
between variables will be informative. Not includ 
ing highly correlated (redundant) variables will 
help lessen the impact of collinearity and , since it 
reduces the dimensionality of the data matrix, 

will also make the MANOVA more robust to hetero­
geneous variance-covariance matrices (see above) 

16 , 1, 5 Robust 问ANOVA
Approaches to MANOVA that are robust to the 
underlying assumptions of multivariate normal­
ity and homogenei可 of the variance-covariance 
matrices have been based on randomization pro­
cedures Uohnson & Field 1993). Edgington (1995) 
and Manly (1997) describe numerous possible test 
stat1stics 且or randomization MANOVA tests. 1hese 
include a test based on Wilk's lambda, one using 
the sum of the logs of the univariate t or F statis­
tics for each variable and one that compares the 
sum of squared Euclidean distances between 
objects and their sample centroids between 
groups and within groups. Manly (1997) pointed 
out that with large data sets (many variables 
and/or observations) , only a subsample of al1 pos 
sible randomizations of obsetvations on a11 飞ran

ables to groups w i\l be possible 

Another type of test is to determine distances 
or dissimilarities between a1l pairs of objects and 
compare the between-groups and within-groups 
dissimilarities. 咀lese tests wiU be described in 
Chapter 18 when we consider in detail multivari. 
ate analyses based on dissimilarities 

16.1.6 问ore complex designs 
MANOVAs can also be used to test null hypothe­
ses about combinations of variables in more 
complex designs. The matrix calculations 
described in Section 16.1.1 are done for each 
effect and error term that would have been used 
if univariate ANOVA models were fitted (Harris 
1985). Separate linear combinations of variables 
are th us constructed for each main effect and 
interaction (Box 16 ,2) and the contribution of 
each variable needs to be assessed separately for 
each effect and its appropriate discriminant func­
tion. An ecological example is 仕om Juenger & 

Bergelson (2000) , who studied interactions 
between herbivory and pollination on various 
aspects of reproduction in the perennial wild 
flower 单omopsis aggregata ssp. candida (the 
scar\et gilia) in Colorado, USA 咀lelf expenmen­
tal design had two factors: artificial grazing or 
c\ipping (two levels: control vs experimentally 
clipped) and male function (two levels: control vs 
emasculation , i.e. anther removal). There were 20 
replicate plants in each combination (cell) of the 
two f:坦ctor crossed design and a number of 
response variables were measured for each plant 
total number of flowers，企uits and undamaged 
seeds and total seed mass. They used Wi1k's 
lambda to test the two main effects and the inter­
action e俭ct on the combination of the 必ur

response variables (Table 16.2) 

DISC则问INANT FUNCTION ANA旷日S

二石百Z罚:百引 M阳阳剧川N口OVA 阻阳叩sul臼盹fi:om阳1呻n咿gs& C叫叫Cωωa1hw即叩v阳a圳9回删圳9坷蚓6创)whos田et
盯皿， e昭xpe盯n皿ent in a 5al让t回n皿na町rs由hwi让th 由ree factors: Cus归scα四1l姐扭 in豆由f鱼诠ec口tI阳on卫 bythe 
parasitic plant Cus四阳 salina. zone within saltmarsh and size ofpatch. Th巳y
recorded the biom皿S ofthree non-parasitic plant speci臼 and analyzed 
these three response variables with a three factor (infection, marsh zone, 

patch size) crossed MANOVA 

50u陀e df Pillai's trace F P 

Infected or not 3, 54 0.58 24.43 <0.001 

Marsh zone 3, 54 0.38 11.00 <0.001 

Patch size 3, 54 0.5 1 |日 56 <0.001 

Infection X zone 3, 54 。 19 4.12 0.010 

Infection X slze 3, 54 0.41 12.60 <0 .001 

Zon巳 XSlze 3, 54 。 13 2.60 0.062 

Infection X zone X slze 3,54 0.09 

A more complex factorial MANOVA was used 
by Pennings & Callaway (1996) , who studied the 
effects of a parasitic plant (Cuscu阳 salina) on a salt­
marsh community. They set up an experiment 
with three factors: Cuscuta infection , zone within 
saltmarsh and size of patch. They recorded the 
biomass of three non-parasitic plant species and 
analyzed these three response variables with a 
three factor (infection , marsh zone , patch size) 
crossed MANOVA and tested the hypotheses for 
each main effect and interaction using Pillai's 

trace statistIc 何'able 16.3) 
Note that one of the commonest applications 

of MANOVA in biology is in the analysis of 
reoeated measures designs (Chapters 10 and 11). 
where the dif的ences between pairs of repea时
measurements are analyzed as multiple response 
va口ables using MANOVA statlstlcs 

16.2 I Discriminant function analysis 

Discriminant function analysis (DFA) is a "classi且，
cation" technique , introduced by Fisher (1936) 
and recen t1y reviewed by Hub町可 (1994). DFA is 
used when we have observations from pre-deter­
nlined groups with two or more response vafl­
ables recorded for each obse凹ation. DFA 
generates a linear combination of variables that 
maximizes the probability of correctly assigning 
observations to their pre-determined groups and 
can also be used to c1assify new observations into 

1 日4 0.150 

one of the groups. We might also wish to have 
some measure of the likelihood of success of Qur 
classification. Examples of DFA are common m 
the biological literature. For example , Skel\y 
(1995) used DFA to test how well three variables 
(survivorship, size and larval period) could be 
used to classifY individuals oftwo species offrogs 
(chorus frogs and spring peepers). Petit & Petit 
(1996) used DFA to separate four habita臼 basedon
ten variables (canopy cover, canopy height. 
density of various stem sizes) measured around 
nest boxes occupied by warblers along the 

Tennessee River 
We will illustrate DFA with the same two data 

sets we used for MANOVA 

Trace metals in marine sediments 
We wil\ analyze the data from Haynes et al. (1995) , 

previously us巳d in Box 16.1 for a 灿气NOVA. with a 
discriminant function analysis. Our aim is to clas. 
s均 stations to each of the three sites (Delray 
Beach , Seaspray, Woodside) based on trace metal 
concentrations in marine sediments off the 
Victorian coast in southern Australia. The DFA of 

these data is in Box 16.3 

Plant functional groups and leaf characters 
We wiU also analyze the data from Reich et al. 
(1999), used in Box 16.2 for a MANOVA, with a dis­
criminant function analysis to classi审 species lnto 
one of four location and plant 且lnctional group 
combinations (Colorado-fo巾， Colorado-shrub, 
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Box 16.31 Worked example of discriminant function 

analysis: trace metals in marine sediments 

We wiU iUustrate a discriminant function analysis using the data from Haynes et 01 

( 1995) 呵 see Box 16.1. The aim here is to try and p仁edict site membership of 处a

tions based on the four variables recorded for each station. T卡 e variance explained 
by each discriminant function was as foUows 

Eigenvalue Pe陀配tage of variance 

F，们 ct'o门 9.979 94.6 
Function 2 且570 5.4 

The fìr红 discriminant function explains most of the between-group (betwee门

site) variance. The MANOVA test showed a sig气的cant difference between sites in 

the fìrst d旺riminant function (Pillai traιe~ 1.272, df~8. 14. F-ratio~ 3.ü58， 

P=ü.033;see Box 16.1) 

The relative contribu士 ons of each of the four trace metals to each discriminant 
function were as 丑üllows

Standardized 
Raw coeffrcient coefficient Loading 

2 2 2 

Constant 一29.013 0.822 O O 
Log CL 1.253 3.030 0.172 0.4 15 0.334 -0.271 
Log Pb 0.494 -5.042 0.083 -0.847 0.258 。 845

Log N 6.690 3.126 0.653 0.305 0.428 0.4盯 9
Log M门 9.308 2.864 0.945 0.291 0.724 一口 159

The geηe甩1 pa'忧em is the same for raw an 才 stan 才 ardized coe而cients and load• 

ings. Manganese and 门!ζkel contribute the most to the 们 rst functi。门 (80x 16.1) , 

whereas lead contributes most to the second function. Note that within a disc门m

inant fu门ction ， the dire吐ion of the sign for each variable is a内吃旧ry， i.e. the positives 
and negativ巴 could be reve陌edw比h no change in interp陪:tatlon

The classi日 :ation functions for eac 门 site are tabulate 才 below

Oelray Seaspray Woodside 

仁onstar门t 339.675 一42 1. 174 534.398 
Log Cu 14.723 14.191 22.851 
Log Pb • 24.237 - [8.5 19 27.090 
Log Ni 171 .225 195.893 216.269 
L。且问n 258 .338 282.345 320.356 

These classifìcatio门 functions were solved for each station and each station clas 
s的ed to the 5比e with the highest value 

Delray Seasp目y Woodside Percentage cor陀d

Delray 4 O D [00 
Seaspray 。 4 D [00 
叭loodside O D 4 100 
!otal 4 4 4 100 

片飞瓦 … 
乳 白叫时叮叮叮归
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Note that percentage successful p陀diction is pe巾ct The dassifìcation matrix pro~ 

duced using a jackkni也 technique was as follows 

Delray $e出pray Wood到de Percentagβ con宅ct

Delray 3 。 74 
Seaspray 3 。 75 
Wo口dside z 50 

To时 5 5 2 67 

Note that the jackknifed model 陀sults in lower percentage successful predic­

tion but these percentages may be a more reliable indic.ator of classifìcation 乱』ζcess

because we have excluded each observatÎon when calculating the c怡ssifìcation

coeffiαents 

A discriminant function plot using group mean sco陀5 showed that the th陀e

sites discriminate c1early along function 1 b川 the陀 is 1由le separation alo门g func­

tion 2, not surprisingly since function 1 explained nearly all of the variation between 

s 恒 5 (Figu陀 16.1 ) 

5 

3 
时

A 
~ 1~OOO 1::, 

.= 0 口
言~ -1 ~ D 口

A 
E 口 o Delray 

口 s，回pray

D. Woodside 

55L 3-1 5 

Discriminant function 1 

Plot of discriminant function scores for each 
licate station for the 们rst two functions from discriminant 

function analysis of da1日 from Haynes et 01. (1995).The four 
variables we同 concentrations of 由e metals Cu, Pb, Ni and 
Mn in the sedimem, all 

Wisconsin-forb , Wisconsin-shrub) based on 且ve

response variables: specific leaf area (log lO-trans­

formed) , leaf nitrogen concentration , mass-based 

net photosynthetic capaci守， area-based net phot仔

synthetic capacity and leaf diffusive conductance 

at photosynthetic capacity. 吐1e DFA of these data 

is in Box 16.4 

16.2.1 Description and hypothesis testing 

Discriminant function analysis (DFA) is mathe­
matically identical to a single factor MANOVA, 

although the 岛rmer emphasizes c1assification 

and prediction rather than tests of hypotheses 

about group differences. However, the first step in 

any DFA is to derive discriminant 且lnctions (also 

called canonical discriminant functions) that are 

linear combinations of the original variables. The 
first discriminant function is the linear combina 

tion of variables that maximizes the ratio of 

be tw"een-groups to within-groups variance (i.e. 

maximizes the differences between grou ps) and is 

the linear combination used for the MANOVA test 

of no differences betw"een group centroids derived 
in Section 16.1.1. The second discriminant func­

tion is independent of (uncorrelated with) the 

first and best separates groups using the variation 
remaining (the residual variation) after the 且rst

discriminant function has been determined, and 
soon 岛rthe thi时， fourth , etc.，也scriminant func­

tions 
The number of discriminant functions that 

can be extracted depends on the number of 

groups and the number of variables - it is the 

lesser of the degrees of 仕eedom for groups 

(number of groups minus one) and the number of 

variables (Tabachnick & Fidell 1996). In the 
example from Haynes et al. (1995), with three 

groups (sites) and four variables , there can be only 

two discriminan t 臼nctions. Even ìn situatlOns 

when there are more 且lnctions ， the first one or 
tw"o usually have the most discriminating power. 

Most statistical software also provides eigenvalues 
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(the second one is tested after the 直r5t has been 
extracted) using the MANOVA tests described in 
Section 16.1.1 

w.注 can ca1culate discriminant旬nctlOll scores 
(马) for each observation on each function (k) by 
simply solving each discriminant function as in 
Equation 16.1. These scores can be used in a linear 
discriminant function (LDF) plot (Huberty 1994) , 

wi th the first disc 口minant function scores on one 
皿is and the second discriminant function scores 
on the other axis. Either individual observations 
or centroids can be plotted 丁'hese plots indicate 
subjectively how similar Qr different groups are in 
terms ofthe discriminant funcrions. For example , 

there was a c1ear separation between sites 丘om
Haynes et al. (1995) when the first two discrimi 
nant functions were plotted (Figure 16.1), 
although most of the difference was for function 
one. 

o Colorado forb 
.6. Colorado shrub 
\l Wisconsìn forb 
口 Wisconsin shrub 

v 

4 v
v

四
四

A
ω
V
 

。

-4 
4 4 

LDFs can also be presented as biplots where 
the loadings (correlations) of each variable on 
each function are plotted as vectors , scaled so that 
the vectors are commensurate with the scale of 
functions scores. The direction of the vectors indi 
cates an increase in the values of the variable 
towards those objects in that direction on the 
plot, and the length of the vector indicates the 
曰te of increase. Biplots wiU be explored in nlore 
deta i1 in Chapter 17 

(how much of the between.group vanance lS 
explained by each function) and the proportion of 
total variance explained 

Determining which variables contribute most 
to discriminan t 且lnctions， and therefore to group 
separation , Ïs done in the same way as for 
M剧OVA (Section 16.1.3). The relative sizes ofthe 
standardized coefficients for each discriminant 
白lnction indicate which variables are more impor. 
tant to each discriminant function. Also useful 

16 ,2.2 Classifìcation and prediction 
The second purpose of a DFA is to classi电， each 
observation into one of the groups and assess the 
success ofthe classi且cation. A c1assification equa. 
tion is derived for each group and is a linear com. 
bination ofvariables like a discriminant function , 

including a constant (Equation 16.1). 
For example , for Delray using the variables 

仕om Haynes et al. (1995) 

Coelrav =constant + c1 (logωCu) + C,(loglO Pb) 十
c

3
(10g,o Ni) +乌(log，o Mn) (16.4) 

白lere are four steps in determining and using 
the classification function for any group 

·币le coefficients (c) of the c1assifìcation 
equation are termed classification coefficients 
(Tabachnick & Fide111996) and are found by 
multiplying the wi出in.group covariance 

are loadings, which measure the correlation 
between each variable and each discriminant 
function , although they ignore any correlation 
between variables. With a large number of vari. 
ables, stepwise discriminant function analysis 
can be used, similar to stepwise multiple regres. 
sion. The stepwise approach enters and removes 
variables in a model.building process to try and 
produce a discriminant function with only the 
"important" variables. Our criticisms of stepwise 
pro四dures (see Chapter 6) are just as applicable 
here and we do not recommend stepwise discrim. 

inant analysis. 
The test of the Ho of no difference between 

group centroids (MAl呼OVA) is usually the 且rst step 
in a discriminant缸nction analysis because ifit is 
not significant, the discriminant functions will 
not be very useful 且br separa ting grou ps and 
therefore classi珩ing obse凹ations. Successive dis. 
criminant functions can be tested for significance 

71 6 7 4 

The jackknifed cla凹币 cat旧 n matrix was as follow三

Col。目do fo巾

Col。日do shrub 
叭lisconsin fo巾

Wisconsin shrub 
Total 

飞7

吃7

可

• Plot of discriminant function scores for each 
replkate species for 由e first two functions from discriminant 
function analysis of data from Rekh et 01. (1999). The 们ve

variables were leaf characters: log speci们 c leaf area, leaf N, 

Am..., Aarea' and G. 

