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actually links the expected value of Y to the pre-
dictors by the function:

gl =B, + B X + B X+

where g{u) is the link function and B, B, etc., are
parameters to be estimated. Three common link
functions include the following,

{13.1)

1. identity link, which is g(x) = ., and models
the mean or expected value of Y. This is used in
standard linear models.

2. Log link, which is g(u) =1og(u), and models
the log of the mean. This is used for count data
(that cannot be negative) in loglinear models
(Chapter 14).

3. Logit link, which is g{u) =log[u/(1 — )], and
is used for binary data and logistic regression
(Section 13.2).

GLMs are considered parametric models because a
probability distribution is specified for the
response variable and therefore for the error
terms from the model. A more flexibie alternative
is to use quasi-likelihood models that estimate the
dispersion parameter from the data rather than
constraining it to the value implied by a specific
probability distribution, such as one for a bino-
mial and Poisson. Quasi-likelihood models are
particularly useful when our response variable
has a binomial or Poisson distribution but is over
or under dispersed, i.e. the probability distribu-
tion has a dispersion parameter different from
one and therefore a variance greater or less than
expected from the mean.

GILMs are linear models because the response
variable is described by a linear combination of
predictors {Box 5.1). Fitting GLMs and maximum
likelihgod estimation of their parameters is based
on an iterative reweighted least squares algorithm
called the Newton-Raphson algorithm. Linear
regression models (Chapters 5 and 6) can be
viewed as a GLM, where the random component is
a normal distribution of the response variable
and the link function is the identity link so that
the expected value (the mean of Y}is modeled. The
OLS estimates of model parameters from the
usual linear regression will be very similar to the
ML estimates from the GLM fit.

Readable introductions to GLMs can be found
in, among others, Agresti (1996), Christensen

(1997), Dobson (1990}, and Myers & Montgomery
(1997).
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One very important application of GLMs ip
biology is to model response variables that are
binary {e.g. presencefabsence, alive/dead). The pre-
dictors can be either continuous and/or categori-
cal. For example, Beck (1995) related two response
variables, the probability of survival (survived or
didn’t survive) and the probability of burrowing
(burrowed or didn’t burrow), to carapace width
for stone crabs {Menippe spp.). Matlack (1994)
examined the relationship between the pres-
encefabsence of individual species of forest shrubs
(response variables) against a number of continu-
ous predictors, such as stand area, stand age, dis-
tance to nearest woodland, etc. In both examples,
logistic regression was required because of the
binary nature of the response variable.

13.2.1 Simple logistic regression

We will first consider the case of a single continu-
ous predictor, analogous to the usual linear regres-
sion model (Chapter 5). When the response variable
is binary {i.e. categorical with two levels, zero or
one), we actually model m{x), the probability that Y
equals one for a given value of X. The usual model
we fit to such data is the logistic regression model,
a nonlinear model with a sigmoidal shape (Figure
13.1). The change in the probability that Y equals
one for a given change in X is greatest for values of
X near the middle of its range, rather than for
values at the extremes. The error terms from the
logistic model are not normally distributed:
because the response variable is binary, the error
terms have a binomial distribution. This suggests
that ordinary least squares (OLS) estimation is not
appropriate and maximum likelihood (ML) estima-
tion of model parameters is necessary, In this
section, we will examine a situation with one
binary response variable (Y), which can take values
of zero or one, and one continuous predictor (X).

Lizards on islands
Polis et al. (1998) studied the factors that control
spider populations on islands in the Gulf of
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California. Potential predators included lizards of
the genus Utz and scorpions (Centruroides exili-
cauda). We will use their data to model the pres-
encefabsence of lizards against the ratio_ of
perimeter to area for each island. The analysis of
these data is presented in Box 13.1.

Logistic model and parameters
The logistic model 1s:

eBotpux

= 13.2
wix) = 1 + eBr+Bux (13.2)

where 8, and 8, are parameters to be estimated.
For the Polis et al. (1998) example, m(x) is the prob-
ability that y, =1 (i.e. Uta is present) for a given x,
(PJA ratio). As we will see shortly, 8, is the con-
stant (intercept) and S, is the regression coeffi-
cient (slope), which measures the rate of change
in m{x) for a given change in X. This model can be
fitted with nonlinear modeling techniques
(Chapter 6) to estimate B8, and S8, but the model-
ing process is tedious and the output from soft-
ware unhelpful.

An alternative approach is to transform w(x)
so that the logistic model closely resembles a

familiar linear model. First, we calculate odds
that an event occurs (e.g. y,=1 or Uta is present),
which is the probability that an event occurs rel-
ative to its converse, i.e. the probability that y,=
1 relative to the probability thaty, =0:

(%)

(13.3)
1— a(x)

If the odds are >1, then the probability thaty, =1
is greater than the probability that y,=0; if the
odds are <1, then the converse is true, Then we
take the natural log of the odds that y,=1:

In _m)
1 — 7(x)

This is the logit transformation or link function,
that we will term g(x), and which can be modeled
against our predictor much more easily as:

(13.4)

8ix) =By + B, (13.5)
For the example from Polis et ai. (1998):
gx)=B,+ ,(P/A ratio); (13.6)

In model 13.6, g(x} is the natural log (i.e. logit}. of
the odds that Uta is present on an island relative

Box 13.1|Worked example of logistic regression:
presence/absence of lizards on islands

Pofis et al. {1998) studied the factors that control spider populations on istands in
the Gulf of California. We will use part of their data to model the presence/eixbsence
of lizards (Uta) against the ratio of perimeter to area (P/A, as a measure of input of
marine detritus) for 1% islands in the Guif of Cafifornia. We modeled the presence

of Uta (binary) against P/A as:
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gix} =By + B, (PIA ratio),

where gx) is the natural log of the odds of Uta occurring on asisland, Uta cccurred
on ten of the 19 islands and the data are piotted in Figure 13.1(2). The H, of main
interest was that there was no relationship between the presence of Uta (i.e. the
odds that Uto occurred relative to not occurred) and the PYA ratio of an island, This
is the H, that 4, = 0.

The maxirum likelihood estimates of the madel parameters were as follows.

Parameter  Estimate  ASE Wald statistic P

B 3.606 1.695 2127 0033
B —=021986 010l —2.184 0029

Note that the Wald statistic is significant so we would reject the H, that 8, =0. The
cdds ratio for P/A was estimated as 0.803 with 95%CH from 0.978 to 0.659. For a
one unit increase in P/A, an island has a 0.803 chance of having Uta compared to
not have Uta, a decrease in the adds of having Uta of approximately 20%. The plot
of predicted probabilities from this model is shown in Figure 13.1(b), clearly showing
the logistic relaticnship.

The other way to test the fit of the model, and therefore test the H that 8, = 0,
is 1o compare the fit of the full medel (g(x) = 8, +8,x) to the reduced model (g{x)
=4).

Full model log-likelihood = 7.1 10

Reduced model (constant only) log-likelihood = —13.143

Gt= —}{difference in log-likelihoods) = 12066, df = |, P=0.001. This is alsa
the difference in deviance of the full and reduced models. This test also results
in us rejecting the H that £, =0. Note that the \Wald test seerms more
conservative (larger P value),

Goodness of fit statistics were calculated to assess the fit of the model, The
Hosmer-Lemeshow statistic was mare conservative than either Pearson y? or G?
and was not significant. Along with the low values for Pearson x? or G2 there was
no evidence for lack of fit of the model. The logistic analogue of 1 indicated that

about 46% of the uncertainty in the presence of Uta on islands could be explained
by P/A ratio.

Statistic Vatue df P
Hosmer—Lemeshaw (C) 2257 5 0813
Pearson y° 15.333 17 0572
Beviance (G9) 14.221 17 0651
i’ 0459

Analysis of diagnostics showed that two islands, Cerraja and Mitfan, were more
influential than the rest on the outcome of the model fitting. They had the largest
Pearson and deviance residuals and also unusually large values for the logistic regres-
sion equivalent of Cook’s measure of influence, Hosmer & Lemeshow's (1989) AB.
However, our conclusion for the test of whather B, =0 based on the & statistic
{deviance) was not changed if either of these two observations were omitted.
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to being absent. We now have a familiar linear
model, although the interpretation of the coeffi-
cients is a little different (see below). The logit
transformation does two important things. First,
g(x) now ranges between — and + whereas (%)
is constrained to between zero and one. Linear
models are much more appropriate when the
response variable can take any real value. Second,
the binomial distribution of errors is now
modeled.