2 

口iscriminant function 1 
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Box 16.4[ Worked example of discriminant function 
analysis: plant functional groups and leaf 
characters 

We examine 才 our abili可 to discriminate between the four Ic 捕旧n and functional 
group combinations for 叩ecies of plants on which Reich et 01. ( 1999) measu时f附

variables -see Box 16.2. Li ke thetvvo factorMANOVA earJier;廿 em川 tivar旧tete处s

indicated no signifìcant di他rences betvveen the four groups (e.g. Pillai Tr日ce=

0.902, dl = 15 , 54, F.ratio 二 1 .54日， P=O.121) lorthe flrstd匹criminant function 
The following clas剑cation fun 币。ns were solved for each speôes (object) o 2 

Wisconsin 
shrub 

593.038 
592.914 
-J.129 
-1. 173 
26.184 
-0.262 

Wisconsin 
b巾

576.439 
582.442 

3.010 
1. 134 

25.356 
-0.248 

c。由 ado

shrub 

570.858 
580.616 
-2,981 
-1. 154 
25.467 
-0.249 

Colorado 
fo巾

因
而
耐
山
山
川
叩

E

RJ7'

<Lll41nv

日
出

-
-
z

一

Constant 
Log specific leaf area 
Leaf 叫

Am~ 
A",,,, 

q 

Each spec但5 was classi们ed to the location and functional group combination 
with the highest value for the classifìcation function. The classlflcation matrices 
showed that we could mc陀 CQr吧ctly classi作 speôes to some combinat旧ns than 
others. 

Percentage 
cor阿三d

∞
乃
曰
盯

Wisconsin 
shrub 
oil--5-7 

阶lisconsin

fc巾

0060 

Colorado 
shrub 
033l 

Colo同d。

在由也

3010 
Colorado fo巾
Colorado 由阳b

w巴 consln 仁α乞

Wisconsin shrub 
Total 
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∞
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Wisconsin 
shrub 
0224 

W旺。nSlr

forb 
005075 

Colorado 
shrub 

n
u
n
u
丁
，
"
丁L

Colorado 
fo由

32zo-7 

5C 日

w坦 were most 5uccessful at classi哥们 g speôes from the Colorado-fo巾 com­

bination and least from the Colorado--shrub combinat旧n

The plot of the scores for the fìrst two discriminant functions shows that there 
is considerable overlap between the diffe晤时 groups for both functions (Figure 
16.2). Colorado 10巾5 were the tightest group and we were most su阳ssful at clas­
SI牛ing 白白e spec巴
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membership and also to c1assify new observations 
to one or other ofthe groups with some measure 
of success of that c1assi且cation.τ'he linear combi­
nation of variables that maximizes the ratio of 
between-group to within-group variation in 
MANOVA is the 且r5t discriminant 且lllction

Discriminan t function analysis goes further than 
MANOVA. however. by calculating additional dis­
criminant functions and using the functions to 
classify observations 归 groups

16.4.1 General issues 

• MANOVA can be used to analyze any design 
where there is more than Qile response vari­
able and Qne or more categorical predictor 
variables and the question ofinterest concerns 
the response va口ables considered simultane­
ously. 

• MANOVA is also used when analyzing part1y 
nested models for "repeated measures" designs 
where the differences between levels of the 
within-subjec臼 factor are treated as multiple 
response variables. 

• Although checking the assumptions is more 
difficult for multivariate analyses compared 
with univariate analyses , the former are also 
more sensitive to departures from the assump­
tions. 

• MANOVA and DFA are functionally 
equivalent，吐le former emphasizing between. 
group diff过ences on a single discriminant 
function , the latter using more than one dis­
criminant function and 岛cuslng on 
classification 

16.4 I General issues and hints for 

1 analysis 

16.4.2 Hints for analysis 
• Homogeneity ofbetween-group variances and 

covariances is important. Keep sample sizes 
similar and at least ensure homogeneity of 
variances for each variable separately. Check 
for outliers with Mahalanobis distance, tested 
against a x" distribution with p df and a strict 
slgm且cance level (0.001) 

16.2.4 More complex designs 
Because DFA is identical to a MANOVA. DFA can be 
extended to more complex designs , such as facto 
rial designs. as described in Section 16_1_6 
However, when focusing on c1assification, we 
usually treat each combination of factor levels 
(cell) as a separate group and use methods devel 
oped for single factor designs 

MANOVA and DFA are mathematically identical 
σ'abachnik & Fidell1996). although the terminol­
ogy used in the two procedures often dif也rs. In 
MANOVA, we test whether population centroids. 
based on a number of response variables , are 
dif:岳rent between groups. In DFA. we use the 
response va口ables to try and predict group 

16.2.3 Assumptions of discriminant 
function analysis 

DFA has the same assumptions as MANOVA 
(Section 16.1.4). The most important of these 
assumptions is homogeneity of the within-group 
variance-cova口ance matrices, especially for the 
classification part of discriminant analysis 
because this is quite sensitive to heterogeneous 
variance-covariance matrices between groups. 
ηüs assumption is very difficult to test formally 
and Tabachnick & Fidell (1996) suggested plotting 
the scores for each observation for the 且rst two 
discriminant functions (e.g. Fi职ue 16_1) and 
checking if the spread of points is similar among 
the groups. Transformations of variables wi11 
often help 

If there is c1ear heterogeneity across the 
within-group variance-covariance matrices, you 
can try fitting quadratic 且1nctions instead of the 
usual linear ones. Quadratic functions inc1ude 
coefficients for squares ofthevariables and do not 
assume equal within-group covariances: statisti­
caI soft兀'Iare usually ofl面ers quadratic 且1nctlons as 
an option. Quadratic terms are usually highly cor­
related with the linear term for the same variable 
This can result in collinearity problems (Section 
16_1.4) and centered variables may need to be used 
(Chapter6) 
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Table 16.4 1 Discriminant 岛nctlOn an啪is from 
Skelly (1995) 白le grouping variable was frog 
species (Pseudoacris triseria阳 and P. crucifer) and 
standardized coefficients and loadings for the three 
variable写 on the first discriminant function are 
provided. La凹"al period contributed most tò the 
separation between species 

Standardized 
coeftì旧ent

845 
A
U
气
〈
》
-
1

7
ι
r
h
u
n
u
 

nunu--
Survivorship 
Size 
Larval period 

Variable 

matrix (pooled across all groups) by tbe matrix 
of means for each variable for that group. 

• The constant for a group is determined by 
mu1tiplying the matrix of c1assification 
coefficients 岛r that group (i.e. the coefficients 
岛reach va口able) again by the matrix of means 
for each variable for that group 

• A classification score for each observation for 
each group is tben calculated by using the 
actual values for each variable to solve the 
classification equation for that group. 

• Each observation is 岛rmally c1assified into the 
group for which it has the highest score.τhis 
may or may not be the actual group 丘om
which the observation came 

the jackknife c1assifications were less successful , 

but probably more robust. than the usual c1assifi. 
cations using all obse凹ations (Box 16.3 and Box 
16.4). The biggest difference between the usual 
and jackknifed c1assi直cations will often be for 
groups with the smallest sample 旦旦， again ill us 
trated for the c1assification of the Reich et al 
(1999) data where our c1assification success for 
Colorado shrubs went from 75% to 0% when the 
jac烛nife approach was used (Box 16.4)_ 

Most uses of DFA we have found in the biolog­
ical literature have focused on description and 
hypothesis testing, rather than classification. For 
example. Petit & Petit (1996) derived three dis­
criminant functions to separate 岛ur habitats 
based on ten variables (canopy cover, canopy 
heigh t , densi ty of various stem sizes) measured 
around nest boxes occupied by warblers along the 
Tennessee River_ They found that the first 丑1nc­
tion explained 96.7% of the variance and canopy 
cover was the variable most highly correlated 
(Ioading = 0.84) with this first discriminant func­
tion. Skelly (1995) used a number of discriminant 
function analyses in his study of tadpole behavi­
our and performance. In one, he tested how we11 
three variables (survivorsh甲， sìze, and larval 
period) c1assified individuals into one of two 
species of仕ogs (chorus frogs and spring peepers) 
He presented a single discriminant function. 
which significantly separated the two species 
(MANOVA)_ Larval period had the highest coeffi 
cient (1.015) and loading (0.76) for this 丑1nct1On ，

i.e. larval period separated the species more than 
size and survivorship (Table 16.4) 

Tabachnick & Fidell (1996) have provided a 
fully worked example of the calculations and 
Huberty (1994) has a more detailed theoretical 
background 

Discriminant analysis routines in most statis 
tical software provide classification matrices that 
indicate to which group each observation was 
classified and whether that classification was 
correct. The success of classifìcations of observa­
tions will be greater-ifthe groups were clearly dis 
tinguishable on the first discriminant 抗1nctlon
For example. the stations from Haynes et aL (1995) 
were c1early separable into groups (highly signi直­
cant MANOVA) and the cIassification success was 
also high (Box 16.3). In contrast. tbere was no sig­
nificant separation of groups in the Reich et al 
(1999) data and the c1assi自由tion success was 
lower (e.g. only six out eleven species correctly 
classified as being 仕om forbs 仕om Wisconsin -
Box 16.4) 

One difficulty with the c1assification metho­
dology we just described is that the c1assi且cation
functions are calculated using a11 observations 
and these functions are then used to classity the 
same observations. i.e. we classi命 each obse凹&

tion with an equation that already used that 
observation. One way of avoiding the resulting 
inherent bias is to use a jad也nife proced ure 
(Chapter 2). The classification of each observation 
is based on group cIassification functions that are 
determined when the observation is omitted and 
only the remaining observations are used to calcu 
late coefficients and constants. In our examples , 
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.Pill缸's trace is the most robust of the test sta 
tistics for MANOVA and is recommended 

• The cont口bution of each variable to a discrimi­
nant function is best measured by the stan 
dardiz定d coeffìcients 

• Loadings for each variable on each discrimi­
nant function ignore correlations betw"een 
variables and will have the same pattern 

between groups as the univariate F tests 面or
each variable 

• Jac烛nifed c1assi且cations of each observation 
to each group are probably more reliable 
than standard c1assi直cations because the 
former do not include the observation being 
dassifìed when calculating the c1assification 
score 

Chapter 17 

Principal components and correspondence 
analysis 

τ'his chapter and 出e next deal with analyses of 
multiple variables recorded 仕om multiple objects 
where there are two primary aims. The first is to 
rεduce many variables to a smaller number of 
new derived variables 出at adequately surnmarize 
the original information and can be used for 
further analy盲目. i.e. variable reduction. Multi­
variate analysis of variance and discriminant 
function analysis described in the previous 
chapter also have this aim. The discriminant func­
tions represented the new derived variables that 
are extract，εd while explicitly accounting for 
group structure in the data set. Comparison of 
groups in the methods covered in this chapter and 
the next require subsequent analyses because the 
extract卫on ofthe summaryvariables does not con­
sider grou p structure 

τhe second aim is to reveal patterns in the 
data, especially among objects, that could not be 
岛und by analyzing each variable separately. One 
way of detecting these patterns is to plot the 
objects in multidimensional space, the dimen­
sions being the new derived variablesτ'his is 
termed scaling, or multidimensional scaling, and 
the objects are ordered along each axis and the dis 
tance between objects in multidimensional space 
represents their biological dissimilarity (Chapter 
15). Ecologists often use the term "or，吐ination"
instead of scaling, particularly 岛r analyses that 
arrange sampling or experimental units in terms 
of species composition or environmental charac 
teristics. Ordination is sometimes considered as a 
subset of gradient analysis (Kent & Coker 1992) 
Direct gradient analysis displays sampling units 
directly in relation to Qne or more underlying 

environmental characteristics. Indirect gradient 
analysis displays sampling units in relation to a 
reduced set ofvariables , usually based on species 
composition, and then relates the pattern in sam 
pling units to the underlying environmental charM 

acteristics 
τhere are many different approaches to achiev­

ing the aims of variable reduction and scaling 
(ordination). ln this chapter. we will describe 
methods based on extracting eigenvectors and 
eigenvalues 仕om matrices of asso口atIOns

between variables orobjects (Chapter 15). Methods 
based on measures of dissimilarity between 
objects will be the subject of Chapter 18 

17.1 I Principal components 
analysis 

Principal components analysis (PCA) is one of the 
most commonly used multivariate statistical techM 

niques and it is also the basis for some others. For 
i ~ 1 to n objects , PCA transforms j ~ 1 to p van­
ables (y" Yo , L.. ..,YJ into k ~ 1 to p new uncorre-飞 l' ~2' ~3'''.'~p' ~~~-_.. - -- r 

lated variables 吭，毛， Z3....' Z,) called principal 
components or factors (Chaptei 15) 吐le scores for 
each object on each component are called z-scores 
(Jackson 1991). For example, Naiman et αL (1994) 
examined the influence ofbeavers on aquatic bio­
geochemistry. Four habitats were sampled for soil 
and pore water constituents. Variables were N, 

nitrate-N , ammonium-N , P, K, Ca , Mg, Fe, sulfate , 

pH, Eh, percentage of organic matter, bulk densi町，
N 且xation. moisture , redoxτ'hree components 
explained 75% ofthe variation, with component 1 
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representing N and P, component 2 representing 

moisture and organic matter, and component 3 

representing ammonium-N and redox 

We wiJl use t;γo data sets from previous chap­

ters , plus a new one, to illustrate principal compo­
nen ts analysis 

Chemistry offorested watersheds 

In Chapters 2 and 15，飞Ne described the work of 

Lovett et al. (2000) who studied the chemistry of 

forested watersheds in the Catski l1 Mountains in 

Ne飞气， York. They chose 39 first and second order 

streams (0时 ects) and measured the concentra­

tions often chemical variables (N03 -. total organic 

N. total N. NH4 - , dissolved organic C, SO,'-, Cl-. 
Ca2+， Mg气 and H+), averaged Qver threeyears, and 

且our watershed variables (maximum elevation , 

sample elevation , length of stream , and watershed 

area). We will lIse PCA to reduce these variables to 

a smaller number of components and use these 

components to examine the relationships 

between the 39 streams (Box 17.1) 

Box 17.11 、Norked example of principal components 

analysis (PCA): chemistry of forested 

watersheds 

The variables in the study of 39 st 田m sìtes in NewYo吐白.te by Love忧 etol. (2000) 

创|叫o two grωps measur它d at d仇尼nt spatial scales - watershed 咀riables (ele­

vatlon, stream length ar 才 area) and chemical 咱riables for a s忧eæ剧"aged across 

sampli门 g dates. We only used the chemical variables for the PCA, as a PCA using 

all variables together 叭 as very difficult to inte巾陀，t P陀 liminary checks of the data 

showed that one 51陀am， Winnisook Brook, was seve陀 y acidìfied with a concen­

tration of H far in excess of the other st陀ams so this site was omitted from fu时her

analysis. Additional作'. th陀e variables (dÎssolved organic C , CI and H) were verγ 

拭目 ngly skewed and were transformed to loglo. Summary statistics for each vari­
able were as follows 

Variable Mean Standar吐 deviatÎon

NO, 22.85 且61

Total organic N 4.97 1.28 
下。，，，1 N 27启9 8.10 
NH, 1.65 0.73 
Log,o dissolved organic C 1.83 0.15 
50, 62.08 5.22 
Log1o CI 1.33 。 16

Ca 65.13 13.96 
问g 22.86 5.12 
Log,o H 一0.67 0.29 

First, the PCA was done on all ten chemical variabl自由d 38 streams. We used 

a correlation matrix because 出e variabl田 had verydi忏erent variances, with the var 

iance in Ca concentration much greater than for a11.other variables, and we didηot 

wish these 旧旧时出 to influence the ana 阿巴 Three components had eigenvalues 

g陀ater than one and explained over 7日% of the to13lll町回 ce
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Analysis of the residuals 有um retaining th陀 e components indicated that the陀 were

no Q values very dif在rent from the rest and all P values we陀>且 100

The coeffkients of the fìrst three eigenvectors, with their standë时 erro同 are

sho州1 below. Note that many of the 汉andard errors are 陀latively large , some 

exceeding the value of the coeffkient. Considering these standa时 errors ， 11 appears 

that 50 ,.Iog,o CI. 问g (all 十四) and loglo H (-ve) contribute consistently to e脐n­

vector 1. N03, total N , and Ca contribute cons 到凹tly (-ve) to eigenvector 2 

Fina!ly. eigenvector 3 con甘甜s logw dissolved organic C (+ve) with NH4 (-ve), 

although the latter has low precision (!arge stand旷d erTO。

Variable Eigenvedor 1 E电e，ω旺tor 2 Eigenvector 3 

NO, ~0.261 土 0.26C 一0.5 19 ;， 0.138 口.049 土 0.2 12

Total organic N 。 147 土 0.181 0.299 士 0.164 0.5 15 ;, 0.404 

丁ãtalN 0.228 士 0.258 -0.5 10 ::t:: 0.1 33 0.154 士 0.274

NH, 0.228 ::t::口.116 0.075 土 0.192 ~0.487 士。咱478

Log,o dissolved organic C ~0.28日士 0.123 0.147;'0.201 0.562 ::t:: 0.198 

50, 0.3 68 土 0.133 一0.225 土 0.207 0.242;'0.221 

Log 1o CI 0.35吕立 ι110 。 158 士 0.204 0.01 8 ;, 0.269 

Ca 0.281 土 0.227 ~0.446" 0.156 0.081 土 0.215

Mg 0.472 士 0.058 -0.OI5 ::t::口.247 0.301 士。 145

Log,o H 一0.397 士。 150 0.281 ::!:::0.210 0.006 ::t:: 0.21 8 

The loadings (correlations) of each variable on each component reveal a similar 

pa忧ern to the coeffrcients of the eige阳ectors， although measures of sampling error 

are not available. Mg (+ve).log ,o H (~ve). 504 (十四) and log ,o CI (+ve) correlate 

highest with component \, NO] (一咄)， total N (~ve). and Ca (~ve) corr它latew 由
component 2 and loglo dissolved 0咆，anic C (+ve) correlates w比h component 3, as 

do total organic N (十四) and NH, (• ve) slight片 k旦 No也:e that the陀 are many 

variables that have moderate cc盯它陆旧ns (0.4 to 0.6) wlth the three con门ponents.

Variable Component I Component 2 

0.816 
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0.443 0.006 

0.166 
~0.527 

0.802 
0.118 
0.23 1 
且354

0.248 
~0.701 

NH 4 
Log ,Q dissolved organic C 
50, 
Log 1o CI 
Ca 
Mg 
Log1o H 

To see if we could get better simple structure forthe components, we also applied 

av旷imax (orthogonal) rotation to these eigenvectors. The total 旧riance explained 

by the 印字st three eigen 吨 ctors is the same as befo陀

0.608 
0.262 
0.019 
0 日 87

0.326 0.024 

Component Eigenvalue Percentage variance Component Eige门，value Perce门ltage vanance 

3.424 34.239 2.9日 8 29.081 
Z 2.473 24.729 z 2.719 27.185 
3 1. 171 11.711 3 1.441 14.4 1 J 
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The Joadings (cor 俨elations) of each 旧riable on 田ch rotated component 陀、 eal
m 盯 prov回到mple 处ructu陀 S04 (+ve) , Mg (+ve) , log ,o H (-ve) and Ca (+ve) 
correlate strongly with rotated component 1, N03 (一ve) and total N (-ve) sta世
out forcor下 ponent l.and loglo di日 olved organic C ( +四) and NH4 (-ve) forcom 
ponent 3. The number of 旧riables that have mc 才 erate correlationsρ牛-!).6) WI由

components has decreased from nine in the unrotated solution to four in the 
rotated solution 

Variable Component I Component 2 ComDonent 3 

NO, 0.046 -0.943 。 104
百otaf 0咆anic N 0.175 0.578 0.491 
Total N 0.126 0.893 0.192 
NH, 0.09 口 0.284 -ι617 
Log ，口 dissolved organic C 0.324 -0.038 0.775 
50, 0.8日 8 o.c已4 0.028 
Log1o CI 0.393 0.551 一 0.206
Ca 0.794 一0.327 -0.182 
M, 0.817 0.448 。 011
Log jQ H -0.801 。 002 0.307 

认le also caJculated component sco广es for each st 气::-am for each compcηent 
based on the rotated solution a门才 correlated the fìrst three components with the 
watershed variables, adjusting the P-values with Holrr￥ sequential ßonferroni 
method (Chapter 3). Elevation was negatively cor陀late 才 with component 2. NO~ 
and total N load negatively on component 2，旧dicating that 处ream5 with lowe 广 ele­
旧tlons al50 have lower concentrations of nitrogen 

问ox. Sample Stream Watershed 
elevation elevatio门 length area 

P P P P 

Comp αlent 1 0.330 0.387 一-0.4 14 0.100 -0.165 1.000 -0.170 1.000 
Component 2 0.528 0.012 一 0.496 0.022 0.066 1.000 -0.048 1.000 
仁。mponent 3 一0.084 1.000 0.064 1.000 0.229 1.000 一0.284 且664

We also extracted the components based on a covariance matrix, to iJJustrate 
the in fJuence that differences in 咀nances 七 ave when using a covariance matrix com­
pared with a correlat旧 n matrix for a PCA. A much higher proportion of the total 
vanance is explained by the fìrst thr四 components. The eigenvalues are coηsider­
ably larger than for t卡 e cor陀 ation matrix because the 旧旧bles are not stan 才 ard­
ized to unit variance 

Component Eig四旧lu巳 Percentage variance 

223.510 57.262 
Z 128595 32.945 
3 29.681 7.604 

The load 门 gs ar它 now covariances rather than co广陀 atlons and their pa吐ern
among 旧riables is quite differ它们t from that based on a correlation matrκNote 
that ca dominates component 1 and this is the variable with the lar2est 旧nance.
with contributions from N03 and total N, both with 时!何国 variances. T~ 出
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two var旧时es al50 structure component 2, as with the corr哩 ation-based PCA, and 

SO 4 and Mg make Up component 3, whe陀as logro dissolved organic C did 50 for 

the CQrr甘ation-based PCA 
Note that our prefe陀nce with these data would be to use a correlation matrix 

because we did not want the large di陪同nces In 、 anance写 to cc 门tribute to our 

interpretation of compone 门 ts

Variable Component 1 Component 2 Component 3 

NO, 4.386 7.373 
Total organic N 0.286 0.371 
1日otalN 4.275 6.729 
NH< 口 001 0.164 
Log ,o dissol飞吧d orga门icC 0.033 -0.040 
50, 2.5 14 2.022 
Log，口口 0.006 包084

Ca 1).212 3.853 
Mg 1.532 3.135 
Log1o H 0.207 -0.143 

Habitat fragmentation and rodents 
ln Chapter 13 , we introduced the study of Bolger 
et aL (1997) who surveyed the abundance of seven 
native and 口"'0 exotic species of rodents in 25 
urban habitat fragments and three mainland 
control sites in coastal southern Califomia 
Besides the variables representing the species, 

other variables recorded for each 仕'agment and 
mainland site inc1uded area (ha), percentage 
shrub cover, age (years) , distance to nearest large 
source canyon and distance to nearest仕agmentof
equal or greater size. We will use PCA to reduce 
the species variables to a smaller number of com. 
ponents and use these components to examme 
the relationships between the habitat 仕agments

and mainland sites (Box 17.2) 

Geographic variation and forest bird 

assemblages 
Mac Nally (1989) described the patterns of bird 
diversity and abundance across 37 sites in south 
eastern Australia. We will analyze the maximunl 
abundance for each species for each site from the 
four seasons surveyed. There were 102 species of 
birds and we will use a PCA to try and reduce 
those 102 variables to a smaller number of compo­
nents and use these cOlllponen臼 to examine the 
relationship bet:ween the 37 sites (Box 17.3). 

0.499 
0.342 
1.215 
0.045 

一0.026
3.741 
0.025 
1.638 
334口

0.0回

17.1.1 Deriving components 

Axis rotation 
τ'he simplest way to understand PCA is in terffiS 

ofaxis rotation (see Kent & Coker 1992 , Legendre 
& Legendre 1998). Consider the study of Green 
(1997) , who studied the ecology of red land crabs 
on Christmas lsland (see Chapter 5). Part of that 
study measured two 飞rariables (total biomass of 
crabs and number ofburrows) in 胆nquad囚ts m 
a forested site on the island. A 5catterplot of 
these data is in Figure 17.1, with biomass on the 
vertical axis and burrow number on the horizon 
tal axis. PCA can be viewed as a rotation of these 
principal axes , after centering to the mean of 
bioma55 and the mean ofburrow number, 50 that 
the 白r5t "new" axis explains rnost of the varìa­
tion and the second axis is orthogonal (right 

angles) to the 自由t (see Figure 17.1). The first new 
axis is called principal component 1 and the 
second is called principal component 2. 币1e 直rst

component is actually a "line-of-best-缸" that is 
halfuray between the least squares estimate of 
the linear regression model of biomass on 
burrow number and the regression model of 
burrow number on biomass. This is the estimate 
of the Model JI regression (Chapter 5) and is the 
line represented by the correlation between 
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Box 17.21 Worked example of principal components 

analysis (PCA): habitat fragmentation and 
rodents 

Bolger et 01. (199乃 surveyed the abundance of seven native and "DNO exotic species 

。f rodents in 25 urban habitat f自由gments a 才 three mainland control s民 eSln (Oa5国l

southern California. Our aim is to reduce the nine spec田 variables to fewer prin 

cipal components a们 d examine the relat旧 nships between the sites in terms of these 

components. AII species 咀riables were strongly sk巳wed a们 d the variances were 

very ditferent between variables with many zeros. A fourth root transformation 

improved normality but did not consis士:ently improve the strer屯th of the linear cor 

relations be1:Neen variables, 50 we analyzed raw data. We dìd separate analyses 
using covariance and correlation 门latrices， the latter to rem。由 the e他cts of the 

very di仇rent var旧nce♀ With the cor 产elation matrix, the 币 rst three components 

eXplained over 79% of the variation. With a covariance matrix, more of the vari 

ance was contained w肘 n component 1 and the flrst th陀e compc们 e门ts explained 
more than 9日瓦 of the variat阳n

Cor陀lation Covariance 

Component Eigenvalue Percentage variance Eigenvalue Percentage variance 

4.387 48.746 697.522 78.101 
Z 1.565 17.393 136.580 15.293 
3 1. 173 13.029 31. 149 3.488 

VarÎmax ro飞:at旧 n 同sulted in different structures, especial甘 for components 1 

and 2, but these we月 not necessa门 Iy easier to int凹pret 50 we will dβcuss the unro­

tated solutions. The loadings (correlatio 阳)fromaP 二A based on a c∞orr陀ela矶油tl旧。

matrix showed t廿hat component I reρ 广啤esented a contrast between the t衍wo exotic 

s叩pe旺Cαl阳e臼5 and 甘白he 5凹e凹nn旧1毡吼咄a且甜tlve 5叩pe旺CI臼e臼sa肌们 dc∞omponent 3 was a contrast b恒εt"飞、叭》呐Ne臼en川th阳e 

two exotics. Component 2 was a little har出r to interp毗 mainly involving P. erem­

icus and N.lepido ( +ve) and N 品scipes and P. follox (-ve). Not surprising以the load­

ings (covariances) from a PCA based on a cova广 ance matrix emphasized 由e

species with large 旧门ances in their ab川 dances. Co叩 onent 1 wasηainly the two 

F甘αηyscus speCles an 才 component 2 was dominated by P. eremicυs. None of the 
covanan 二 es for component 3 were very strong 

Corn巳lation Covar旧时e

Variable Z 3 2 3 

R 盯rtus →一 J.350 0.293 0.664 0.252 0.017 0.249 
/111. musculus -0.307 -0.146 0.800 一 1 .355 。 013 。∞9
P. coU(ornlcus 0.836 -0.101 0.144 23.697 3.753 1.534 
P. eremicus 0.75 口 0.575 一0.139 9.096 10.704 0.499 
R megolotis 0.852 且051 0.025 3.471 0.283 0.245 
N. fùsciþes 0.825 且509 口口91 5.924 - 1]52 4.520 
N. leþldú 0.685 0.626 0.163 1.377 1.811 0.047 
P. {ollox 0.573 -0.678 0.096 1.427 1. 174 2.799 
1\;1. coli(ornicus 0.840 。口57 0.082 0.532 且333 0.396 
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The scaling (ordination) scatterplots of compo们 entsco陀5 for each site from a 

PCA based on the correlation matrix show that three sites, Sandr呐ark叮 Alta l.a Jolla, 

and Balboa Ter同ce， stood out from the re51, particularly alc 飞 components 1 and 

2 (Figu陀 17J).A biplot of components 1 and 2 including loading vectors fc 户 six of 

the sp旺ies (Figure 17.3(a)) showed that 5配 dmark and Alta La Jolla were in the 

opposìte di陀ction of the vector for M. musculus and Balboa Terrace was in the 

opposite direction of the vector for R. rotws. 50 these were sites with high abun 

dance native spec但s and few of the two exotics. Sandmark and Alta La Jolla we 它

at the opposite e吐陀me from Balboa Terrace for component 2, indícating very diι 

也rent numbers of P. eremiCl山， N.lepidσ. N. fuscipes and P.户 σX. Sites with 到milarpat­

terns for 由e two exotic species group together on component 3. For all th陀e

components, the 巳ontrol mainla门d sites were not obviously di他rent from the 

spread of the uroan fragmen也I

Box 17.31 Worked example of principal components 
analysis (PCA): geographic variation and forest 

bird assemblages 

T护 e data set 什。m Mac Nal作 (1989) contains the maximum seasonal abundance of 

102 species of birds across 37 s泊es in southeastern Australia. Our main inte陀st is 

whether we can summarize the relat旧 nships between sites based on a small 

numberof components representing the 102 species. This exa们 ple illustrates prob­

lems often faced by ecologists trying to explo陀 multivariate data sets - a large 

number of variabl自陀lative to obiects and most of the variables ha叫咱 numerous

zero 旧lues. 呐le don't p陀 sent detailed output from the analysis but the PCA based 

on a ma廿识。f correlations bei:\Neen spec旧 5 showed that 25 components had 

eigenvalues greater than one an 才 the flrst 币 le components only expla酌 ed about 

48% ofthe variation in the original 102 variables. The components themselves we陀

difficult to inte 广 pret because of the 口 umberof、 ariable5 ， many of them loading mod­

erately on many components (although rotation d 才 help)

A plot of the standardized compo们 ent scores for the frr51 two compc口 ents also 

iIIustrates the problem of a horseshoe or arch in the pa忧:ern of sites along compo­

nent 1,' wherebys吐出 atthe extr琶mesa陀 compressed in their 陀lationship to other 

51恒s (F唱U陀 17.4). The extl毛mes of this axis 陀presented sites in central Victoria at 

one end and sites in the Dandenong Ranges close to Melbourne at the other. We 

will discuss this aπh effect fu门her in Chapter 18. Clearl 只 PCA is not a pa内 cularly

efficient or interpretable method for e旧mining patterns among sites forthese data 

burrow number and biomass (either raw or cen- Decomposing an association 皿atrix
tered) and is also called the m句or axis. Ifthe var- VVhen there are more than two variables. it is 

iables are standardized (to zero mean and unit difficult (or impossible) to represent the rotation 

standard deviatio时， then the first principal COffi- procedure graphically. In practice , the compo­
ponent represents the reduced m句or axis nents are extracted either by a spectral decompo­
lCh叩ter 5). The second component is completely 山on of a sum刊f-squares-and-cro卧.products
independent of. or uncorrelated with , the 且rst matrix, a covariance mat血 or a correlation 
component. matrix among variables or by a singular value 
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decomposition of the raw data matrix with vari­
ables standardized as necessary (see Chapter 15 
and Box 15.1). Which matr皿 to use will be dis­
cussed in 5ection 17.1.2. There will be k ~ 1 to P 
principal components. each of which is a linear 
combination ofthe original variables: 

2ik = c队1 十 c"Yi2 +...c)'ü....+cpY，p (17.1) 

From Lovett et al. (2000): 

Z政~ c,(N03), + c,(total organic N), +乌(totaIN)，+

乌(NH.)， + c5(log,0 dissolved organic c), + 
c,(50.), + c,(loglO CI), + c8(Ca), +乌(Mg)，+

c,0(loglO H), (17.2) 

In Equations 17.1 and 17.2，气ik is the value or score 
for component k forobjecti'Yi1 to Yip are thεvalues 
ofthe original variables 如r object i and c