The logistic regression model is a GLM. The
random component is Y with a binomial probabil-
ity distribution; the systematic component is the
continuous predictor X; and the link function
that links the expected value of Y to the predic-
tor{s} is a logit link.

Now we use maximum likelihoed (ML) tech-
niques to estimate the parameters £, and 8, from
logistic model 13.5 by maximizing the likelihood

function L:
1= TT i1 — mgp» (13.7)

It is mathematically much easier to maximize the
log-likelihood function In(L) (Chapter 2). ML esti-
mation is an iterative process requiring appropri-
ate statistical software that will also provide
standard errors of the ML estimates of 3 and ..
These standard errors are asymptotic because
they are based on a normal distribution of the
parameter estimates that is only true for large
sample sizes. Confidence intervals for the param-
eters can also be calculated from the product of
the asymptotic standard error and the standard
normal z distribution. Both the standard errors
and confidence intervals should be considered
approximate.

We earlier defined the odds of an event occur-
ring, which is the probability an event occurs rel-
ative to its converse, i.e. the probability thaty, =1
relative to the probability that y,= 0 or the prob-
ability that Uta occurs on an island relative to it
not occurring. Our logistic regression model is
that the natural log of the odds equals the con-
stant () plus the product of the regression coef-
ficient (£)) and x;:

mx) |
In [1 - w(x)] B (138

‘We can compare the value of the log of the odds

n {ﬂ]
1— a(x)

for X=x and X=x+1, ie. for the predicted
Y-values in a logistic regression model for X-values
one unit apart. For the Polis et al. (1998) data, this
is comparing the log of the odds of Uta occurring
on an island for P/A ratios that differ by one unit.
The ratio of these two odds is called the odds ratio
and it is a measure of how the odds of Uta occur-
ring change with a change in PJA ratio. Some
simple arithmetic produces:

odds ratio =eh1 {(13.9)

This is telling us that 8, represents the change in
the odds of an outcome for an increase in one unit
of X. For the Polis et al. (1998) data, the estimated
logistic regression coefficient (b,) is an estimate of
how much the odds of Uta occurring on an island
(compared to not occurring) would change for an
increase in P/A ratio of one unit. A positive value
of b, indicates that the odds would increase and a
negative value indicates the odds would decrease.

The constant, §,, is the value of g{x} when x,=0
and represents the intercept of the logistic regres-
sion model; its interpretation is similar to the
intercept of the linear regression model (Chapter
5) and it is usually of less biological interest.

Null hypotheses and model fitting

The H, of main interest when fitting a simple
logistic regression model is that 8, =0, i.e.thereis
no relationship between the binary response vari-
able and the predictor variable. In the Polis et al.
{1998) study, the H_ is that there is ne relationship
between the presence/absence of Uta and the P/A
ratio of an island. Equivalently, the H, is that the
log of the odds of Uta occurring on an island rela-
tive to not occurring is independent of the P/A
ratio of the island.

There are two common ways of testing this H,.
The first is to calculate the Wald statistic, a ML
version of a t test, which is the parameter estimate
divided by the standard error of the parameter
estimate:

by
Sh

(13.10)

1
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Note that the standard error (s,,) is asymptotic
{often written as ASE), which means the distribu-
tion of b, approaches normality for large sample
sizes, so the standard error should be considered
approximate for small sample sizes. The Wald sta-
tistic is sometimes called the Wald t {or t ratio) sta-
tistic because of its similarity to a t statistic
(Chapter 3). The Wald statistic is traditionally com-
pared to the standard normal z distribution
{Agresti 1996, Neter et al. 1996),

The Wald statistic is most reliable when
sample sizes are large so an alternative hypothesis
testing strategy that is more robust to small
sample sizes and provides a link to measuring the
fit of GLMs would be attractive. The approach is
similar to that described for OLS regression
models in Chapters 5 and 6 where we compare full
and reduced models, except that we use log-likeli-
hood as a measure of fit rather than least squares.
To test the H, that 8,=0 for a simple logistic
regression model with a single predictor, we
compare the fit (the loglikelihood) of the full
model:

gixX) =B, + B .x, {13.5)
to the fit of the reduced model:
g{x}=4, (13.11)

To compare likelihoods, we use a likelihood ratio
statistic (A), which is the ratio of the log-likeli-
hood of reduced model to the log-ikelihood of full
model. Remember from Chapter 2 that larger log-
likelihoods mean a better fit, so if A is near one,
then B, contributes little to the fit of the full
maodel whereas if A is less than one, then B, does
contribute to the fit of the full model. To test the
H;, we need the sampling distribution of A when
H, is true. The sampling distribution of A is messy
so instead we calculate a G2 statistic:

G*=-2In(A) (13.12)

This is also called the likelihood ratio y* statistic.
Sokal & Rohlf (1995) called it the G statistic. It can
be simplified to:

G*=—2(log-likelihood reduced —

log-likelihood full) (13.13)

If H, (8, = 0) is true and certain assumptions hold
{Section 13.2.4), the sampling distribution of G2 is

very close to a 3? distribution with one df,

Therefore, we can test H, that 8 =0 with
either the Wald test or with G test comparing the
fit of reduced and full models. In contrast to least
squares model fitting (Chapter 5), where the t test
and the F test for testing 3, =0 are identical for 3
simple linear regression, the Wald and G2 tests are
not the same in logistic regression. The Wald test
tends to be less reliable and lacks power for
smaller sample sizes and the likelihood ratio sta-
tistic is recommended (Agresti 1996, Hosmer &
Lemeshow 1989).

The G* statistic is also termed the deviance
when the likelihood ratio is the likelihood of a
specific model divided by the likelihood of the sat-
urated model. The deviance therefore is:

—2(log-likelihood specific model —

log-liketihood saturated model) (13.14)

The saturated model is a model that explains all
the variation in the data. In regression models,
the saturated model is one with as many parame-
ters as there are observations, like a linear regres-
sion through two points (Hosmer & lemeshow
1989). Note that the full model [g{x) = B,+Bx]is
not a saturated model, as it does not fit the data
perfectly. In a simple logistic regression with two
parameters (8, and §,), we can compare the devi-
ance of the full and reduced models, i.e. the G2 sta-
tistics for each model compared to a saturated
model. The difference between the deviances tells
us whether or not the two models fit the data dif
ferently. We do not actually fit a saturated model
in practice because the log-likelihood of the satu-
rated model is always zero (the maximum value of
a log-likelihood because the model is a perfect fit),
so the deviance for a given model is simply the log-
likelihvod of that model. Therefore, the differ-
ence in deviances equals:

—2{log-likelihood reduced —

log-likelihood full) (13.15)

This is simply the G2 statistic we calculated earlier.
The likelihood ratio x* statistic (G?) therefore equals
the difference in deviance of the two models. This
concept becomes much maore important when we
have models with numerous parameters {i.e. multi-
ple predictors) and therefore we have lots of pos-
sible reduced models {Section 13.2.2).
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The other reason the deviance is a useful quan-
ity is because it is the GLM analogue of SS; ., ;s
ie. it measures the unexplained variation for
a given model and therefore is a measure of
goodness-of-fit (Section 13.2.5). In the same way
that we could create analysis of variance tables for
linear models by partitioning the variability, we
can create an analysis of deviance table for GLMs.
Such a partitioning of deviance is very useful for
GLMs with numerous parameters, especially
complex contingency tables {Chapter 14}.

13.2.2 Multiple logistic regression

Logistic regression can be easily extended to situa-
tions with multiple predictor variables. The model
fitting procedure is just an extension of the log-
likelihood approach described in the previous
section. For example, Wiser et al. {1998} studied the
invasion of mountain beech forests in New
Zealand by the exotic perennial herb Hieracium
lepidulum. They modeled the probability of the
exotic occurring on approximately 250 plots in
relation to a number of predictor variables meas-
ured for each plot, including richness of plant
species, the percentage of total species in the tall
herb guild, the distance to the nearest non-alpine
open land, other physical variables such as annual

potential solar radiation, elevation, etc., and
chemical characteristics of the soil (Ca, K, Mg, P,
pH. N and C:N). Hansson et al. (2000) modeled the
probability of predation by avian predators on arti-
ficial eggs in nests of the Great Reed Warbler in
Sweden. Their predictor variables included experi-
mental period (early and late in year) and attrac-
tiveness of the territory in which nest occurred, as
well as the interaction between these two vari-
ables. Our worked example will be taken from a
study of the ecology of fragmentation in urban
landscapes.