1 
to cp are 

weights or coefficients that indicate how much 
each original variable contributes to the linear 
combination forming this component. Although 
the number of components 出at can be derived is 
equal to the number of original variables. p. we 
hope that the fìrst few components summarize 
most of the variation in 出e original variables 

ηle matrix approach to deriving componen臼
produces two important pieces of information -
see Box 15.1. The eigenvectors contain the esti­
mates of the coeffìcients for each p口ncipal com­
ponent (the CjS in equation 17.1). Eigenvector 1 

con tains the coeffìcients 面or principal component 
1, eigenvector 2 for principal component 2, etc. As 
described in Box 15.1, the eigenv'εctors are usually 
scaled so that the sum of squared coeffìcients for 
each eigenvector equals one, a1though additional 
scaling is also sometimes used 

Estimates of the eigenvalues (or latent roots , 

λJ.) provide relative measures ofhow much ofthe 
variation between the objects , summed over the 
variables in the data set, is explained by each p口n­

cipal componentτhe components are extracted 
so that the fìrst explains the maximum amount of 
variation. the second explains the maximum 
amount of that unexplained by the 曲目， etc. If 
there are some associations between the vari­
ables , the first two or three components will 
usually explain most of the variation present in 
the original variables. so we can summarize the 
patterns in the original data based on a smaller 
number of components (variable reduction). In 
the analysis of the data 仕om Lovett et al. (2000), 

the first three components comprised over 70% of 
the original variation (Box 17.1). Ifthe original var­
iables are uncorrelated , then PCA wilI not extract 
components that explain more of the variation 
than the same number of originaI variables - see 
analysis of data 仕om Mac Nally (1989) in Box 17.3 
Note that the sum of al1 the eigenvalues equals 
the total variation in the original data set, the 
sum ofthe variances ofthe original variables. PCA 
rearranges the variance in the original variables 
so it is concentrated in 出e 且rst few new comp仔
nents 

17.1 ,2 Which association matrix to use? 
The choice of association matrix between vari­
ables is an important One τ'he choice basically 
comes down to choosing between the covariance 
and the correlation matrix, because using the 
sums咱ιsquares-and-cross-products matrÏx makes 
the resulting PCA sensitive to differences in mean 
values ofthe variables, even when they are meas­
ured in the same units and on the same scale ηM 
covariance matrix is based on mean-centered var­
iables and is appropriate when the variables are 
measured in comparable units and differences in 
variance between variables make an important 
contribution to interpretationτhe correla tion 
matrix is based on variables standardized to zero 
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asymptotic only (i.e. approximate) and assume 
multivariate normali可 (Flu可& Riedwyl 1988) 
The size of the standard errors can be relatively 
large compared to the size of the coefficients (Box 
17.1) 

Component loadings are simple correlations 
(using Pearson's r) between the components (i.e 
component scores for each object) and the origi­
nal variables. Ifwe use centered and standardized 
data (i.e. a correlation matrb叶， the loadings are 
provided directly by scaled eigenvectors in the V 
matrix (see Box 15.1). Ifwe use just centered data 
(i.e. a covariance matrix) , the V matrix will 
contain covariances rather than correlations , 

although true correlations can be determined 
ijackson 1991). High loadings indicate that a vari 
able is strongly correlated with (strongly loads on) 
a pa且icular component. The loadings and the 
coefficients will show a similar pattern (although 
their absolute values will obviously differ) and 
either can be used to examine which ofthe origi­
nal variables contribute strongly to each compo­
nent. Tabachnick & Fidell (1996) warn against 
placing much emphasis on components that are 
determined by only one or two variables 

Ideallywhat we would like is a situation where 
each variable loads strongly on only one comp仔
nent and the loadings (correlations) are close to 
plusjminus one (strong correlation) or zero (no 
correlation). It is a1so easier to interpret the com­
ponents if all the strongly correlated va口ables

have the same sign (+ve or -ve) on each compo­
nent (which ones are +ve compared to -ve is actu 
ally arbitrary). What we usually get is much 
messier than this , with some variables loading 
strongly on a couple of components and manyvar 
iables with Ioadings of about 0.5 

17.1 .4 Rotation of components 
The common situation where numerous variables 
load moderately on each component can some­
times be a11eviated by a second rotation of the 
components after the initial PCA. The aim ofthis 
additional rotation is to obtain simple structure, 

where the coefficients within a component are as 
c10se to one or zero as possible Uackson 1991) 
Rotation can be oftwo types. Orthogonal rotation 
keeps the rotated components orthogonal to , or 
uncorrelated 飞叽由， each other after rotationηl1S 

mean and unit variance and is necessary when 
the variables are measured in very different units 
and we wish to ignore differences between vari-

Most statistical software uses a correlation 
matrix by default in their PCA routin凹， a1though

a11 should offer the covariance matrix as an alter­
native. Our experience is that most biologists use 
the correlation matrix but rarely consider the 
implications of analyzing variables standardized 
to zero mean and unit variance. For example , a 
PCA using the chemical data 仕om Lovett et al 
(2000) might be best based on a correlation 
matrix. Although the units ofthe variables are the 
same (fLmoll 吁， the absolute values and variances 
are very different and we cannot attach an 
ob时ous biological inte叩retation to these very dif­
ferent variances (Box 17.1). In contrast, we might 
compare the results from using a covariance 
matrix with those 仕om using a correlation 
matrix on the species abundance data 仕om

Bolger et al. (1998) to see ifthe dif瓷rent patterns 
ofva口ance in abundance of species across 仕'ag

ments is important 侣。x 1刀). We a耶ed in 
Chapter 15 that analyzing data with different 
forms of standardization can assist in interpreta­
tion. The message for using PCA is that using 
covariances will not produce the same comp任
nents as usingcorrelations (Jackson 1991, ]ames & 

McCulloch 1990), and the choice depends on how 
much we want different va口ances among van 
ables to influence our results 

17.1.3 Interpreting the components 
The value ofthe componen臼， and any subsequent 
use of them in further analyses , depends on their 
interpretation in terms of the original va口ables

咀坦 白genvectors provide the coefficients (与s) for 
each variable in the linear combination for each 
component. 白曰 further each coefficient is 仕om
zero. the greater the contribution that variable 
makes to that component. Approximate standard 
errors can be ca1culated for the coefficients (Flu巧F

& Riedwyl 1988, ]ackson 1991), although the caJ. 

cula tions are tedious for more than a few vari 
ables. Fortunately, these standard errors are 
default output from good statistical software and 
should be used when comparing the rela tive sizes 
of these coefficientsτ'hese standard errors are 
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inc1udes varim阻， quartimax, equimax methods , 

the first being the most com皿only u5ed. Oblique 
rotation produces new components that are no 
longer orthogonal to each other. Or吐logonal rota. 
tion is simplest and maintains the independence 
of the components, although some 怡.g. Richman 
1986) have recommended oblique method5 based 
on the results of simulation studies. Tabachnick & 

Fidell (1996) also ar凯le that oblique rotation 
methods may be more realistic since the underly­
ing processes represented by the components are 
unlikely to be independent 

The PCA on the chemical data for stream5 
from Lovett et al. (2000) illustrates the advantages 
of secondary rotation, with more variables 
strongly correlated with just one of the retained 
components than with the unrotated solution 
(Box 17.1). This will not always be the case. but in 
our experience with biological variables , rotation 
often improves the interpretability of the comp仔
nentsεxtracted by a PCA 

lfthe aim ofthe PCAis to produce components 
thatwill be used as predictor or response variables 
in subsequent analyses ,and those analyses require 
that the variables are independent of each other 
(e.g. predictor variables in multiple linear regres. 
sion models; Chapter 6). then oblique rotation 
methods should be avoided. Harris (1985) , jackson 
(1991) and Richman (1986) provide the equations 
and statistical detail underlying rotations 

17.1.5 How many components to retain? 
Although there are a number of approaches to 
determining how many components to keep 
(Jackson 1991, jackson 1993). there is no single 
best method. It is important to examine the inter. 
pretability ofthe components and make sure that 
those providing a biologically interpretable result 
are retained. For example , there is little point 
retaining components with which no variables 
are strongly correlated , because these comp仔
nents will be difficult to interpret 

Eigenvalue equals one rule 
We can use the 凹genvalue equals one rule , which 
simply says to keep any component that has an 
eigenvalue great盯 than one when the pCA is 
based on a correlation matrix (Norman & Streiner 
1994). The logic here is 由at 出e total amount of 
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An example of a scree plot from the unrotated 
on a correlation matrix for the data from 

Lovett et of. (2000) - see Box 17. I 

variance to be explained equals the number ofvar. 
iables (because using a correlation matrix stan­
dardizes the variables to a mean of zero and 
standard deviation of one), so by chance each com­
ponent would have an eigenvalue of one. In the 
analysis ofthe water chemistry data 仕om Lovett et 
a!. (2000) , three out of the ten possible compo 
nents had eigenvalues greater than one (Box 17.1) 
In contrast, the analysis of the bird abundance 
data from Mac Nally (1989) resulted in 25 out of 
the 102 possible components with eigenvalues 
greater than one (Box 刀功。

Scree diagram 
We can also examine the scree diagram , which 
simply plots the eigenvalues for each component 
against the component number. We are looking 
岛r an obvious break (or elbow) where the first 
couple of components explain most of the varia 
tion and the remaining group of components 
don't explain much more ofthe variation (Figure 
17.2). The rule ofthumb is to keep all components 
up to and including the 且rst in that remaining 
group. Our experience is that scree diagrams 
don.t offer more in interpretability than just 
simply examining the successive numerical eigen­
values for each component 

Te5t5 of eigenvalue equality 
卫lere are tests for equality of a set of successive 
eigenva1ues derived 仕om a covariance matrix , 
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such as Bartlett's and Lawley.s tests (Jackson 1991 , 

jobson 1992), and 飞lVe might use one of these to 
test the null hypothesis that the eigenvalues of 
the components not retained are equal. Bart1ett's 
test is most common (and available in most statis­
tical software as part of correlation or PCA rou­
tines) and the test statistic is compared to a x' 
distribution. We usually test in a sequential 
manner, first te5ting that the eigenvalue5 of all 
components are equal (Bartlett's test is then a 恒st

ofsphe口cityofa covariance matrix - see Chapters 
10 and 11). Ifthis is r句ected ， we then test equality 
of eigenvalues of all components except the 如旺，
and 50 on. Once we do not reject the nul\ hypoth 
esis, we retain all components above those being 
tested. This is a multiple testing situation so some 
adjustment of significance levels may be war­
ranted (Chapter 3). BartleU.s and Lawley.s tests 
are not applicable when using a correlation 
matrix because the test statistics do not follow a 
x' distribution; approximate methods when 
using correlations are suggested by ]ackson 

(1991) 

Ana悖sis of residuals 
Residual analysis is also useful for PCA.jU5t like for 
linear models. Remember that we can extract p 
components 仕om the original (appropriatelystan. 
dardized) data and we can also reconstruct the 
original da ta 仕om the p components. Ifwe extract 
less than p components , then we canonlyestimate 
the original data and there will be some of the 
information in the original data not explained by 
the components - this is the residual. When we 
retain fewer than all p components , we are fitting 
a model analogous to a linear model (Jackson 
1991)with the originaldata (with variables usually 
standardized to unit variance) represented as a 
multivariate mean (centroid) plus a contribution 
due to the retained componen臼 plus a residual 
白lÎs residual measures the difference between the 
observed value of a variable for an 0时ect and the 
value of a variable for that object predicted by our 
model with less than p components. Alternatively, 

we can meaSure the difference between the 
observed correlations or covariances and the pre­
dicted (reconstructed) correlations or covanances 
based on the less than p components - this is 
termed the residual correlation or covanance 

matrix (Tabachnick & Fide1l 1996; see also Chapter 

16) 
We have a residual term for each variable for 

each object and the sum (acro臼 variables) of 
squares ofthe residuals , often termed Q (Jackson 
1991). can be derived for each object.lf the vari. 
ances differ between the variables and some 
objects have much larger values for some var1-

ables , then the residuals , and Q:values , for those 
objects will probably be larger for a PCA based on 
a covariance matrix than one based on a correla­
tion matrix 

Whichever matrix is used , unusually large 
values of Q岛r any observation are an indication 
that the less than p components we have retained 
do not adequately represent the original data set 
for that object. Qvalues can be compared to an 
approximate sampling distribution for Qto deter­
mine P-values (the probability that a particular Q: 
value or one more extreme came 仕om the 
sampling distribution of 旦). When we retained 
three components 仕om a PCA on the correlation 
matrix ofthe water chemistry data from Lovett et 
al. (2000). none of the residual values were stat15-
tically significant (Box 17.1) 

However, formal statistical testing seems not 
very useful when exploring a multivariate data 
set for unusual values - just check unusual values 
relative to the rest. This is the same process for 
checking for outliers using residuals fron1 linear 
models.O时ects with large Q:values may be partic. 
ularly influential in the interpretation ofthe PCA 
and a number of such objects would suggest that 
too few components have been retained to ade­
quately describe the original data. These objects 
can be further 巳xamined to see which variable(s) 
contribute most to the large Q:value , i.e. which 
variables have the large dif岳rence between 
observed and predicted values. 

17.1.6 Assumptions 
Because it uses covariances or correlations as a 
measure of variable association , PCA is more 
effective as a variable reduction procedure when 
there are linear relationships betvveen variables 
Nonlinear relationships are common between 
biological variables and under these circum­
stances. PCA will be less efl且dent at extracting 
components. Transformations can often improve 
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Clearly, we could plot each object using the 
original variables as axes , but such a plot is 
impractical beyond three variablesτhe plot ofthe 
component scores al10ws us to show the relation­
ship between the objects based on the new derived 
components , given that the 且r5t two or three com­
ponents can usually be interpreted in terms ofthe 
original variables and explain most ofthe original 
vanance 

It is well known by ecologists that when we are 
dealing with data for species abundances 自or dif­
ferent sampling units (巳 g. plots , sites , etc.) , then 
the scaling plot ofthe sampling units (objects) for 
the fìrst two components of a PCA often shows an 
arching pattern (the "arch" and "horseshoe" 
effects). This archi吨 is most apparent when the 
sampling units cover a long ecological gradient 
and those at each end of the gradient have few 
species in common (Minchin 1987, Wartenberg et 
al. 1987). For example, the scaling of the bird 
abundance data from Mac Nally (1989) shows a 
strong arch when sites are plotted for the first two 
principal component axes (Box 17.3; Figure 17.4) 
Although this arching may indicate the true eco­
logical dissimilarities between the 四treme sam 
pling units , there is evidence that it distorts the 
true underlying pattern. One explanation for the 
arching is that the implicit measure of diss皿ülar-
1可 between objects that PCA uses, Euc1idean dis­
tance, does not reach a constant maximum value 
when two sampling units have no species 10 
common and thus can imply that two objects are 
similardue tojoint absences. Sampling units with 
few or no species in common are most likely to 
occur at the extremes of an environmental or 

O 
Balboa T errace 

O 

O~O 
O 

。[go

Comp 1 Rm 

PC 

Nf 
O 

O 
Mm 

PCA scaling (ordination) plots of the 28 sites 
Bolger et 01. (1997) based on a correlation matrix of 

association between rodent species abundances. Solid cirdes 
are mainland control sites, open cirdes a陀 urban fragments. 
allo:以:es range from -4 to +4.The left-hand plot is a biplot 
and vectors of loadings for six of the species have been 
included, scaled by three. Rr is Rattus rattus,Mm is Mus 

muscuJus, PC is Peromyscus californκus ， Pe is Peromyscus eremκ山，
Rm is Reithrodontomys megaJotis and Nf is Neotoma fusciþes 
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or M-estimators, such as Huber、 that down­
weight extreme observations (Chapter 2). Calcula­
ting each pairwise covariance or correlation 
independently of the others , using a11 the avail­
able data for each pair ofvariables. is also an effec­
tive means ofhandIing missing data (Chapter 15) 
The second approach is to use robust methods to 
derive components directly仕om the original data 
lfackson 1991), although these are more complex 
to compute and there are no obvious criteria for 
choosing between the methods 

the linearity of relationships between variables 
(see Chapter 4 , Tabachnick & Fidell 1989) 

There are no distributional assumptions ass萨
口ated with the ML estimation of eigenvalues and 
eigenvectors and the determination of comp任
nent scores (the descriptive use ofPCA). However, 

Some software may produce these standardized 
scores , rather than the original z-scores 

The objects can then be positioned on a scat­
terplot based on their scores with the first two or 
three principal componen臼 as axes (Figure 17.3). lt 
doesn't matter whether z- or z*-scores are l1sed for 
the basic plot of objects , although some authors 
recommend that standardized scores should be 
used if the PCA is based on a correlation matrix 
(Jobson 1992) 咀le interpretation ofthese plots is 
straightforward but subjective. Objects close 
together on the plot are more similar in terms of 
their variable values based on the components 
being a summary of the original variables; con. 