Fragmentation and native rodents

Bolger et al. (1997} recorded the number of species
of native rodents (except Microtus californicus) on 25
canyon fragments in southern California. These
fragments have been isolated by urbanization. We
will use their data to model the presencefabsence
of any species of native rodent in a fragment
against three predictor variables: distance
{meters) of fragment to nearest source canyon, age
(years) since the fragment was isolated by urban-
ization, and percentage of fragment area covered
in shrubs. The analysis of these data is presented
in Box 13.2.

Box 13.2 | Worked example of logistic regression:
presence/absence of rodents in habitat

fragments

Using the data from Bolger et ol. (1997), we will modet the presence/absenc.e of
any species of native rodent {except Microtus californicus) against three Prechctor
variables; distance (meters) to nearest source canyon {X,), age (years) since frag-
ment was isolated by urbanization (X,), and percentage of fragment area covered

in shrubs (X,
g(x) = 8, + B, (distance), + 2, (age), + B,(% shrub),

where g(x) is the natural log of the odds of a species of native rodent occ.urrlng in
a fragmert. The scatterplots of the prasence of rodents against each predlc.tor ar"e
shown in Figure 13.2. The Hys of main interest were that there was no relationship
between the presence of native rodents (ie. the cdds that native rodents occurred
relative 1o not accurred) and each of the predictor variables, holding the others

constant. These Hs are that 8, =0, 4, = Oand 8,=0.

The maximum likelihood estimates and tests of the parameters were as

follows.
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Parameter  Estimate  ASE Wald statistic P
2, =3210 3013 —1.899 0.058
B 0.006 000! 0.399 0.690
o 0.025 0038 0.664 Q0.570
By 0.094 0.041 2361 0018

The odds ratios were as follows.
Predictor Distance Age Percentage shrub cover
Odds ratio 1.000 1.025 1101
95% Cl 0599-1.002 0952-1.104 1.016-1.192
Model comparisons include the follawing.

Log-likelihood of full model: —~9.679.
Reduced madel H, Log-likelihood G2 P
Byt B,age), +8,(% shrub), B (distance)=0 9757 0156 0693
B, +f(distance), + 8,(% shrub),  B{age) =0 ~9.501 0444 0505
A+ B (distance), + 2,(age), B{% shrub) =0 — 14458 9558 G002

The conclusions from the Wald test and from the G tests from the model fitting
procedure agree. Only the effect of percentage shrub cover on the probability of
radents being present, holding age and distance from nearest source canyon con-
stant, is significant. The odds ratio for percentage shrub cover was estimated as
1101 and the 95% Cl do not include one; for a 1% increase in shrub cover, a frag-
ment has a 110} more chance of having a rodent than nat, so even though the
effect is significant, the effect size is small. The odds ratios for the other twe predic-
tors clearly include one, indicating that increases in those predictors do not increase
the probability of a rodent being present in a fragment.

Goodness of fit statistics were calculated to assess the fit of the model. The
Hosmer~l emeshow statistic was not significant indicating no evidence for lack of

fit of the model,

Statistic Value df P

Hosmer—{ emeshow (f) 6972 & 0323

Pearson y? 20.823 21 0.470

Deviance (GY) 19358 24 0.562
0441

2
"

The model diagnostics suggested that the only fragment that might be influential on
the results of the modet fitting was Spruce, with a dfbeta (A4) and Pearson and
deviance residuals much greater than the other observations, Unfortunately, we
could not get the algorithm to converge on ML estimates when this observation
was deleted, so we could not specifically examine its influence on the estimated

regression coefficients.
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Logistic model and parameters
The general multiple logistic regression model for
p predictors is:

gx)=B,+ Bx, tBx,+.. .+ ﬁpxip {13.16)
For the Bolger el al. (1997) data:
g(x)= B, + g, (distance), + 3.(age), +
B,{% shrub), (13.17)

In models 13.16 and 13.17 we find the follow-
ing.

Z(x) is the natural log of the odds ratio of
y,=1versusy,=0, i.e. the log of the odds of a
species of native rodent occurring relative to not
occurring in a fragment.

B, is the intercept or constant, i.e. the log of
the odds of a species of native rodent occurring
relative to not occurring in a fragment when all
predictors equal zero.

B, is the partial regression coefficient for X,
holding the remaining predictors constant, i.e.
the change in the log of the odds of a species of
native rodent occurring relative to not occurring
in a fragment for a single unit increase in
distance to nearest source canyon, holding
canyon age and percentage shrub cover constant.

B, is the partial regression coefficient for X,
holding the remaining predictors constant, i.e.
the change in the log of the odds of a species of
native rodent occurring relative to not occurring
in a fragment for a single unit increase in
canyon age, holding distance to nearest source
canyon and percentage shrub cover constant,

B, is the partial regression coefficient for X,
holding the remaining predictors constant, i.e.
the change in the log of the odds of a species of
native rodent occurring relative to not occurring
in a fragment for a single unit increase in

9
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presence and absence of native
rodents in relation (2) to distance to
L nearest source canyon, (b} age since
fragment was isolated by
urbanization, and (<} % of fragment
area covered in shrubs, Data from
Bolger et al. (1997).
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percentage shrub cover, holding distance to
nearest source canyon and canyon age constant.

Just like in multiple linear regression models,
we can firstly test the significance of the overall
regression model by comparing the log-likelihood
of the full model (13.16 and 13.17) to the log-likeli-
hood of the reduced model (constant, or 8, only).
We calculate a G* statistic [—2({loglikelihood
reduced — log-likelihood full)] to test the H that at
least one of the regression coefficients equals
Zero.

To test individual coefficients, we can calcu-
late Wald statistics, each one being the estimated
regression coefficient divided by standard error of
estimated coefficient. These Wald statistics are
the equivalent of t tests for partial regression coef:
ficients in multiple linear regression (Chapter 6)
and can be compared to the standard normal (z)
distribution. Our reservations about Wald tests
(lack of power with small sample sizes) described
in Section 13.2.1 apply equally here.

A better approach is to fit a series of reduced
models and compare their fit to the full model. To
test H that g, (distance) = 0, we compare the fit of
the full model:

gx)= B, + B,(distance), + 5 (age],+

B.{* shrub), (13.17)

to the fit of a reduced model based on H, being
true:

2(x}= B, + B,(age). + B,(% shrub), (13.18)
with the G? statistic:

—2(log-likelihood reduced —

log-likelihood full) (13.15)

If the G? test is significant, we know that the inclu-
sion of distance as a predictor makes the full
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model a better fit to our data than the reduced
model and therefore H; is rejected. We can do a
similar model comparison test for the other pre-
dictors.

The difference between the full and reduced
models is also the difference in the deviances of
the two models. Remember that the deviance is a
measure of the unexplained variability after
fitting a model so comparing deviances is just like
comparing 8§; .. for linear models. Neter et al.
{1996) called this the partial deviance and we can
present the results of a multiple logistic regres-
sion as an analysis of deviance table.

Other aspects of multiple linear regression
described in Chapter 6 also apply to multiple
logistic regression. In particular, including inter-
actions between predictors and polynomial terms
might have great biological relevance and these
terms can be tested by comparing the fit of full
model to the appropriate reduced models.

13.2.3 Categorical predictors
Categorical predictor variables can be incorpo-
rated in the logistic modeling process by convert-
ing them to dummy variables (Chapter 5). Logistic
regression routines in most statistical software
will do this automatically. We described two sorts
of coding for turning categorical predictors into
continuous dummy variables for OLS regression
in Chapter 5. It is important that you know which
method your statistical software is using, as the
interpretation of the coefficients and odds ratios
is not the same for the two methods. Most pro-
grams use reference cell coding where one group
of a categorical predictor is used as a reference
and the effects of the other groups are relative to
that reference group. Alternatively, effects coding
could be used, where each group logit is com-
pared to the overall logit (Hosmer & Lemeshow
1939).

A model with a binary response variable and
one or more categorical predictors is usually
termed a logit model {Agresti 1990, 1996), to dis-
tinguish it from classical logistic regression. If all
the predictors are categorical, then loglinear
modeling (Chapter 14) is a more sensible proce-
dure because the data are in the form of a contin-
gency table. However, log-linear modeling does
not automatically distinguish one of the variables

as a response variable. For different log-linear
models, there are equivalent logit models that
identify a response variable {see Agresti 1996,
P- 165; Chapter 14).

13.2.4 Assumptions of logistic regression
Like all GLMs, logistic regression assumnies that the
probability distribution for the response variable,
and hence for the etror terms from the fitted
model, is adequately described by the random
component chosen. For logistic regression, we
assume that the binomial distribution is appro-
priate, which is likely for binary data. The reliabil-
ity of the model estimation also depends on the
logistic model being appropriate and checking
the adequacy of the model is important (Section
13.2.5).

When there are two or more predictors in the
model, then absence of strong collinearity (strong
correlations between the predictors) is as impor-
tant for logistic regression models as it was for
OLS regression models (Chapter 6). While not nec-
essarily reducing the predictive value of the
model, collinearity will inflate the standard errors
of the estimates of the model coefficients and can
produce unreliable results (Hosmer & Lemeshow
1989, Menard 1995, Tabachnick & Fidell 1996).
Most logistic regression routines in statistical soft-
ware do not always provide automatic collinearity
diagnostics, but examining a correlation matrix
between the continuous predictors or a contin-
gency table analysis for categorical predictors will
indicate if there are correlationsjassociations
between predictors. Tolerance, the r2 of a regres-
sion model of a particular variable as the response
variabie against the remaining variables as predic-
tors, can also be calculated for each predictor by
simply fitting the model as a usual OLS linear
regression model. Because tolerance only involves
the predictor variables, its calculation is not
affected by the binary nature of the response var-
iable.

13.2.5 Goodness-of-fit and residuals
Checking the adequacy of the regression model is
Just as important for logistic models as for general
linear models. One simple and important diagnos-
tic tool for checking whether our model is ade-
quate is to examine the goodness-offit. As with
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linear models fitted by least squares, the fit of a
logistic model is determined by how similar the
observed Y-values are to the expected or predicted
Y-values. The predicted probabilities that y, =1 for
given x; are:
ebo+inx

w{x}= 15 ot (13.19)
In model 13.19, b, and b, are the estimated coeffi-
cients of the logistic regression model. A measure
of fit of a particular model is the difference
between the observed and fitted values, ie. the
residuals. Residuals in GLMs are similar to those
for linear models, the difference between the
observed probability that y,=1 and the predicted
(from the logistic regression model) probability
thaty,=1.

There are two well-known statistics for assess-
ing the goodness-offit of a logistic regression
model. These statistics can be used to test that the
observed data came from a population in which
the fitted logistic regression model is true. The
first is the Pearson x* statistic based on observed
{0) and expected, fitted or predicted (¢) observa-
rions (Chapter 14):

SO0 O niy 1320
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In Equation 13.20, y, is the observed value of Y, 7 is
the predicted or fitted value of Y for a given value
of x, and n is the number of observations. The use
of the 2 statistic for logistic regression models is
best visualized by treating the data as a two
{binary response, Y) by n (different values of X} con-
tingency table. The y? statistic for goodness-offit is
the usual ¥* for contingency tables (Chapter 14).
The other is the G? statistic, which is:
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The terms in Equation 13.21 are as defined as in
Equation 13.20. The G* statistic is also the devi-
ance for a given model, defined in Section 13.2.1.
In both cases, low values indicate that the
model is a better fit to the data, i.e. the observed
and fitted values are similar. The Pearson ¥® statis-

tic and the deviance G? statistic approximately
follow a x* distribution under certain assump-
tions. The most important assumption is that the
minimum predicted frequency of either of the
binary outcomes is not too small {see Chapter 14).
When the predictors are continuous, however,
there will usually be one or few observations of Y
for each combination of values of the predictor
variables (n,=1) so this assumption is not met
and the Pearson y? statistic and the deviance G2
statistic will not have approximate y* distribu-
tions. The statistics themselves are still valid
measures of goodness-offit; it is just their P-
values that are unreliable (Hosmer ¢t al. 1997).
Note also that when we have multiple observa-
tions for each combination of X-values, such as
when the predictors are categorical, we will have
a contingency table in which the expected fre-
quencies are more likely to be reasonable (see
Section 13.2.3 and Chapter 14) and the P-values
associated with these statistics will be much
more reliable. Note also that the calculation of
deviance for categorical predictors depends on
whether the saturated model is determined
based cn individual observations or groupings of
observations (Siminoff 1998).

So, we cannot use the usual y* or G* statistics
to test null hypotheses about overall goodness-of-
fit of a model when the predictors are continuous,
although they are still useful as comparative
measures of goodness-of-fit. Hosmer & Lemeshow
{1989) developed a solution to the problem of
testing goodness-of-fit for continuous predictors
in logistic regression by grouping observations so
that the minimum expected frequency of either
of the binary outcomes is not too small. The
Hosmer-Lemeshow statistic, also termed the
deciles of risk (DC) statistic, is derived from aggre-
gating the data into ten groups. The grouping is
based on either each group having one tenth of

" the ordered predicted probabilities so the groups

have equal numbers of observations, or the
groups being separated by fixed cutpoints {e.g.
first group having all probabilities =0.10, etc.).
Both grouping methods produce a statistic (C)
which approximately follows a x? distribution
with df as the number of groups minus two.
Hosmer et al. (1997) reviewed many goodness-
offit tests, including the Pearson )2 statistic and
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¢, for assessing logistic regression models. They
found that the »? statistic performed well if based
on the conditional mean and variance estimate
and compared to a scaled y* distribution; unfortu-
nately, the computations required to modify the
usual y* statistic are not straightforward. They
also recommended C, as it is available in most sta-
tistical software and is powerful and we support
their recommendation.

There has also been work on analogues of #?
used as a measure of explained variance in QLS
regression. Menard (2000) discussed a range of
measures like 7* for logistic regression and tenta-
tively recommended:

,_[In(l) = In(L)] _ In(Ly)
L In(Ly) In(L,)

(13.22)

In Equation 13.22, [, is the likelihood for the
model with only the intercept and L, is the likeli-
hood for the model with all predictors (one in the
case of simple logistic regression),

13.2.6 Model diagnostics -

As well as assessing the overall fit of the model,
it is also important to evaluate the contribution
of each observation, or group of observations, to

the fit and deviations from the fit. In OLS linear

models, we have emphasized the importance of
residuals, the difference between each observed
and fitted or predicted value. There are two types
of residuals from logistic regression models. The
first is the Pearson residual for an observation,
which is the contribution of the difference
between the observed and predicted value for
an observation to the Pearson y* statistic, and
is usually expressed as a standardized residual

(e,):

¥ —

e,= m (13.23)

where y, is the observed value of Y, 7, is the pre-
dicted or fitted value of Y for a given value of x.and
n is the number of observations. The second is
the deviance residual for an observation, which is
the contribution of the difference between the
observed and predicted value for an observation
to the total deviance.

The Pearson and deviance residuals approxi-
mately follow a normal distribution for larger

sample sizes when the model is correct and resid-
uals greater than about two indicate lack of fit
(Agresti 1996, Hosmer & Lemeshow 1989, Menard
1995). When predictor variables are continuous
and there is only a single value of Y for each com-
bination of values of the predictor variables, then
the large sample size condition will not hold and
single residuals will be difficult to interpret,
When the predictor variables are categorical and
we have reasonable sample sizes for each combi-
nation of predictor variables, then residuals are
easier to interpret and we will examine such resid-
uals in the context of contingency tables in
Chapter 14.

Diagnostics for influence of an observation, i.e.
how much the estimates of the parameters
change if the abservation is deleted, are also avail-
able and are similar to those for OLS models
{(Chapter 5; see also Hosmer & Lemeshow 1989,
Menard 1995). These include (i) leverage, which is
measured in the same way as for OLS regression,
and (ii) an analogue of Cook’s statistic standard-
ized by its standard error called Dfbeta (Agresti
1996) or A (Hosmer & Lemeshow 1989), which
measures the standardized change in the esti-
mated logistic regression coefficient b, when an
observation is deleted. The change in ? or devi-
ance when an observation is deleted can also be
calculated. These diagnostics are standard output
from many logistic regression routines in statisti-
cal software. Influential observations should
always be checked and our recommendations
from Chapters 4 and 5 apply here.