。
αJ 

Comp2 

17.1.8 Graphical representations 

Scaling (ordination) 
The eigenvectors can be used to calculate a new 
score (z-score) on each component for each object 
This is achieved by solving the linear combination 
for each object for each component (Equation 
17.1), using mean centered or standardized vari­
ables ifthe eigenvectors came 仕om covanance or 
correlation matrices respectively (see Box 15.1) 
These scores can also be 且lrther standardized by 
dividing by the square root of the eigenvalue for 
the relevant component so that the variance of 
the scores for each component is one 

Zik =音; (17.3) 

calculation of confidence intervals and tes臼 of

hypotheses abour these parameters. such as a test 
that some of the eigenvalues are equal (see 
Section 17.1.5; also]ackson 1991 , ]obson 1992) , do 
assume multivariate normality. Outliers can also 
influence rhe descriptive results 仕om a PCA, espe­
口ally when based on a covariance matrix where 
the variances of variables contribute to the com 
ponent structure. Multivariate outliers can be 
identified using Mahalanobis distances (Chapter 
15) 

VVhen normality is questionable. because we 
have skewed univariate distributions ofvariables 
for example , then bootstrap standard errors and 
confidence intervals might be used. Alternatively, 

transformations of variables to achieve univariate 
norma1ity might also improve multivariate nor­
mali帘， reduce the influence of outliers and also 
ìmprove the linearity ofthe associations between 
variables 

Like all multivariate analyses. missing data are 
a real problem. The default setting for PCA rou­
tmes In most statistical so仕ware is to omit whole 
objects that contain one or more missing observa­
tíons. Unless the sample size (number of objects) 
is large and the objects with missing values are a 
random sample from the complete data set, then 
pairwise deletion , multiple imputation or estima­
tìon based on the EM algorithm are more appro­
prìate for dealing with missing observations (see 
Chapter 15) 

:ll 

PCA scaling (ordination) plot of the 37 sites 
from Mac Nally (1988) based on a correlation matrix of 
assodation between bird species abundances.Axes range 
from -3 四十 3. Note the arch ("horseshoe") pattern in the 
plot 

from a multivariate analysis is termed scaling 
When the objects are sampling units and the var 
iables are species abundances , then ecologists 
describe analyses that produce such plots as ordi­
nations and the plot an ordination plot 

versely for objects further apa眈 For a PCA on the 
data from Bolger et al. (1997), the sites Sandmark 
and Alta La]o l1a are similar to each other b l1t dif­
岳rent from other sites in terms of native rodent 
specles composition (Figure 17.3) 

τ'his type of graphical representation of objects 

17. 1. 7 Robust PCA 

Robust PCA techniques allow us to derive compo­
nents that are less sensitive to outliers. Two 
approaches have been suggested in the literature 
The first is to use robust estimates of covariances 
or correlations (Jackson 1991). For example , we 
cOllld use correlations based on ranked variable 
values , sllch as Spearman's rank correlation , for 
the PCA (Jobson 1992). Alternatively, we could cal­
culate each correlation (or covariance) indepen 
dently ofthe others , using trimmed observations 
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geographical gradient so the underlying relation­
ship between dissimilarity and the environmen­
tal gradient is nonlinear. The inability to 
represent nonlinear relationships between dis­
similarity and some gradient without distortion 
is not unique to PCA; correspondence analysis 
(Section 17.3) also has this problem. We will 
compare different approaches to scaling/ordina 
tion in Chapter 18 

We have described an R-mode analysis , where 
associations between variables are used to extract 
components. The PCA could be done as a Q:mode 
analysis where a matrix of associations between 
the objects is ca1culated (Legendre & Legendre 
1998). Components can be extracted from either 
matrix and object scores de 口ved 仕om variable 
elgenvectors and eigenvalues and vice versa. Anv 
differences relate to how variables or objects are 
standardiz时， Slllce an R-mode PCA based on a CO[­
relation matrix standardizes variables to zero 
mean and unit variance. More commonly, Q:mode 
analyses are based on measured dissimilarities 
between 0均ects (Chapter 18). It turns out that 
using the techniques in Chapter 18 to examine the 
relationship between objects based on a matrix of 
dissimilarities will produce almost identical 
scaling (ordination) plots to those produced by an 
R-mode PCA if we use Euc1idean distance as the 
dissimilarity measure 

Biplots 

One particular form of a scalingfordination plot is 
called a biplot (Gower & Hand 1996). where both 
objects and variables (hence the "bi") are inc1uded 
on a single scaling plot. Biplots can use more than 
two axes although they are commonly plotted in 
two dimensions. The usual form of a biplot is a 
pomt-vector plot where the objects are points and 
the variables are represented by vectors (lines) 
drawn from the origin of the scaling plot. Biplots 
are possible because the singular value decomp仕
sition of a data matrix a110ws us to relate eigen 
vectors from a matrix of associations between 
variables to the eigenvectors 仕om a matrix of assû­

clations between objects through the eigenvalues 
面or the components (Box 15.1). The most common 
form ofthe biplot will use the component scores 
for objects as points and the variables are reDre­
sen ted by the e职nvectors relating each vari卢le

to each component. If the PCA is based on a corre­
lation matrix (i.e. center毛d and standardized vati­
ables). then 出e biplot will often use z飞Scores for 
the objects and component loadings to represent 
the variables on the biplot. In any case, some 
scaling of the eigenvectors or loadings for vari­
ables will usually be required so that the vectors 
are commensurate with the range of object scores 

Biplots are commonly used by ecologists in sit­
uations where the objects represent sampling 
units or sites and the variables are species abun­
dances (e.g. Digby & Kempton 1987, Legendre & 

Legendre 1998). We have illustrated a PCA biplot 
for the 28 sites from the study of the effects of 
habitat fragmentation on rodents by Bolger et al 
1997 (Ieft-hand plot in Figure 17.3; see also Box 
1刀). We have inc1uded loading vectors for six of 
the species (vectors for a11 species resulted in a 
plot that was very crowded and difficult to read) 
The ends of the vectors represent the correlations 
of each species with each component, although 
the correlations have been scaled by three so they 
are roughly commensurate with site scores. For 
these point-vector biplots, it is not how c10se the 
head of the variable vector is to the object points 
on a biplot that is relevant because we usually 
have to scale the vectors in some way. It is the 
direction and relative length of these vectors that 
are lmportant. The direction indicates that the 
values of the variable increase in that direction 
and the length indicates the rate of increase -
long vectors are more gradual increases , short 
vectors are faster increases 旬. the vector for R 
ra仕us in Figure 17.3 indicates that this species 
lncreases rapidly in abundance in the opposite 
direction from Balboa Terrace. The vector for P. 
eremicus indicates that this species increases more 
gradually in abundance in the direction of 
Sandmark and Alta La Jolla 

17.1.9 Other uses of components 
One problem we face with many statistical analy­
ses , particularly linear models, is dealing with 
numerous correlated response or predictor vari­
ables. We usua11y analyze each response variable 
separate妙 with univariate regression or ANOVA 
techniqu凹， which causes Type 1 error rate prob­
lems due to multiple testing, and we have difficul­
ties using correlated predictor variables in these 
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models because of the e丑fects of collinea口ty on 
our parameter estimates and hypothesis tests 
PCA may help in both situations because we can 
often reduce a large number of correlated vari­
ables down to a smaller number of components 
without losing much information and our linear 
model analyses can use these components as 
response or predictor variables 

且tting multiple regression models, especially the 
inflated standard errors of regression coefficients 
and the sensitivity of estimates ofregression coef­
ficients to which predictors are included in the 
model. One strategy sometimes suggested as a 
solution to this problem is principal components 

Relationship to MANOVA 
When we have multiple response variables in a 
design that we would usually analyze with an 
ANOVA model to estimate and test for di班erences
between groups , there are two approaches we can 
use. The first is multivariate analysis of variance 
(MANOVA) that we described in Chapter 16 
Basically, we analyze a component (discriminant 
function) that is extracted so it maximizes the 
explained variance between groups and the 
hypothesis being tested is abont group differences 
on a linear combination of variables or differ 
ences betw'een group centroids. The second 
approach is initially to ignore group di任erences
and do a PCAon thewhole data set, i.e. all objects. 
and then use as many of the derived components 
as deemed interpretable as response variables in 
univariate ANOVA models to test for group differ­
ences.τ'he components are obviously indepen 
dent of each other. although the F tests from 
univariate ANOVAs on these components techni 
cally are not (Jackson 1991) 

The two approaches (MANOVA and ANOVA on 
components) will produce diff坦re口t results , 

al让Itl吐t
are 1口ikely t<田:0 be s曰1皿x口mila盯r. Anal抄yz且lng com甲ponent臼s 
using ANOVA has some advantages. MANOVA i四s 
comm口lOnl悖ydεscr:口ibed in terms of the 白r臼s旺tdωlSC口m­
inantfi缸lnction and deriving output仕omsoftware
for other funct旧时， especially for complex 
designs. is dif:且cult. In contrast. ANOVA on compo­
nents can analyze the second , thi时， etc. , compo­
口e11.臼 if th巳'y offer useful interpretations of the 
original variables. Also , post hoc comparisons of 
groups are more straightforward under a univari­

ate ANOVA framework 

regression (Chaterjee & Price 1991 , La白& Kaneene 
1992. Rawlings et a l. 1998). Ifthere are serious cor­
relations among the predictor variables , we can 
do a PCA on the predictors. usually centered (and 
maybe standardized). to extract the p compo­
nents. We could then fit a regression model that 
uses a11 the components as the predictors , but 
such a model will predict the response variable 
with the same precision as a model based on the 
original variables. Usually, we fìt a simpler model 
based on 且ewer than p components , although the 
choice of which components to retain is proble­
matical (see below). If the components are easily 
interpretable , then principal components regres 
sion might be better than the original multiple 
regression because the components are orthogo 
nal so there is no collinearity and no instability in 
the estimates of the regression coefficients 

We can also recalculate regression coefficients 
in terms of the original variables based on the 
relationship (Jackson 1991 , Lafi & Kaneene 1992) 

b= Ub, (17.4) 

In Equation 17.4, b is a matrix ofregression coeffi­
cients on the original standardized variables , bz is 
a matrix of regression coefficients on the p口nCl­

pal components (derived using a correlation 
matrix) and U is the matrix of eigenvectors 仕om
the PCA on the predictor variables (see Box 15.1) 
When the PCA is based on a matrix of correlations 
between the predictors , then regression coeffi­
cients in b are standardized coefficients and 
relate to standardized predictor variables 
Covariances could be used withjust centered pre­

dictor variables 
Eauation 17.4 simply states that we can obtain 

时卢sion coef且cients in terms of the 0凹I
var口iables fron卫1 the product ofthe regress lOn coeI--fic口1由ent臼s for t由he pr口lllC口ipal c∞omponent臼s and the 

Principal components regression 
In Chapter 6. we discussed the problems caused by 
collineari可 among predictor variables when 

e田1豆配env，陀巳ct归or凹s from t1由he PCA. Using e白19伊e臼nv，咀巳cto旧rs
仕L…皿m the U matr川cales the coefficients 50 出at
the sum of squared coefficien臼 equals one (Box 

15.1) 
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The standard error of the regression coeffì. 
cient for the kth principal component is 
(Chaterjee & Price 1991. ]ackson 1991) 

S. 
bk 

MSResidual 
(1归)

In Equation 17.5 , MSResidual is from the linear 
regression on the p principal components. $0 the 
standard errors are inversely proportional to the 
eigenvalues and the first principal components 
will have smaller standard errors than later com. 
ponents 

If all p components are used , then the regres­
sion coefficients in b wi l1 be the same as those 
仕om the regression on the original (standardized) 
variables. Ifless than p components are used. then 
the regression coefficients in b will be different 
仕om the regression coeffìcients on the original 
(standardized) variables. These new coefficients 
will be bias时， the bias increasing the f居wer com­
ponents we retain. In both cases (p or less than p 
components retained). the standard errors of the 
recalculated regression coefficients wi11 also be 
sma11er than those from the ori♂nal multiple 
regression (Jackson 1991) 

Chaterjee & Price (1991) provide a clear 
example ofthe calculations involved in principal 
components regression. Despite its attractiveness 
as a way of overcoming co11ineari可 in multiple 
linear regression models , there are limitations to 
principal components regression. Hadi & Ling 
(1998) pointed out that the components that 
explain most of the variance in the predictor var­
iables. Le. the first 面ew components derived using 
PCA. might not be the most important in explain­
ing the variance in the response variable in a 
multiple regression model. The choice of which 
components to use in principal compone臼n卫t臼s 
regr目es臼sion should be based on their contr剧i出butions

to th阻e SS乌R，四m宫盯"酣 1ωon' not just the凹1r e曰1ge町nvah飞ues f企T阳'Om
the original PCA 
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In Section 17.1 .5, we pointed out that we can 
reconstruct the original data 仕om the principal 
components but if we retain less than p comp仔
nents , we can only approximate the original data 

The residual represents information in the origi­
nal data not included within the less than p 
retained components. Factor analysis (FA) for­
malizes this into a structured model and we now 
use the term factors instead of components. FA is 
based on a correlation matrix, or less commonly a 
covanance matrixτhe correlation matrix for the 
original variables is separated into two parts 
(Jackson 1991. ]obson 1992). The first is that gener­
ated by the common factors. those factors that 
explain a11 the correlations among the original 
variables. The second is that due to the unique 
factors , those factors representing information in 
the correlation matrix that is not explained by the 
common factors. So we have a model that basi 
cally includes explained and unexplained (resid­
ual) variability. although FA is "explaining" 也e

correlation structure in the data rather than just 
the variance.τhe term communality is used for 
the variance of a variable explained by the 
common factors. 

The mechanics ofFA are pretty much the same 
as for PCA. although the procedure is more 
complex because we need to estimate both 
common factors and the residual variabili巧， asso­
ciated with the unique factors. ]ackson (1991) 
describes different approaches to estimation, the 
most commonly used called principal factor anal­
ysis where the matrix of correlations between the 
variables is modified so that the diagonal contains 
estimates of the communalities. A spectral 
decomposition is then applied to this new matrix 
to extract eigenvectors and eigenvalues. 
咀le common factors are estimates of latent 

variables, the true variables causing the correla­
tion structure in the data. Structural equation 
modeling (also termed latent variable analysis or 
causal modeling) combines FA wi由 multiple

regression so that the response and predictor var 
iables may be measured variables or common 
factors (Tabachnick & Fidell 1996). When only 
measured variables are used , we have multiple 
regression modeling and the possible causal rela­
tionships between response and predictor vari­
ables can be displayed as a path diagram (Chapter 
6). VVhen we have factors on either side of our 
regression model, we have structural equation 
modeling and the path diagrams are more sophis­
ticated. We strongly recommend Tabachnick & 

Fidell (1996) for a readable introduction to struc­
tural equation modeling. 