13.2.7 Model selection
As with OLS multiple linear regression, we often
wish to know which of the two or more predictor
variables in the logistic regression model contrib-
utes most to the pattern in the binary response
variable. Arelated aim is to find the “best” model,
one that provides the maximum fit for the fewest
predictors. The criteria for assessing different
models include the Pearson x° or deviance (G?) sta-
tistics, 1% and information criteria like Akaike’s
{see Chapter 6). The Akaike Information Criterion
{AIC} adjusts (“penalizes”) the G? (deviance) for a
given model for the number of predictor variables:

AIC=G2—n+2p (13.24)
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where n is the number of observations and p is the
number of predictors. For categorical predictors:

AIC=G*—D+2p (13.25)

where I} is the number of different combinations
of the categorical predictors (Larntz 1993). Models
with low AICs are the best fit and if many models
have similarly low AICs, you should choose the
one with the fewest model terms. For both contin-
uous and categorical predictors, we prefer com-
paring full and reduced models to test individual
terms rather than comparing the fit of all possible
models to try and select the “best” one.

We will not discuss stepwise modeling for
multiple logistic regression or more general logit
meodels. Qur reservations about stepwise proce-
dures (see also James & McCulloch 1990) have been
stated elsewhere (Chapter 6}.

13.2.8 Software for logistic regression
Logistic regression models can be fitted using sta-
tistical software in two main ways. Most programs
provide logistic regression modules, often as part
of a general regression module. It is assumed that
the response variable is binary and that a GLM is
fitted with a binomial distribution for the error
terms and a logit link function. Some software
offers GLM routines and the error distribution
and link function might need to be specified. The
range of diagnostics is usually extensive but it is
always worth running a known data set from a
text like Christensen (1997) or Hosmer &
Lemeshow (1989). Tabachnick & Fidell (1996) have
provided an annotated comparison of cutput
from four common prograims.

13.3 | Poisson regression

Biologists often deal with data that are in the
form of counts {e.g. number of organisms in a
sampling unit, numbers of cells in a tissue
section) and we commonly wish to model a
response that is a count variable. Counts usually
have a Poisson distribution, where the mean
equals the variance and therefore linear models
based on normat distributions may not be appro-
priate. One solution is to simply transform the
response variable with a power transformation

{e.g. V), which tends to remove any relationship
between the mean and variance. An alternative is
to use a GLM with a Poisson error term and a log
link function that is called a log-linear model. Log-
linear models are commonly used to analyze con-
tingency tables (Chapter 14) but can also be used
effectively when the predictors are continuous
and the response variable is 2 count to produce a
Poisson regression model:

log(p) =B, + Bx;

In model 13.26, x is the mean of the Poisson dis-
tributed response variable, 3, is the intercept
(constant), 3, is the regression coefficient and x, is
the value of a single predictor variable for obser-
vation i. The model predicts that a single unit
increase in X results in Y increasing by a factor of
ef1 (Agresti 1996). A positive or negative value of B,
represents Y increasing or decreasing respectively
as X increases. Such models can be easily extended
to include multiple predictors. For example,
Speight et al. (1998) described the infestation of a
scale insect Pulvinaria regalis in an urban area in
England. They modeled egg code, the level of
adultfegg infestation measured on a scale of one
to ten, against seven predictor variables: tree
species, tree diameter, distance to nearest infested
tree, distance to mnearest road, percentage
impermeability of ground, tree vigor and distance
from nearest building.

Nearly all the discussion in previous sections
related to logistic regression, inciuding estima-
tion, model fitting and goodness-ofit, and diag-
nostics, applies similarly to Poisson regression
models. One additional problem that can occur
when modeling count data is that we are assum-
ing that the response has a Poisson distribution
where the mean equals the variance. Often,
however, the variance is greater than the mean,
which is termed overdispersion (Agresti 1996). In
GLMs, the dispersion parameter is now less than
or greater than one (see Section 13.1). Standard
errors of estimated regression coefficients will be
smaller than they should and tests of hypotheses
will have inflated probabilities of Type I error.
Overdispersion is usually caused by other factors,
which we have not measured, influencing our
response variable in heterogeneous ways. For
example, we might model number of plant

(13.26)
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species per plot against soil pH in a forest; if
unmeasured nutrient levels also vary greatly
between plots, then variance in the number of
species may be greater than the mean. There are
at least three possible ways of dealing with over-
dispersion.

» We can correct the standard errors of the para-
meters by multiplying by \/(f/df), as sug-
gested by Agresti (1996). Gardner et al. {1995)
provide a complex adjustment based on an
estimate of the dispersion parameter.

» We could use a more appropriate probability
distribution, such as the negative binomial
{Chapter 2, Gardner et al. 1995).

« We could use quasi-likelihood models where
the dispersion parameter is estimated from the
data rather than restricted to the value defined
by a Poisson distribution.

Criteria for assessing the fit of GLMs, such as the
likelihood ratio statistic and AIC, are also sensitive
to overdispersion. Fitzmaurice (1997) suggested
that such criteria could be simply scaled by a
REML (restricted maximum likelihood} estimate
of the degree of overdispersion.

13.4 | Generalized additive models

Generalized additive models (GAMs) are non-para-
metric modifications of GLMs where each predic-
tor is included in the model as a non-parametric
smoothing function (Hastie & Tibshirani 1990). In
general terms, with a response variable and j=1
te p predictor variables, a GLM can be written as:

"
glw)= By + 2‘1 BX, (13.27)
3=
Note that we have summarized the systematic
component representing the predictor variables
as a sum of products between regression coeffi-
cients and predictors.
A GAM fits a more flexible model:

¥
sl =B, + > fX, (13.28)
i=1
8l =By +fix, +Lxg - * ¥y (13.29)

In models 13.28 and 13.29, the f; are non-
parametric functions estimated using a smooth-

ing technique {Chapter 5). These smoothing func-
tions, which are commonly Loess or cubic splines
for GAMs, are usually estimated from exploratory
scatterplots of the data {(Yee & Mitchell 1991).

For example, recall the data from Loyn (1987)
described in Chapter 6. These data were the abun-
dances of birds from 56 forest patches in south-
eastern Australia. Six predictor variables were
recorded for each patch: area, distance to nearest
patch, distance to nearest largest patch, grazing
intensity, altitude and years since isolation. A
GAM with all predictors (area and the two dis-
tances transformed to logs), using a normal prob-
ability distribution and identity link function and
based on Loess smoothing functions for each pre-
dictor, would be:

glmean bird abundance) = 8, +

f,(log patch area), + f (years isolated), +
fy(tog nearest patch distance}, +

f,(log nearest large patch distance), +

fi(stock grazing), + f (altitude), (13.30)

where fJ is a Loess smoothing function. Note that
there is no requirement for the same criteria to be
used for each smoothing function, eg. Loess
smoothers for X, and X, may use different smooth-
ing parameters, or even for the same type of
smoothing function to be used for each predictor,
e.g. a Loess could be used for X, and a-cubic spline
for X,. The smoothing function for each predictor
is derived from the data separately from the
smoothing function for any other predictor. We
will illustrate the fit of a GAM to a subset of these
data from Loyn (1987), incorporating only three
predictors (log patch area, log nearest patch dis-
tance, years isolated), in Box 13.3.

The main difference between GLMs and GAMs
is that the former fits models that are constrained
to a parametric {linear) form whereas the latter
can fit a broader range of non-parametric models
determined from the observed data. A combina-
tion of the two types of models is termed semi-
parametric. This is a linear model with
non-parametric terms included for at least one
but not all of the predictors. GAMs are termed
additive because the response variable is modeled
as the sum of the functions of each predictor with
no interactions.

Like GLMs, GAMSs need a link function defined
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Box 13.3 | Worked example of generalized additive
models: bird abundances in habitat fragments

We will use the data from Loyn (1987), first introduced in Chapter 6,10 illustrate a
simple application of GAMs. We will mode! the abundance of birds in 56 forest
patches against three predictors: log,, patch area, log,, distance to nearest patch
and years since patch isolation. The boxplot of bird abundance is symmetrical so
we will use a narmal (Gaussian} probability distribution and an identity link function.
We will also use a Loess smoathing function for each of the predictors and keep
the smoothing parameter the same for all three functions. YWe fitted the models
using S-Plus 2000 forWindows software.

Full modek:

g(mean bird abundance) = B, +1,(log,, patch area), + f,(years solated) +
fi({log,, nearest patch distance),
Deviance for null maodel:

Residual deviance from fitted model:

6337.929 with 55 degrees of freedom
1454.314 with 40.529 degrees of
freedom

Degrees of freedom and f-ratios for non-parametric effects for each predictor
are tabulated below.

Parametric  MNon-parametric  Non-parametric
Term df df Fratio - P
Intercept |
Lag,, patch area | 42 1817 0.142
Years isolated | 33 G618 0620
Log,, nearest patch distance | 4.1 2576 0051

MNeone of the terms had significant non-parametric components, suggesting that the
linear model we fitted in Chapter 6 was appropriate, at least for these three pre-
dictors, This is clear from the Loess fits to scatterplats of bird abundance against
sach predictor (Figure 13.3) with only log,, distance suggesting some nonlinearity.

Test of log,, patch area is as foliows.

Medel Wi DEVIANTEL
Log,, patch area + years isolated + log,, nearest patch distance  40.529 1454.314
Years isolated + log , nearest patch distance 45.683 3542574

Difference in deviance = —2088.26, df = —5.154, approximate F-ratio= 11291,
P <0001,

Clearly, a model that includes log,; patch area was a significantly better fit than
a reduced mode! that doesn't. Equivalent model comparisons could be done far
the remaining twa predictors.
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and a probability distribution for the response
variable that implies a probability distribution for
the error terms from the model. The difficulty in
specifying a probability distribution for the
response variable and error terms is often over-
come in GAMs by using quasi-likelihood models
where only a relationship between mean and var-
iance is specified and the dispersion parameter
(i.e. the variance) is derived from the data (Section
13.1). The fit of a GAM is based on something
called the local scoring algerithm, an extension of
the Newton-Raphson algorithm used for fitting
GLMs. Details of both can be found in Hastie &
Tibshirani (1990) but basically local scoring uses a
backfitting algorithm that iteratively fits a
smoothing function, determines the partial resid-
uals, and smooths these residuals. The details are
complex and understanding them is not neces-
sary to appreciate GAMs.

The important point is that we can measure
the fit of a particular GAM, using measures like
deviance and AIC, and also compare the fit of
models with and without particular terms or
combinations of terms. This allows us to assess the
contribution of each predictor, modeled with its
specific smoothing function, to the pattern in the
response variable based on the usual analysis of
deviance as used for GLMs. The difference in devi-
ance between two hierarchical models {one with
and cone without the term being tested in the H)
can be compared asymptotically to a y?* distribu-
tion. Hastie & Tibshirani (1990} also suggested
that deviance statistics can be converted to
approximate Fratio statistics when the dispersion
parameter is unknown and F tests are common
output from software that fits GAMs. In summary,
GAMs can be analyzed using the same framework
as linear and generalized linear models.

There are some complexities when using

3 4 10 15 20 25 38 35 0 20 40 &0 80 100
Log,, distance Years

GAMs for inference that we do not find in linear
and generalized linear models. The use of smooth-
ing functions means that the degrees of freedom
will usually not be an integer (Yee & Mitchell
1991). Additionally, the degrees of freedom for a
smoothing term can be split into two compo-
nents, that due to the parametric linear fit and
that due to the non-parametric fit once the linear
component has been removed. Some software also
provides tests of the non-parametric component
for individual terms in our model. This is very
useful if GAMs are used as an exploratory tool
because non-significant non-parametric  fits
suggest that linear models are appropriate for the
data.

An example of the use of GAMs in biology
comes from Berteaux & Boutin (2000) who
modeled the breeding behavior of female red
squirrels against 13 possible predictor variables,
including minimum age of females, food abun-
dance in same year as female behavior observed,
food abundance in previous year, minimum
number of middens owned by female, number of
juveniles at weaning, and year of study. Their
response variable was categorical, values being
one, two or three: one was females keeping their
territory and excluding juveniles after breeding,
two was females sharing their territories with
juveniles and three was females bequeathing
their territories to juveniles. Berteaux & Boutin
(2000} fitted GAMs with different combinations of
predictors and with cubic splines as the smooth-
ing functions. They used a quasi-likelihood model
to estimate the variance in their response variable
because a Poisson distribution was not quite
appropriate. They also used the Akaike Infor-
mation Criterion (AIC) to select the best model,
which turned out to be the one with the predic-
tors listed above but not including the remaining
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sevenn predictors. They also used logistic regres-
sion to model a binary response (femaies disperse
or not disperse after breeding) against these previ-
ously described predictor variables; pretty much
the same set of variables as for the GAM had the
best fit in the logistic model.

Bjorndal et al. (2000) also used GAMs to model
the growth rates (from mark-recapture data) of
immature green turtles in the Bahamas against
five predictor variables (sex, site, year, mean size
and recapture interval). They used a similar mod-
eling procedure to Bertaux & Boutin (2000), with
quasi-likelihood models and cubic spline smooth-
ing functions. However, they sensibly did not try
to select a single best model, but rather estimated
the fit and parameters for a model with all predic-
tors, including specific contrasts between sexes
(male vs female and male versus unknown) and
between the three sites. They also tested for non-
linear effects for some of the predictors (see also
Yee & Mitchell 1991).

Although GAMs are very flexible models that
can be fitted for a wide range of distributions of
the response variable, especially exponential dis-
tributions, their application is not straightfor-
ward. First, we must choose a smoothing function
for each predictor and also a smoothing parame-
ter for each smoothing function. Second, we must
make the same decisions as for GLMs: which prob-
ability distribution and link function combina-
tion is appropriate or use quasi-likelihood models.
Third, we must have appropriate software and
routines for fitting GAMs are not available in most
commercial programs, although S-Plus is a note-
able exception. With these limitations in mind,
GAMs can be very useful, both as an exploratory
tool that extends the idea of smoothing functions,
and as a more formal model fitting procedure that
lets the data determine many aspects of the final
model structure.

13.5 | Models for correlated data

One of the most challenging data analysis tasks for
biologists is dealing with correlated data. For
example, repeated observations on the same sam-
pling or experimental units, either under sequen-
tial treatment applications or simply through

time, cause difficulties for analysis. All the linear
and additive models we have described so far
assume independence of observations. If observa-
tions are correlated, then the variances and stan-
dard errors of estimated model parameters will be
inappropriate. For example, positive correlations
between observations will resultin standard errors
of parameter estimates being toc low and
increased Type I error probabilities for hypothesis
tests and negative correlations will result in the
converse effect (Dunlop 1994; see also Chapters 5
and 8 for discussion of effects of non-independence
in linear regression and ANOVA models).

We have already described methods for
dealing with correlated observations that are
based on adjusting estimates and hypothesis tests
depending on the degree of correlation. For
example, the ANOVA models we used for repeated
measures designs in Chapters 10 and 11 are basi-
cally standard partly nested models where we
adjust the tests of significance in a conservative
fashion to correct for inflated Type I errors result-
ing from the correlated observations. While atiow-
ing reliable significance tests for repeated
measures designs, we would really like a method
that fits predictive models that incorporate a
mixture of continuous and categorical predictors
in a general modeling framework. We will briefly
describe two relatively recently developed model-
ing techniques that specifically address correlated
data. Details of the methods are beyond the scope
of this book, and our expertise. Their main appli-
cation seems to have been in the medical litera-
ture, especially various types of clinical trials, and
in educaticn, although they clearly have potential
application in biology given the prevalence of
repeated measures designs in the literature. Qur
aim is simply to make biologists aware that there
are methods based on linear and generalized
linear models for dealing with correlated data,
and to provide references to the literature that
will help biologists wishing to investigate these
methods further.