]ackson (1991) summarized the difl岳rences

between PCA and FA. The most fundamental is 
that PCA is trying to extract components that 
explain the variability in the original variables 
whereas FA is trying 归 explain correlations 
among the original variables. FA is not commonly 
used in biological research. probably because biol­
ogists are trying to extract a small number of new 
variables that explain most of the variability in 
the original variables and use these new variables 
in scaling or ordination plots. PCA is clearly more 
appropriate than FA for these purposes. ]ackson 
(1991) and Manly (1994) include good introduc­
tions to FA and Tabachnick & Fidell (1996) 
compare some ofthe common statistical software 
routines for FA and PCA 

17.3 I Correspondence analysis 

Correspondence analysis (CA) was d巳veloped as a 
method 岛r decomposing contingency tables of 
counts (see Chapter 14) into a small number of 
summary variables and representing the lack 
of independence between rows and columns of 
the contingency table as a low dimensional plot 
CA is based on a raw data matrix of counts , cIas­
sified by n rows (objects) and p columns (variables). 
In Chapter 14. we described tests for indepen­
dence of rows and columns in a two way contin­
gency table of counts. A simple test was based on 
the .r statistic calculated as 

",.J., (011 - eii )2 
4叩)=ZE旦~ (17.6) 

where 0" are 由e observed ce11 counts and eij are 
q 

the expected cell counts under independence 
Large values of this statistic indicate lack of inde­
pendence between rows and columns , Ï.e. the pro­
portion of counts in di丘坦rent columns depends 
on the row and vice versa. The main purpose of CA 
is to summarize the lack of independence 
between rows (objects) and columns (variables) of 
a contingency table as a small number of d盯ived

variables , sometimes called principal axes. The 
maximum number of derived variables is the 
minimum of仙一 1) and (p -1). although usually 
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only two axes are derived. The scores for each 
o均ect and each variable on these axes are used in 
the scaling (0时ination) plot. often with objects 
and variables plotted jointly. 

We will illustrate the use ofCA to scalejointly 
the 28 sites and nine species of rodents 企'om the 
habitat 仕agmentation study ofBolger et al. (1997) 
τ'his CA is presented in Box 17.4 

17.3.1 Mechanics 
CA proceeds by a double transformation of the 
observed minus expected counts, dividing by the 
product of the square roots of the row totals (飞)
and column totals (c

j
). This is equivalent to using 

standardized residuals from the model of inde­
pendence 岛r a two way contingency table , 

adjusted by the total 仕equency

击句子告范 (17.7) 

We could just use the observed counts in the 
numerator ofEquation 17.7 (Jackson 1991. Ludwig 
& Reynolds 1988) and the basic results of the CA 
are the same except that the fìrst principal axis 
becomes trivial and is ignored in interpretation 
τhe matrix approach to CA can be of two forms , 

like PCA. First. we can use a SVD Qn the matrix of 
transformed counts (H) 

H~U崭L'J2U' (17.8) 

In Equation 17.8. U事 represents the eigenvectors 
for each component with coeffi口ents for vari 
ables , U represents the eigenvectors for each com 
ponent with coefficients for objects and L 
represents a diagonal matrix containing the 
eigenvalues for each component (Box 15.1) 
丁llerefore ， we have two sets of eigenvectors , one 
for 0均ects and one 岛r va口ables. Second , we can 
convert H into two association mat口ces ， one 
between variables (H'H) and the other between 
objects (HH') and use spectral decomposition of 
both these association matrices to extract the 
same eigenvectors and eigenvalues. 

Beca use the eigenvectors 岛r objects and vari 
ables are extractedjointly, after a double transfor 
mation of counts to contributions to the K 
statistic for lack of independence, the eigen­
values associated with the principal axes for rows 
and columns are the same. The sum of these 
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Box 17.4[ Worked example of correspondence analysis 
(CA): habitat fragmentation and rodents 

In this example. v.,'e will treat the abundances of each species in each 币-agmentlsite

from Bolger et oJ. (1997) as a two way contingency table. Although the fragment 
and mainland sites were verγdi百erent size , there was I阳 le difference in the pattern 
In t气 e fìnal joint 口 ot of sìtes and species us 口 E 旧w abundances compar巳d with that 
based on sta门dardize才('陪lativized' 丁 abun 才 ances 白 that the total abundance at 
each site was one. Remember 廿 at CA partitions the total X2 after standardizing 七 y

rQwa门d colum门 tc坦 Is 50 出口 ot surprising that data standardizations do not have 
much e险ct. We will just present the analyses of the unstandardized data 

The X2 statistic for independence of species and 5阳5 i5 1722.777 (216 d( 
P<O.OOI) a们 d total inertia i5 1722.777 / 1002 二 1 .7 19. We used the program 
PC-ORD to run a CA on these data. The total inertia was 1.702, slightly different 
from above and reflecting the different precision used by di陷rentsc仕ware and pos千
sibly the differ毛nce between reciprocal averaging and the matrix approach to CA 
Don't be surprised by minor variations in output íor CA from d肝e陀 nt prog旧m5

The CA extracted a t。但 1 of eight e哩:envectors (number of甲ec巴川口us one) 
and the 日 rst two explained over 70% of the total inertia. 

Axis (component) Eigenvalu巳 Perce门曰g"门tertla

0.746 43.41 
2 0.459 26.70 
3 且288 16.73 
4 to 8 0.227 13.17 
Total inerti且 1.719 100.00 

The joint CA plot of sites a时 speCl巴巴 in Figure 17.5. We have not included 
scales on the axes because different soft.ware 叫I scale the scores di陪同ntly - the 
baslc patterns should be similar, howeve仁 In contrast to the PCA scaling, where the 
natlVe speCles we陀 most influential，廿 e CA scaling empr闯到zes the two introduced 
species because there tended to be mor飞e oí these than expecte 才 at a number of 
sltes 性巴 clear that EI 问汇 and Acuna sltes we陀 most di忏"erent frc 响 the remaini门E

slte乱时th 54t"> Street also sepal-ating out. These sites are associated IJ 比 h the abun 
dance oí R. tUttus, this speci巴 having higherthan expected abundance at these sites 
A number of sites (旧cluding 32r.d Street Sth , 60t" Stre时， Canon， Florida, Juan , Laurel , 

Titus and \Nashington) had similar scores and also had higher than e叩ected abun 
dance of At musculu立 Few sites sho 内 ed marked differences bet'川 een obse 户 ea a门d

expectec 门umbers ío广 native species. The mainland sites could not be distinguished 
írom numerous fragments that were assoc旧ted with the se、 en natlve speCl巴 H

appears that the ecological gradient across these 28 sites is not long and there is 
no eVldence of an arching eííe口 in the scaling plot. 

eigenvalues is equal to the overall .y statistic presented. The first axis should explain a 1可hpro

divided by the total frequency and is called total portion of the lack of independence between 
inertia , a measure of lack of independence. The objects and variables. The axes are extracted in CA 
eigenvalues are inte叩reted simila句 to those so that the correlation between variable and 
仕'Offi a PCA, with the percentage of the total object scores is as high as possible. TIle axes are 
inertia explained by the successive axes usually also orthogonal (independent) of each other 

Oakcrest 0 

毒瓦
Floι da 
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Rr. ~cuna 
E/Mac 
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8~~~: 32nd Street Sth 

Mm • 7 fragments 

CA joint plot of the 28 sites from Bolger et al 
(1997). Circles are sit比阻te自s (归。叩p阳en are fr阳骂吨叩zme
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scaling don't change the order of objects or 
species along the axes but do change their relative 
positions because the underlying dissimilarity 
measure differs. Not all the 巧rpes of scaling allow 
sensiblejoint plots (see below) 

]ackson (1991) described scaling options for 
objects and variables that result in the implicit 
dissimilarity between points being Euc1idean dis­
tance (Chapter 15; see also Legendre & Legendre 
1998). More commonly, especially for biological 
applications , we scale objects and/or variables so 
that the implicit dissimilarity between points is 
the chi-square met口c (Chapter 1日， and this i5 the 
usual output 仕om CA routines in software.τ11e 
distances between objects andfor variables in the 
scaling plot are proportional to their chi-square 
distances. Three common scalings available in 
specialist so仕ware used for ecological applica­
tions (sampling units by species abundances) 
produce sc。因s that can be used in biplots (see 
Legendre & Legendre 1998) 

mainland) and shaded sq甲uares are species. Labels for species they are positioned at the centroids of the 
are as in Figure 17.3. N。因 that some sites have the same 
scores on both ax田 and app田r as a single point. Some 剖tes

also have the identical axis scores to some species. Ax臼
scales have been omitted since different software scales 
scores differencly 

17.3.2 Scaling and joint plo岱
The白genvectors are used to determine a score for 
each principal axis for each object and for each 
variable. These scores are used for the scaling 
(ordination) plots. Commonly, objects and vari­
ables are plotted together as a joint plot (a 
"point-point" plot). 白1e biggest difficult:y in inter­
preting these joint plots 仕om a CA is the numer­
ous optlOns 岛r scaling (or standardizing) the 
o均ect and variable eigenvectors and subsequent 
scores. As with PCA, the scores are scaled by a 
measure based on 飞/l， where 1 is the estimated 

species scores. The distances between sampling 
units are proportional to their chi-square 
distances and this scaling is appropriate when 
the main focus is on relative positions of 
sampling units (0均ects)

• Scores for species are scaled so they are 
positioned at the centroids ofthe sampling 
unit scores. The distances between species are 
proportional to their chi-square distances and 
this scaling is appropriate when the main 
focus is on relative positions of species 
(variables) 

• Compromise scaling tries to scale sampling 
unit and species scores comparatively with a 
method "half-way" between the 且rst two 

It often doesn't matter which scaling is chosen 
because the pattern of objects and variables in the 
joint plots will be similar - just the absolute 

eigenvalue for that axis. An alternative scaling scores are different and the values of the axis 
(Hill's method) uses 飞/(1(1 -1)). The di能rent scores are not of much practical use. Note that 
scaling options result in "minor. but irritating, some software plots either objects or variables as 
variants in presenting CA results" (Gower 1996, p. poin臼 and the other as vectors , as in a biplot. 
16剖， a problem exacerbated by the different ter- although CA actually produces a poir叫oint plot 
minology used by statisticians and biologists. of objects and variables jointly, not a true biplot 
巳specially ecologists. These different 自由ns of You also occasionally see the point-point joint 
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plots called biplots. Finally, some programs do not 
scale scoreS in a mallllef that allows sensiblejoint 
plots , especially CA routines in general statistical 
software (Legendre & Legendre 1998) 

The interpretation of the joint plot of object 
and variable scores is different from a biplot. In 
CA. objects and variables that occur together on 
the plot indicate that the variables have values 
greater than predicted under independence for 
those objects , or conversely, objects have greater 
values than predicted for those variables 
Examining the joint plot in conjunction with a 
matrix ofresiduals from the independence model 
for the contingency table will be helpful since we 
can see which cells have large deviations 齿。m

expected values. We would expect combinations 
of objects and variables with large positive devia 
tions to be near each other on the plot, whereas 
combinations with large negative deviations to be 
l口 opposite quadrants ofthe plot. With the scaling 
options described above , those variables (e.g 
species) contributing most to the position of the 
objects (e.g. sampling units) will be the ones 
ciosest to the particular object on the plot 

The scores produced by a CA can be used, like 
principal components scores , as response van­
ables in subsequent analyses. For example，飞"e
could correlate the sampling unit scores 仕om a 
CA with other environmental variables recorded 
for each unit or use the sampling unit scores to 
examine dif岳阳nce between groups ofunits 

17.3.3 Reciprocal averaging 
Scaling the eigenvectors so that dissimilarities 
between points are chi-square distances also 
relates to an alternative approach to CA, tenned 
reciprocal averaging (Hill 1973 , 1974; see descrip­
tions in Digby & Kempton 1987, Ludwig & 

Reynolds 1988). This is an iterative procedure that 
ca1culates 0均ect scores for the first axis as a 
weighted average ofvariable scores and vice versa 
At each step，出e object and variable scores are 
rescaled so they are comparable. Final scores are 
obtained when there is little change in scores 
between 恒rations and convergence is usually 
quick.τbe process is then repeated 且or the second 
aXlsτbe reciprocal averaging procedure is tedious 
and produces the similar scores (given rounding 
error) as the much more efficient matrix approach 

to CA when the two methods are used with the 
equivalent scaling. However, the default settings 
will often be different between programs that use 
the reciprocal averaging algorithm and programs 
that use the matrix approach - don't be surprised 
by variations in output from competing software 
The reciprocal averaging algorithm is particularly 
useful when we wish to constrain the axis scores 
by additional variables , as in canonical correspon­
dence analysis (Section 17.6) 

17.3.4 Use of CA with ecological data 
The most common users ofCA in biology are com­
munity ecologists. who often deal with data sets 
consisting of n objects (sampling units , sites , etc.) 
andpva口ables (species abundances) - see Section 
17.1. By treating these data sets as tvγ研.waycontin
gency tables, CA can be used to scale objects and 
va口ables simultaneously by plotting the s∞res 

for sampling units and species. These data sets are 
often based on sampling units along ecological 
gradients so that units at each end ofthe gradient 
(i.e. units furthest apart spatially or temporally or 
most diff是rent along some underlying environ­
mental gradient) have f险w or no speC1es m 
common. Ecologists describe this as high beta 
diversi町Ï.e. large changes in species diversity 
along environmental gradients (Ludwig & 

Re严10lds 1988). We have already pointed out that 
under these conditions. PCA can produce a dis­
torted scaling/ordination plot of sampling units 
(0均ects) so that units at the ends of the gradient 
are cioser together than they should be ("arch" 
ef坠ct) and m町 even curve back in ("horseshoe" 
ef坠ct) - see Legendre & Legendre (1998) 也r an 
excellent summary. This effiεct is partly because 
the PCA scaling plot is trying to display a poten­
tially complex and nonlinear relationship 
between dissimilarity and true ecological dis­
tance in a simple form (two or three dimensions), 

using a dissimilari可 measure (Euclidean) that 
does not represent these distances very well 

CA also suffers 仕om this problem (Legendre & 

Legendre 1998), because the implied dissimilar-
1可 measure is chi-square distance and, like 
Euclidean. this does not reach a constant 
maximum value when two sampling units have 
no species in common (Chapter 15). Also. because 
chi-square distance is measuring differences in 
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proportional representation of species between 
sampling units. it tends to weight rarer species 
higher in the ca1culation of dissimila口ty than 
their overall abundance warrants (Minchin 1987) 
ηlerefore， sampling units with few or no species 
in common may appear more similar relative to 
other sampling units in the CA plot than we 
would expect 丘om their speci臼 composition and 
abundance (Wartenberg et al. 1987).lfwe are using 
the CA scaling plot to look for underlying ecolog. 
ical gradients , then this distortion can make inter­
pretation difficult, especially for the second axis , 

because pa吐erns of sampling units related to a 
second gradient (assuming the 且rst is displayed 
along the first 皿is) may be obscured. The second 
皿is is a quadratic distortion of the 自由t aXlS. 
rather than reflecting a second ecological gradi­
ent (Kent & Coker 1992). Van Groenewald (1992) 
simulated ecological data with c1ear gradients 
and showed that CA does not recover underlying 
gradients beyond the primary one verywell ifthey 
are nearly as strong as the primary gradient 
ηlerefore. we cannot recommend CA as an appro­
priate method 岛r scaling sampling units across 
long ecological gradients 

17.3 .5 Detrending 
Hill & Gauch (1980) proposed detrended corre­
spondence analysis (DCA) as a solution to the 
arching problem. Detrending breaks the 自rst 皿15

up into a number ofsegments , the number deter­
mined by the user, and rescales the second axis 
so its average is the same for a11 segments 
Detrending is applied to the reciprocal averaging 
algorithm. with rescaling occurring at each itera­
tion. While this method is effective at removing 
the arch effect, different numbers of segments 
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llsed in the detrending process can aft挂ct the 
results Uackson & Somers 1991). Also , the method 
assumes that the arch effect is an artifact of the 
CA, and not a real pattern in the data (Minchin 
1987). Simulations by Minchin (1987) showed that 
DCA performed poorly relative to other methods 
(e.g. non-metric multidimensional scali鸣 see

Chapter 18) in trying to recover known ecological 
gradients, although this was due to both the 
instability of the results to detrending and the 
implicit chi-square dissimilarity measure. There­
岳阳 we canflot recommend DCA as a 
scaling/ordination technique because of the arbi­
trary nature of detrending. its sensitivity to the 
number of segments chosen and even problems 
with order of data entry for some versions of the 
algorithm (Okansen & Minchin 1997) 