These two modeling approaches are just some
of the many methods for dealing with correlated
data, especially longitudinal data where we have
repeated observations of sampling or experimen-
tal units. As well as the adjusted ANOVA models
described in Chapters 10 and 11, there are growth
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models, structural equation models, Markov
models, transition models and more formal non-
linear time series analyses {see Chapter 5). These
techniques, and the two described below, are
reviewed by Bijleveld & van der Kamp (1998) and
Diggle et al. (1994),

13.5.1 Multi-level (random effects) models
We often deal with observations from sampling or
experimental units that are arranged hierarchi-
cally. In Chapter 9, we described nested ANOVA
models for situations where we had categorical
predictors (factors) that were nested within other
factors. In those analyses, we used a single model
that incorporated the top level factor plus a
second level factor nested within the top level
factor and so on. One assumption was that obser-
vations at the lowest level (“replicates”) were inde-
pendent of each other. Longitudinal, repeated
measures, data can also be viewed as hierarchical
with the repeated measurements being nested
within an individual sampling or experimental
unit and those units being nested within some
other (between unit) factors. The difference from
the classical nested design described in Chapter 9
is that the measurements nested within each unit
are not independent of each other. Laird & Ware
{1982) proposed using multi-level linear models
with random effects for analyzing longitudinal
data, including repeated measures designs, In
fact, these models include both fixed and random
effects and are therefore best described as multi-
level mixed models (Bijleveld & van der Kamp
1998, Ware & Liang 1996).

Consider a fictitious study on growth rates of
animals where we use a repeated measures design
with a single between-subjects factor (sex) and
time as the within-subjects factor. The subjects or
units might be individwal animals and the
response variable might be body size. The basic
idea is that we fit a model in two stages; we will
mainly follow the terminology of Bijleveld & van
der Kamp (1998). In the first stage, we model the
response variable for the observations within each
unit, against whichever predictor variables are
represented by the different times. For example,
the predictors may be simply time (in days,
months or years) and/or some polynomial of time,
Or may represent successively applied treatments.

With usual linear or generalized linear modeling
techniques, we estimate the fixed model parame-
ters for the time effects within each unit and the
random error terms:

y,=BT+e, (13.31)

In model 13.31, y, is the vector of response variable
values for each time for unit i, T is a matrix repre-
senting the different times, B, is the vector of
regression coefficients (intercept and stopes,
usually only one slope if T contains only a single
time variable) and g, is the vector of random error
terms. In the second stage, we treat the regression
coefficients as random effects allowing the coeffi-
cients (slopes and/or intercepts) of the regressions
against time to vary from wunit to unit. We are
assuming the observed regression coefficients for
each unit are a sample from some probability dis-
tribution of coefficients. We now model these
random coefficients against the predictor vari-
ables measured at the between-unit (or subject)
level, which will be the between-subjects factor(s):

B,=vyx+u, (13.32)

In this stage two model, f; is the vector of regres-
sion coefficients from stage one, X, is the matrix of
between-unit predictor variables, such as the
between-subjects design structure, -y is the vector
of coefficients relating the original regression
coefficients to the between-subjects factor and u,
is the vector of random error terms.

These two stages can be combined into a single
mixed model:

¥,= ¥I%,+Tu,+e {13.33)

There are two sets of random effects, the error
term from the first level model {within units) and
those from the second level model {between
units). Different formulations of this model for
situations where we allow the slopes or the inter-
cepts or both to vary between units are provided
by Burton et al. (1998), Cnaan et al. (1997) and Omar
et al. (1999). These models can also be extended to
three and more levels.

These multi-level models are usually fit using
iterative least squares that result in REML esti-
mates of parameters. The random effects are often
estimated as variance components. Tests of partic-
ular terms in the model are based on comparing

MODELS FOR CORRELATED DATA

377

models with and without the term of interest
with likelihood ratic (deviance) tests. For the fixed
parameters, these deviances can be compared to a
¥ distribution; for random parameters, using the
¥ distribution will result in overly conservative
tests {Burton et al. 1998).

Routines for fitting multi-level mixed models
are becoming available, both as stand-alone pro-
grams (Burton et al. 1998) and in more general use
statistical software {e.g. S-Plus). These multi-level
mixed models are complex, the literature replete
with slightly different formulations of what is
basically the same set of model for a given number
of levels. They are particularly useful if the rela-
tionship between the response variable and time
for each sampling or experimental unit is of inter-
est because this pattern can be modeled, allowing
for different slopes andjor intercepts for each
unit, against between-unit (between-subject) pre-
dictors (factors).

13.5.2 Generalized estimating equations

Generalized estimating equations (GEEs) were
introduced by Liang & Zeger (1986) as an exten-
sion of GLMs to model correlated data. To under-
stand the basics of GEEs, we need to examine how
we fit GLMs in a little more detail. GLMs are fitted,
and therefore parameters of the model are esti-
mated, by solving complex likelihood equations
using the iterative Newton-Raphson algorithm. If
the response variable has a probability distribu-
tion from the exponential family, then the likeli-
hood equations can be viewed as estimating
equations (Agresti 1990), equations that are solved
to produce ML estimates of model parameters. The
normal equations that are solved to produce OLS
estimates of linear regression models (Chapter 5)
can also be considered as estimating equations.
The estimating equations for GLMs are character-
ized by a covariance (or correlation) matrix that
comprises zeros except along the diagonal, i.e. cor-
relations between observations are zero (Dunlop
1994), Liang & Zeger (1986) generalized these esti-
mating equations to allow for covariance matrices
where correlations between observations on the
same sampling or experimental unit (“subject”)
are not zero. Solving the GEEs results in estimates
of model parameters with variances (and standard
errors) that are robust to correlations between

observations (Burton et al. 1998). GEEs are not
restricted to situations where the response vari-
able has a probability distribution from the expo-
nential family. In fact, quasi-likelihood methods
are used where we only need to specify a relation-
ship between the mean and variance for Y and we
estimate the variance from the data (Section 13.1),

GEEs fit marginal models, where the relation-
ship between the response variable and predictor
variables is modeled separately from the correla-
tion between observations within each experi-
mental or sampling unit (Diggle et al. 1994). For
example, imagine a data set where we have n sam-
pling units {e.g. permanently marked plots in a
forest) and we record a response variable (e.g.
growth rate of plants) and a predictor variable (e.g.
soil phosphorus concentration} at a number of
times. OQur main interest is probably the relation-
ship between plant growth and soil P, but we want
to estimate the parameters of a regression model
between these variables accounting for the corre-
lation between observations through time for the
same plot. The GEE method will estimate the
regression separately from the within-unit corre-
lation. In a repeated measures design, we might
have experimental units within a number of treat-
ment groups but these units are observed repeat-
edly through time. A GEE approach to the analysis
would estimate the correlation structure within
units separately and use this when fitting a linear
model of the response variable against the treat-
ment variable. The correlation structure is treated
as a nuisance parameter used to adjust the vari-
ance and standard errors of the parameter esti-
mates (Qmar et al. 1999).

Burton et al. (1998) summarized the steps in
fitting a GEE. First, a GLM is fitted to all observa-
tions and the residuals calculated. These residuals
are used to estimate the correlation between
observations within each unit. The GLM is refitted
but now incorporating the correlation matrix just
estimated into the estimating equations. The
residuals from this new fit are used to re-estimate
the correlation structure and the steps repeated
until the estimates stabilize. Hypothesis tests for
individual parameters of the model are usually
done with Wald tests (Section 13.2.1), where the
estimate of the parameter is divided by its robust
standard error estimated from the GEE model.
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Besides finding software that will fit GEEs, the
main difficulty is that the structure of correla-
tions between observations (i.e. the covariance
matrix) needs to be specified a priori. Burton et al.
(1998) and Horton & Lipsitz (1999) suggested a
range of working correlation structures.

« Independence, where there are no correlations
between observations. Clearly, this is not a sen-
sible choice when we have repeated observa-
tions.

Exchangeable, where the correlations between

different observations are identical, no matter

how close they are in a time sequence, This is
the equivalent of compound symmetry,
described for analyses of repeated measures

designs with ANOVA models in Chapters 10

and 11.

Unstructured, where the correlations between

pairs of observations can vary and are esti-

mated from the data,

= Fixed, where we fix the correlations rather
than estimating them from the data.