17.4 I Canonical correlation analysis 

Biologists may have a data set where they wish to 
examine the correlation between one set of vari­
ables and another set of va口ables for the same 
objects. For example, consider the data from 
Lovett et a!. (2000) described in Section 17.1. The 
variables recorded 仕om each of the 39 stream 
sites were of two types: ten chemical va口ables

(N0
3 
-, total organic N, total N, NH, -, dissolved 

organic C, SO,'-, Cl-, Ca2\ Mg卜， H+) , averaged 
ov町 three years. and 自our watershed variables 
(maximum elevation. sample elevation, length of 
stream. watershed area) - see Box 1世 5. We might 
wish to examine the correlation between the set 
of chemical variables and the set ofwatershed var­
iables. We could do 由 is by examining a11 the pair­
wise correlations between the variables (30 

Box 17.S I Worked example of canonical correlation 
analysis: chemistry of forested watersheds 

Wewe陀 interested in testing for correlations between the set of ten chemical var~ 
胁l臼(Box 17.1) and the set 01 lour watershed vari注目 (maximum ele咀tion ， site 
elevation, stream length and watershed a陀a) lor由e 39 stream s比es in New York 
白.te studied by Lo回忧 et 01. (2000). We om比ted the ac刷ed Winnisook site with 
its e址陀me concentration of H. We al50 廿 ed to mÎnimize collinearìties by not 
including highly correlated variables within eîther set For the chemical variables , 

we om 比ted total N as 此 was highly correlated with N03 and for the water由 ec
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、 ariab!e ， we om比ted st陀am length as 比 was highly coγ'elate 才 with catchment area 
Three ofthe chemical variables (dissolved organic C, CI- , H) and catchment area 
were transformed to loglo to correct skew门es旦

OnJy sum作刮目 of the extensive outp叫 from statistical software wi刊 be pre~ 

sented. Three canonical 旧nate pairs were extracted (or付 three watershed var卜
abJes). The con芭lations for the pairs of canonical variates were as fol灿吧i

Canonical variate pair 2 3 

Canonical corr毛lation 0.874 0.733 0.524 

巳a内le忧:'s tests of these correlations were as follows 

AII th陀e canonical correlatio门5: X' statistic ~ 77.387, df二 27， P<0.001

The two sets of variables are not independent 50 at least the 们rst ca门:Jnical
variate pair is signifìcantly correlated 

Canonical correlations 2 and 3: X 2 statistic = 33.258, df = 16, P = 0.007 
Once the most corr它lated canc阳 cal variate pair (number one) is 陀moved， at 

least the 5econd canonical variate pair is also correlated, but mo陀 weakly.
Cano门 ical correlation 3 矿由tl立κ~9.775， df~7， P~ 且202

After removing the 扫 rst two pairs, the thir甘 canonical variate pai广巴们 ot corre­
lated. Jn 乳Jmmary， only the fìrst t\No canonical variate pai内 are signifìcantly 
correlated 

下'he canonical loaαngs for the chemical variable5 (correJations between the 
canonicaJ variates and the ten chemical variable5) were as follows 

Variable Variate I Variate 2 

NO j -0.740 0.007 
Total organic N 0.098 一0.563
NH, -0.058 -0.287 
Log,o dissa四d organic C • 0.262 -0.3 11 
50, 0.540 • 0339 
Log ,o CJ 0.616 0358 
Ca 。 192 。 110
M, 0.641 -0551 
Log,o H 0.3 31 0.ül 6 

The canonical 10时们 g5 for the watershed 旧riables (cor下elatic 门 5 between the 
canon 二 al variates and the four watershed variabJes) were as 创lows

Variable VarÎate I Variate 2 
373 779 043 nununU Mmm ooo 
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The strc 丑 canonical cor可lation for the fìrst cano们 cal variate pair represents a cor­
relation between a variate contrasting N03 with 50,:, loglo CI and 问g and a 、 anate
coηbining maximum and sam~才e eJevation. 5ites with higher elevations have greater 
m口 centrations of NO] and lower concentrations of SO'l' CI and 问g
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pairwise correlations). Alternatively, we could use interpretation is for centered and standardized 
canonical correlation analysis where we extract variables. The relative signs associated with eil!en~ 

linear combinations of variables (components) vector coefficients and loadi吨s are arbi trary 
仕'Offi the two sets ofvariables so that first comp萨 within a variate but the interpretation of the 
nent for one set has the maximum correlation canonical correlations betw"een variates depends 
with the 缸st componen t 仕'om the second set τhe on the signs associated with the variables within 
components an巳 termed canonical variates and each variate. For example , the analysis ofthe cor 
the first component from each set forms one pair relation between the set of chemical variables and 
。fcanonical variates, the second component仕om
each set forms a second pair, etc. The number of 
canonical variates , and therefore pairs , is the 
number ofvariables in the sma11est set 

The basic equation for canonical correlation 
analysis is: 

R二R，~飞入了R21 (17.9) 

In Equation 17.9, R is the matrix of canonical cor­
relations , R12 and ~1 are the correlation matrices 
between sets 1 and 2 and between sets 2 and 1 
respectively, and Rn and ~2 are the correlation 
matrices within sets 1 and 2 respectively 
Basica11y, this is an eigenvalue-eigenvector 
problem similar to that outlined for PCA (Box 
15.1), with the constraint that the canonical vari 
ates are paired so they have the maximum corre­
lation among a11 possible pairs of canonical 
vanatesτhe matrix ca1culations are tedious but 
described in detail by ]ackson (1991) , ]obson 
(1992) , Manly (1994) and Tabachnick & Fidell 

the set watershed variables 仕om Lovett et al 
(2000) showed negative loadings for N0

3 
and neg 

ative loadings for maximum and site elevation for 
canonical variate 1. The interpretation here is that 
large values of N0

3 
are associated with large 

values of maximum and site elevation. Positive 
loadings for variables in one set and negative load­
ings for variables in the other for a canonical 
variate indicate that large values ofthe variables 
in one set are associated with small values ofthe 
variables in the other. Always checkyour interpre 
tation by examining the univariate correlations 
to make sure your interpretation ofthe direction 
ofthe multivariate relationship makes sense 

We also get a test ofthe Ho that there is no cor 
relation betvveen any ofthe pairs ofthe canonical 
variates , usually provided as Bartlett's XZ statistic 
If this Ho is rejected , then we know that at least 
the 且rst pair of canonical variates is significantly 
correlated. Most software then provides tests for 
the subsequent pairs , t1sually sequentially by 

(1996). In some software , canonical correlation testing the remaining pairs after the first has been 
analysis can be set up as a regression problem removed , then those still remaining aft凹 the 且rst

with one set of variables being the response set two have been removed , etc 
and the other set being the predictor set. Like PCA (Section 17.1.3) , the interpretation of 

The output from running a canonical correla­
tion analysis in most software will be familiar 
once you are used to eigenvalues , eigenvectors 
and component scores 仕om PCA (Box 17，5)τhe 

descriptive output usua11y includes matrices of 
correlations within and between the two sets and 
regression statistics for each response variable 
regressed against each predictor variable (these 
are based on standardized variables because we 
are using correlations) 

Output related specifically to the canonical 
correlation analysis includes eigenvectors and 
loadings for the canonical variates from each set, 
interpreted in the same way as eigenvectors and 
loadings 仕om PCA. Remember that we are using 
correlation matrices here so the comparable PCA 

canonical correlation analysis really depends on 
how easily the canonical variates can be inter­
preted in terms ofthe original variables. Also like 
PCA (Section 17.1 .4), rotation ofthe canonical var 
iates is possible and may impr。而 the simple struc 
ture 白or each pair ofvariates 

The nature of the matrix ca1culations ìn 
canonical correlation analysis means that it is 
very sensitive to collinearity among the va口ables
in either set, especiallywhen one or both se臼 have

many variables (see Tabachnick & Fidell 1996). In 
these circumstances , omitting one or two va口
ables can cause marked differences (instability) in 
the magnitude and signs of the variable loadings 
on the canonical variates. This is a similar 
problem that affects multiple regression (Chapter 
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6) and multivariate analysis ofvariance (Chapter 
16) and other procedures that require matnx 
inversion. Removing redundant variables (those 
highly correlated with others) is about the only 
option. A method for assessing correlations 
between two sets of variables that is sensitive to 
correlations between pairs ofvariables within or 
between the sets must have limited applicability 
to real worid data 

We have not found many examples of canoni­
cal correlation analyses in the biological litera­
ture, nor have 飞、re had much cause to consider 
using it ourselves.ηüs may be because biologists 
are most interested in hypotheses about correla­
tions between specific pairs of variables , rather 
than sets ofvariables or exploratory descriptions 
of relationships between objects based on some 
form of scaling (ordination) 
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An obvious extension of canonical correlation 
analysis would be 归 distinguish response and pre­
dictor variables and develop a predictive model 
whereby we predict a linear combination of 
response va口ables 仕om a linear combination of 
predictor variablesτ'I1e proportion of the total 
variance in the response variables that can be 
explained by (predicted 仕om or extracted by) a 
linear combination of the predictor variables is 
termed redundancyσ'abachnick & Fidel1 1996) 
τ'he statistical procedure 岛r estimating this vari­
ance and developing the predictive model is 
termed redundancy analysis (RDA: van den 
Wo l1enberg 1977). Legendre & Legendre (1998) and 
Legendre & Anderson (1999a) provide excel1ent 
descriptions of RDA. A multiple linear regression 
model relating each response variable to the set of 
predictor variables is estimated and a matrix of 
predicted Y-values for the response variables 
determined. This matrix is just like the raw data 
matrix comprising n 0时ects by P variables. except 
that the values for each variable are those pre­
dicted by the regression model. This matrix ofpre­
dicted Y二values is 吐len subj ected to a PCA via 
spectral decomposition of the covariance matrix 
of the predicted values (see Box 15.1) to extract 
eigenvectors and their "canonical" eigenvalues 

The redundanξy， the variance in the response var­
iables explained by the predictor variables , is the 
sum ofthese eigenvaluesτhe eigenvectors can be 
used to calculate scores for each 0时ect and can be 
used as 皿es for scaling/ordination of the objects 

The contrast with PCA is important (Legendre 
& Legendre 1998). In a PCA, a covariance (or corre 
lation) matrix ofthe response variables would be 
decomposed into eigenv<巳ctors and their eigenval 
ues , principal component scores determined for 
each object based on these eigenvectors and a 
scaling/ordination plot derived from these scores 
ln RDA, the response variables are fìrst con­
strained to be a 1inear combination of some set of 
predictor variables , using multiple regression , 

and then the eigenvectors and their eigenvalues 
are extracted. object scores calculated and a 
scaling/ordination plot derived. The RDA eigen­
vectors are constrained to be a linear combination 
of the predictor variables , whereas the PCA eigen­
vectors are not related to predictor variables in 
any way Uongman et al. 1995, Legendre & 

Anderson 1999a) 
RDA can therefore be viewed as an extension of 

canonical correlation analysis that explicit1y 
models multiple response variables against multi­
ple predictor va口ables. However, ecologists com­
monly use RDA as a modification of PCA to 
produce eigenvectors and component scores for 
sampling units that are constrained to a linear 
combination ofenvironmental variables recorded 
岛r each sampling unit (Legendre & Legendre 
1998). For example , Verschuren et al. (2000) exam­
ined the composition of 由e fossil invertebra te 
community in dif:岳rent levels of a core taken from 
a lake bed in Kenya and used RDA to incorpora te 
three environmental variables: salinity, lake level 
and papyrus-swamp development τ'I1e signifi. 
cance of the overall model relating the species 
abundance data set and the predictor variables , 

and also of individual predictor variables , can be 
tested using randomization procedures (Legendre 
& Anderson 1999a; Manly 1997)ηle predictor var­
iables do not have to be continuous and an impor­
tant application ofRDA is when the predictors are 
dummy variables representing categories of cate­
gorical factors and their interactions (Legendre & 

Anderson 1999a; Chapter 18) 
In the context of scaling/ordination, the logic 

uurh
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sion are then used to calculate species scores and 
the iterative pro四ss continues (Jongman et al 
1995). Incorporating the environmental variables 
in this 飞fl/ay also ensures that the extracted axes 
maximize the dispersion of the species scores 
based on the linear combination of environmen­
talva口ables. The axes in CA also maximize the dis­
persion of species scores but independent1y of any 
environmental variables. 

The main decisions for users of software for CCA 
are about standardizations or transformations of 
species and/or environmental variables and stan 
dardization and scaling of sampling unit and 
species scores. Linear relationships between envi 
ronmental variables and scores may be improved by 
trans自orming environmental variables so they have 
c10ser to a symmetrical distribution. The options 
for scaling the scores 岛r CCA are similar to those 
for CA (Section 17.3.2) and the choice of scaling 
needs to be made carefully if the objects and va口
ables are to be inc1uded in ajoint plot 

The CCA algorithm produces axes that repre­
sent maximum correlations with linear combina­
tions of the environmental variables. with the 
second axis being uncorrelated with the 且rst. CCA 
produces two sets of sampling unit scores. The 
fìrst are those produced without being con­
strained by the environmental va口ables ，

although for some reason these are different 
when produced by CCA than when the same data 
are analyzed by CAτhe second are those pro卜
duced by the multiple regression of the above 
scores on the linear combination of environmen 
tal variables. Palmer (1993) termed these WA and 
LC scores respectively, and described them as the 
observed sampling unit scores , as weighted aver­
ages of species scores , and those sampIing unit 
scores predicted 仕'om the multiple regression on 
the environmental va口ables. He recommended 
plotting the LC scores , arguing that the meaning 
of the WA scores is unclear and they differ 仕om
the scores 仕om a straight CA anyway. The relative 
positions of sampling unit based on the three 
types of scores (CCA WA scores , CCA LC scores , CA 
scores) is usual1y different, although broad pat. 
terns are comparable. 

Output from CCA algorithms includes axis 
scores for samp1ing unit and species and 
vectors representing the correlations between the 

of RDA can be iIlustrated with the data 仕'Om

Bolger et al. (1997). The response variables would 
be the abundance of the different rodent species 
for 28 仕agments (0均ects) and the predictor vari­
ables would be the other 仕agment characteristics , 

such as area. percentage of shrubs , age , etc τ'I1e 

scaling ofthe fragments in terms öf species abun­
dances would be constrained so that the compo­
nen臼 were linear combinations of the predictor 
variables. An alternative way of constraining axes 
of a scalingjordination plot is within the context 
of correspondence analysis and will be described 
in the next section 

17.6 I Canonical correspondence 
analysis 

As indicated in the previous sectio且， ecologists 
who work with data sets of species abundances for 
a number of sampling units sometimes also have 
additional variables (covariates) recorded for each 
sampling unit. For example, in the study of 
rodents in habitat fragments , Bolger et al. (1997) 
also recorded the area of the fragment, the per 
centage of the area covered with shrubs , the age 
of the fragment , the distance to the nearest large 
"source" canyon and the distance to the nearest 
canyon fragment of equal or greater size. We 
might be interested not only in scaling the sam. 
pling unit and species , such as with CA, but also 
in examining how the relative positions of sam. 
pIing unit and species are related to the values of 
the additional covariates for each sampling unit 
Canonical correspondence analysis (CCA) is a 
modifìcation of CA where the principal 皿es are 
extracted not only so they explain most of the 
total inertia (lack of independence between 
objects and variables) but also so that their corre­
lation with additional variables is maximized 
Uongman et al. 1995 , Kent & Coker 1992 , Legendre 
& Legendre 1998, ter Bra崎， & Verdonschot 1995) 

CCA uses the reciprocal averaging algorithm 
for CA. At each step when sampling unit scores are 
determined, they are constrained to be a linear 
combination of environmental variables (usually 
standardized) using OLS multiple regression tech­
niques (Chapter 6). The predicted values of the 
sampling unit scores 仕0皿 this multiple regres-
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species abundances of beetles in the 
wet season for four combinations of 
a陀 treatment and pre- and post-
burn , redrawn from Blanche et al 

(200 1). Pre-burn years were 
1988-89 and post-burn y'四rs were 
199ι94.Vectors for rainfall prior (0 
sampling and 们 re mtenslty are 
jncluded 

3.0 

• Late burn 
G Early burn 
o Unburnt 
口 Pre-bum

environmental variables and principal axes can 
also be inc1uded on these plots , creating a biplot 
Canonical weights 岛r the final multiple regres­
sion model are provided as well as correlations 
between the environmental variables and species 
and sampling unit scores. CCA can be run with 
the detrending option although, as discussed in 
Section 17.3.5 , detrending is difficult to justifir. 
The big advantage of CCA is the simultaneous 
scaling of sampling unit and species (like CA) 
while at the same time maximizing the correla 
tions betw巳en the principal axes and linear com 
binations of environmental variables. Its 
disadvantages are those of CA described in 
Section 17.3 .4, especially the chi-squared distance 
measure , and the limited availability of software; 
CCA is not avaìlable in any of the common com 
mer 口al programs and specialist ecological soft­
ware like CANOCO is required 

Blanche et a l. (2001) illustrate the use ofCCA in 
their experimental study of the effects of 直re on 
the community of ground-active beetles in tropi­
cal savannahs of Kakadu National Park in north­
ern Australia. There were three fìre treatments 
(unburnt, early-season burn each dry season , late­
season burn each dry season) and six years of 
sampling (pre-burn in 1988-89 and post-burn 
自om 1990 to 1994). Abundances of ground-dwell­
ing beetles , sorted to family and species , in each 
of three replicate 15-20 km2 experimental com­
partments (small catchments) for each treatment 
in eachye盯 were measured with pitfall traps. The 
replicate compartments were combined for the 
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pling. The CCA showed that the effects of treat­
ment were contingent on both sampling rainfall 
and fire intensity (Figure 17.6). Treatment- year 
combinations favored by high rainfall tended to 
be pre-burn years and unburnt treatments and 
late-burn treatments were correlated with less 
rainfall and more intense 自res

We illustrate a worked example of CCA based 
on the rodent data 仕om Bolger et al. (1997) in Box 
17.6τhe 25 habitat 仕'agments were scaled based 
on the abundances of nine rodent species , with 
three variables used to constrain the ordination: 
area ofthe fragment (ha), the age of the 仕agment
(years), and the distance to the nearest large 
"source" canyon (m). All three variables were 
important in determining the associations of 
fragm凹ts with species (Figure 17.7) and the 
biplot was quite different to that produced by a 
CA on the same data , ignoring the environmen 
tal variables (compare Figure 17.7 with Figure 
17.8) 

The logic ofCCA is to include the environmen 
tal variables as part of the sampling unit and 
species scaling (ordination). An alternative 
approach is to scale the sampling unit separately 
and then examine which species contribute most 
to the pat恒rn and also relationships with envi­
ronmental variables. We will discuss these 
approaches in Chapter 18. 

17.7 I Constrained and partial 

"ordination" 
analysis and two environmental covariates were 
also recorded for each year-treatment combina- Both RDA and CCA are known as const四ined
tion: fìre intensity and rainfall just prior to sam- scalingprocedures because the relative positioning 
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Box 17.61 Worked example of canonical corr臼pondence
analysis (CCA): h油阳.t fragmentation and 
rodents 

We 陀peated the CA on the rodent data from Bolger et 01. (! 997), but now con­
strained the axes to be correlated with environmental variables that were al50 
reco时时 for each site. There ψere high cor陀lations betvveen the percentage of 
the area cove陀d with shrubs and t 气 e age of the fl飞agment and bet灿een the dis­
tance to the 口 earest large source canyon ar吐 the distance to the nearest canyon 
什agment of equal or greater siz巳 To avoid problems with collinearity, only three var气
iables were included:the ar飞出 ofthe fl白.gment (ha) , the distance to the nearest large 
source 日nyon (m) 配 d the age of the fragment (years) 。由 the 25 habitat 什ag
me们ts were used because the three ma忖a叶剑tes did not have values for the dis 
tance measure or age 

The fragn门ents were very different in size so as for the CA presented in Box 
17.4, we compa陀d the scaling pat士em based on raw ab川 dances and also based on 
abundances standardized so that all 到tes had a total abundance of one. The broad 
pat士em in the biplot was the same for both íorms of the data so we just present 
the 陀sults for the raw data. 

队le used the program PC-ORD to do a CCA with the site and species sco陀S

standal时ized to zero mean and u门 it variance and scaled using the compromise 
approach between species scores positioned at ce门troid of site scores and vice 
versa. The total inertia in the data was 1.702 (as with the CA) a广 d 甘lree 阳'incipal

axes were derived. 

Axis I Axis 2 Ax is 3 

Eigenvalue 0.595 0.083 日 ê39

pe陀entage ine巾 (variance) 35.0 4.9 2.3 

The CCA biplot (F哩~ure 17.7) shows that the introduced mouse M. mυSCUIUS 巴 asso­

ciated 叭 th older frag 节 ents that a陀 fur甘ler away 什'om source canyons. The other 
introduced species, R. rottus， 巴 mo町 ccηmon on small fragments , occurring in the 
OppOSI恒 quadrant from the vector for area. Thr它e native taxa (P. e陪mlnι M.cali

fornianus , N. lepidσ) we陀 also more associated with larger fragments. The 阳maln

Ing natlve taxa OCCUI吨d more commonly on younger frag 咱们 t5 that we陪 closer

to souπe canyons 
The cor陀lations between each CCA axis and the e们叭叩门口 ental variables 

sho叭 ed that the fi目t axis mainly 陀F陀 sented fragment age and to a lesser extent 
distance to nearest sou广ce 廿 e vector for age is longer tha门 that foγdistance in 
Figure j 7.7. This axis is negat 叶 cc时 ated with area - fragments with high scores 
on this axi5 are smaller. Axis 2 i5 positively correlate 才 with all 由阳e variables, but 
mo，它 50 with a陀a.

Variable Axis I Axis 2 

Acea 0.458 0.887 
Distance 0.480 0.439 
Age 0.806 0.532 
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A CA on the same 25 自由19ments revea!ed a sÎmîlar pa忧em as the CA on all 28 
sites in Box 17.4. 

Axis I A.xis 2 A.x is 3 

Eigen咀 lue 且743 0.459 0.279 
Pe陀entage ine时 a (vari旧nce) 43.6 26.9 16.4 

The fìrst axis of the CA explained 44% of the total ine同 a， more than for the CCA 
on the same dat川比h the environmental variables included (35%). The second and 
thi时 axes also contributed mc陀 than in the CCA. Thβis usuaHy the case when 
comparing CCA and CA results for the same data set Qongman et 01. 1996). The 
joint plot (Figu陀 17.8) was almost identical to that in Figure 17.5, indicating that the 
removal of the main!and sites had little effect on the results of the CA In contrast 
to the CCA, Acuna, EI Mac and 54th Street stand out as diffe陀nt from the oth巳r
什'agmen臼Their association w比h R. mttus 巴 also stronger than in the constrained 
ordinatÎon 

Mc 
• 

Axis2 

Pe 
• 

Sandmaf食。

NI. Area 回alboa
34th Street 

O 

Disl Age 

O O 
Axis 1 • 

•• •• 。

o OEIMac 
o OoOAcuna 

54th Street 
• 

Edison 0 
O 

Montanosa 

-Rr 

CCA biplot of 25 fragment si但s from Bolger 
etal.(I99ηusing LC scores for sites and final scor臼 10'

species. Circles are sites and shaded squares are species 
Labels for species as in Figure 17.3. Ax is scales have been 
omitted since different so仕ware scales scores di仔erently

ofthe objects in the scaling(ordination) plot is con­
strained by a set of covariates. In an ecological 
setting, we usually have sampling units being 
scaled based on the abundances of multiple 
species, wi th 吐le covariates being environmental 
variables recorded 岛r each sampling unit or even 
spatial coordinates of each sampling unit. These 
constrained methods are very informative because 
they allow the relationship between the environ-

O 

Laurel 
.Mm 0 O 

Spruce 
o 00 

O 

mental variables and scaling of sampling units or 
species to be explored simultaneously. RDA. like 
PCA, is most appropriate when the relationship 
between species abundances and underlying envi­
ronmental gradients is linear. This is unlikely in 
practice，臼pecially for long environmental gra­
dients , so CCA, like CA, is more suited when the 
relationship between species abundances and 
underl严ng environmental gradients is unimodal 
Uongman et al. 1995). Forms of scaling{ordination 
thathave fewer assumptions about the relationship 
beh'leen species abundances and underlying gra 
dients, such as non-metric multidimensional 
scaling, will be described in Chapte1' 18 

Ax is2 
Acuna Rr 圃
EIMac 

。 54 th S阳et

Oakcrest 
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o Baja 
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Florida 
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MmB 7 内阳gments

CA joint plot o( the same 25 fragment sites 
from Bolger et al. (199ηas in Figure 17.7. Note that some 
sites have the same scores on both axes and appear as a single 
point. Some sites also have the identical 四is scores to some 
species.The seven fragments associated with M. musculus 
(bottom right quadra叫 are Laurel, Can町，Washington， 60由1

Juan ,Titus and 32nd Street Nth. Axis scales have been omitted 
since diffe陪nt so仕W肝'e scales scores differently 

An inte1'esting d巳velopment that can be 
applied to any of the constrained scaling{o1'dina­
tion methods is partial ordination (Legendre & 

Legendre 1998). lmagine a situation where we 
have h'lo sets of environmental variables, and we 
wish to use one set to constrain a scaling of sam­
pling units based on species abundance after 
eliminating the effects of the second set. An 
example given by Jongman et al. (1995) 四 where

there is one or more "impact" variables represent­
ing effects of some human activity and one or 
more covariates representing other sources of 
variation 、Ne ar喧 less interested in, such as sea­
sonal factors (阻r Braak & Versonschot 1995). A 
partial scaling of sampling units would use the 
impact variables after removin日 the effects ofthe 
other covariates ， τhis would be achieved by 
fitting multiple regression models with each of 
the covariates of prime interest (e.g , impact vari­
ables) as the response variable and the secondary 
covariates we are partialing out as the predictor 
variables. The residuals 仕om each of these 
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models represent the variation in each of the 
primary covaria臼s that is not explained by the 
linear relationship with the secondary covariates. 
These residuals are then used instead of the orig­
inal primary covariates in a CCA or RDA 

These partial ordination techniques allow us 
to examine the relationships between a scaling 
based on species abundances and some environ 
mental variables after partialing out the effects of 
other covariates. For example , Verschuren et al 
(2000) examined the 岛ssil invertebrate commu­
nities in a core of sediment from a lake in Kenya 
They used RDA to examine the relationships 
between the scaling of sampling units (sections of 
the core) and three environmental variables 
(salinity, lake level , papyrus-swamp development) 
and used partial RDA to look at the 巳ffects of each 
of these covariates after removing one or both of 
the remaining ones. We might also be interested 
in how much of the variation between sampling 
units in abundances of multiple species can be 
attributed to a set of environmental variables , a 
set of spatial coordinates , the variation shared by 
the environmental and spatial components and 
the undetermined (residual) variation. Borcard et 

al. (1992) desc 口bed a method based on either 
partial RDA or CCA to determine the variation in 
the original sampling units by species data matrix 
into these four componentsτhe residuals 仕om
multiple regression models of either environmen­
tal v盯iables 00 spatial coordinates or vice versa 
are used to examine the contribution ofthe envi­
ronmental variables and spatial coordinates inde­
pendently of each other. Note that fo1' partial RDA , 

it is variance being partitioned; for partial CCA. it 
is inertia. ln both cases , percentage contributions 
can be determined 

17,8 I General issues and hints for 

analysis 

17.8. 1 General issues 

·ηle implicit dissimilarity measures used in 
scaling/ordination techniques , such as 
Euclidean 面01' PCA and RDA and chi.squa1'e for 
CA and CCA, may not be best suited to all types 
of data, especially species abundance data 



PRINCIF帆LCOMPONENT百AND CORRESPONDENCE ANALYSIS 

• The choice between covariance and correlation 
for the association matrix in a PCA is impor­
tant. Use covariance ifyou wish differences in 
variance for each variable to contribute to the 
analysis. Use correlation if the variables are 
measured on different scales and you do not 
wish dif坠rences ln variance for each variable 
to have any influence on the analysis 

• Eigenvector coefficients and component load­
ings indicate the contribution of each variable 
to each component. They should be interpreted 
m COll]UnctlOß 飞<Vith their standard errors 

• CAjointly scales objects and variables , based 
on counts , and emphasizes proportional repre­
sentation ofvariables (e.g. species) in objects 
(e.g. sampling units) 

• RDA and CCA constrain the scaling of 
objects and variables to a linear combination 
of covariates; for ecologicaI data, this 
directly incorporates environmental variables 
in the scaling/ordination of species abundance 
data 

17.8.2 Hints for analysis 
• Secondary rotation of components after an 

initial PCA will often improve simple structure 
and interpretabili可 of components 

• Transfonnation ofvariables may improve 
linear relationships between variables and 
lmprove the effectiveness of component extrac~ 
tion in PCA 

• Examination of residuals from a PCA can help 
assess whether the number of retained compo 
nents is adequate 

• Biplots can be used to represent scaling of 
objects in PCA, RDA, CA and CCA with correla. 
tions of original variables to each component 
indicated byvectors. 1t is not the closeness of 
the end ofthe vector to objects in the configura 
tion that is important, but the length and angle 
ofthe vectors relative to the axes 

Chapter 18 

Multidimensional scaling and cluster analysis 

1n the previous chapter, we were mainly inter~ 
ested in R~mode analyses that were based on ass<r 

ciations betw"een variables and scaled objects 
indirectly, a1though correspondence analysis 
scaled both objects and variables simultaneously 
ln this chapter, the primary focus is Q-mode ana­
lyses that direct1y scale objects based on similar­
ities or dissimilarities betw"een them. The 
techniques based on dissi日ülarities attempt to 
display the dissimilarities between objects graph­
ically, with the distance between objects on the 
plot (inter-object distances) representing their rel­
ative dissimilarity. The scores for objects on the 
axes ofthese scaling plots can be used as variables 
in subsequent analyses so the techniques in this 
chapter are also methods for variable reduction 
Remember that objects represent sampling or 
experimental units , such as plots, organisms , 

aquaria, sites , etc 
Some of the dissimilarity measures for dichot­

omous and continuous variables were outlined in 
Chapter 15 (and see Legendre & Legendre 1998 for 
a much more complete treatment) and all ofthose 
dis日milarities can be used with the analyses in 
this chapter. However, the choice of dissimilar 
ities is a crucial one and different dissimilarities 
can result in very different pattems in , and inter­
pretations of, the analyses we will describe 
Additionally, the form of transformation andlor 
standardization ofvariables and/or objects , com 
bined with the dissimilari巧， measure, can also be 
very influential 

18, 1 I Multidime 

Multidimensional scaling (MDS) refers to a broad 
class of procedures that scale objects based on a 
reduced set of new vaIiable5 derived from the 
original variables (Cox & Cox 1994). As the name 
suggests, MDS is specifically designed to graphi 
cally represent relationships between 。可ects m 
multidimensional space. The objects are repre 
sented on a plot with the new variables as axes 
and the relationship between the 咐ects on the 
plot should represent their underlying dissimilar­
ity. The methods we described in Chapter 17 
achieve this scaling indirectly, although MDS is 
more commonly based on similaritie5 or dissimi­
larities between objects and was termed "similar­
ities MDS" by ]ackson (1991) 

τbe basic data structure we will use in this 
chapter is similar to that from Chapter 17, a data 
matrix of i equals 1 to n objects by j equals 1 to p 
va口ables. Any two objects will be identified as h 
and i (sensu Legendre & Legendre 1998). The dis­
similarities between objects calculated 仕om our 
data are termed d, 50 that the dissimilarity 
between any two objects is d

hi
• We will call the dis­

tance between any two objects (inter-object dis­
tances) i口 the scaling (configuration) plot d;;; and 
it is usually measured as simple Euc1idean dis 
tance. Unfortunately, there is some inconsistency 
in the symbols used for dissimilarity and inter­
object distance in the literature. withδcommonly 
used for dissimilari tyη1Îs seems inappropriate as 
Greek letters are usually reserved for unknown 
parameters 