* Autoregressive, where correlations between
observations closer together in a time
sequence are mere correlated than observa-
tions further apart, This is the situation we
anticipate in repeated measures designs and
why we usually need to adjust significance
tests when fitting partly nested ANOVA models
to repeated measures data {Chapters 10 and
11}). This choice of correlation structure is used
when the residuals from a linear model fit are
used to estimate the correlations between
observations,

All choices except an unstructured correlation
matrix will constrain the pattern of estimated cor-
relations between observations within the same
unit. Horton & Lipsitz (1999} recommended an
unstructured correlation matrix if the data set is
balanced (no missing values) and the number of
observations within a unit is small. It turns out
that one of the strengths of GEEs is that, although
correct specification of the correlation structure
makes estimation more efficient, parameter esti-
mates are usually consistent even if the wrong cor-
relation structure is used, i.e. the estimates of
model parameters are not very sensitive to the
choice of correlation structure. Omar et al. (1999)

showed this for real data, where estimates and
standard errors of between-subject treatiment dif
ferences from a repeated measures design with
repeated observations within subjects were
similar for unstructured, exchangeable and auto-
regressive correlation structures.

While GEEs may not work as well for small
sample sizes (Ware & Liang 1996), all model fitting
methods have difficulties in this situation. GEEs
can handle missing data effectively as long as the
observations are missing completely at random
{Chapters 4 and 15}, and therefore provide a real
alternative to classical ANOVA type models for
repeated measures designs that do not handle
missing observations very effectively (Chapters 10
and 11}. GEEs can be used for any combination of
categorical and continuous response variables and
predictors and can make use of the GLM frame-
work of specifying a link function, so that the GEEs
can resemble logistic and log-linear models.

In a comparison of different methods for ana-
lyzing repeated measurement data, Omar et al,
{1999} argued that GEEs are most applicable when
the pattern of observations through time for sam-
pling or experimental units is not the main
research question. For example, in a repeated meas-
ures design, GEEs might be suitable when the main
factor of interest was between subjects and the
within-subjects component represents repeated
observations through time. If the within-subjects
component is a factor of specific interest, GEEs are
less useful. GEEs are really best for estimating
regression models where we have a mixture of
repeated and independent observations or when
the focus is on comparisons of groups where the
units are independent between groups, even if
there are also repeated observation within units,

13.6 | General issues and hints for
analysis

13.6.1 General issues

* Generalized linear models (GLMs) provide a
broad framework for testing linear models
when the distribution of model error terms, and
the response variable, is from the exponential
family (e.g. normal, binomial, Poisson, etc.).
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« Logistic regression is a GLM for modeling
binary response variables against categorical
or continuous predictors.

« GLMs such as logistic regression are paramet-
ric analyses. Choosing the correct probability
distribution, and therefore mean and variance
relationship, is important. Quasi-likelihood
madels are more flexible if you are not sure
about the probability distribution or you have
data that are underdispersed or overdispersed.

« Poisson regression is a GLM for modeling
Poisson response variables (e.g. counts) against
categorical or continuous predictors.

« Generalized additive models (GAMSs) increase
the flexibility of GLMs by permitting a range of
non-parametric smoothing functions, rather
than just linear relationships.

« For modeling correlated data, generalized esti-
mating equations (GEEs) can provide estimates
of parameters and robust standard errors that
account for the correlations but are most
suited to situations where the pattern through
time is not of much interest.

» Multi-level mixed models fit linear models
through time for each sampling and experi-
mental unit (stage one) and then model the

coefficients from those stage one models
against between-unit predictor variables (stage
two).

13.6.2 Hints for analysis

« Goodness-of-fit tests for logistic models with
continuous predictors are difficult to interpret.
The Hosmer-Lemeshow C statistic is recom-
mended; do not rely on P values from standard
¥* or G2 statistics.

* Always compare GLMs with multiple predic-
tors in a hierarchical fashion. If an interaction
term is included, also include all lower-order
terms. Check for collinearity if you have two or
more predictor variables.

= Overdispersion in binomial or Poisson distribu-
tions (where the variance is greater than
would be expected based on the chosen proba-
bility distribution) can affect parameter esti-
mates and significance tests. Adjustments can
be made or use quasi-likelihood models.

* When both the response variable and predictor
variable(s) are categorical, log-linear models
are easier to interpret if distinguishing a
response variable is not essential.




’ Chapter 14

Analyzing frequencies

The previous chapter introduced logistic regres-
sion, a generalized linear model based on a bino-
mial distribution and logit link function for
modeling binary response variables. If the
response has more than two categories, then it is
likely to come from a multinomial distribution, of
which the binomial is a special case. We can also
model the count or frequency in each category as
coming from a Poisson distribution when the
total count (n) across all categories is not fixed.
This chapter focuses on the analysis of one or
more categorical variables, particularly when we
have counts of observations in each combination
of the variables. When there are two or more var-
iables, each with two or more categories, the
counts form a contingency table where the obser-
vations are cross-classified by the categorical vari-
ables. Contingency tables do not specificaliy
distinguish response and predictor variables,
although such a distinction can be important in
model building and interpretation.

A fundamental statistic for the analysis of cat-
egorical data is the chi-square (y?) statistic, also
called the Pearson x© statistic, which is commonly
used to compare observed and theoretical {i.e.
expected) frequencies in categories:

i(o—.‘z)2

2, (14.1)

where o and e denote the observed and expected
(or theoretical) frequencies respectively in each
category or combination of categories and the
summation is over all the categories. The degrees
of freedom are a function of the number of cate-
gories minus one. Note that y* basically measures

the differences between the observed and
expected values. It has a value of zero when the
observed and expected values are the same. Null
hypotheses in categorical analyses often imply
that a sample of observations came from a popu-
lation where the observed frequencies match
some expected frequencies. The »? statistic
approximately follows a 3? distribution if the fol-
lowing assumptions hold.

1. Observations are classified into categories
independently. This means that the category
combination into which any observation is
classified is independent of the category
combination inte which other observation is
classified.

2. No more than 20% of the categories have
expected frequencies less than about five (Agresti
1990, 1996). With smaller sample sizes,
comparisons of the y? statistic to a y*
distribution can prodice misleading
probabilities.

This chapter is an introduction to categorical
data analyses; more detailed treatments can be
found in Agresti {1990, 1996), Christensen (1997)
and Tabachnick & Fidell (1996) among others. We
will first illustrate some simple analyses based on
the »* statistic, although generalized linear
models, especially log-linear models, are much
more flexible for categorical data analysis. We will
consider these later in the chapter.
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single variable

‘Box 14.1 {Worked example: goodness-of-fit tests for a

“For one of the few times in this book, we will use fictitious data. Ninety shrubs of
E‘éi-dioecious plant were sampled in a forest and each plant was classified as male or
i(female. The observed counts and the predicied (expected) counts based on a

“theoretical 50:50 sex ratio were as follows.

Female Mala Total

Observed 40 50 S0
“Expected 45 45

The H, is that this sample of plants came fram a population with a sex ratio of 50:50.

The expected values were derived from n and the H,.

A=, di= 1, P=0292.

There is no evidence that the observed sex ratio in the population is different

from 50:50.

I4.1 | Single variable goodness-of-fit
tests

A simple goodness-offit test is where we test
whether our observations come from a popula-
tion with a particular distribution of frequencies
in categories of a single variable. The general data
layout for these tests is usually a single categorical
variable with counts or frequencies for each cate-
gory (Box 14.1). The expected values (if H, is true)
are calculated from some theoretical or predicted
frequency. The H, is that the observed data came
from a population that has the theoretical or
expected frequencies. We test this H; by calculat-
ing a y* statistic with the equation described
above. We then compare the calculated x* to the
x° distribution with the degrees of {reedom being
the number of categories minus one. If the prob-
ability of obtaining the calculated x? or one
larger, when H, is true, is less than our chosen sig-
nificance level, then H; should be rejected. This is
the standard logic of tesring a statistical null
hypothesis (Chapter 3).

An alternative goodness-of-fit test for a single
variable is the Kolmogorov-Smirnov (K-S) test,
which compares observed and expected cumula-
tive frequencies (Hays 1994}). The test statistic (D} is
just the largest difference between the observed

and expected cumulative frequencies across all
possible values of the categorical variable. This
test is preferred to the y*> when there are a large
number of categories and the categories can be
ordered in some way. In particular, the K-§ test is
suited for comparing two frequency distributions,
where one distribution acts as the cbserved and
the other the expected. As with most biostatistical
analyses, the K-S test is clearly described, with for-
mulae, in Sokal & Rohlf (1995) and is available in
most statistical software.

14.2 | Contingency tables

The most common form of categorical data analy-
sis in the biological sciences is the analysis of
contingency tables. These tables involve the cross-
classification of sampling or experimental units
by two or more variables (Table 14.1}, with counts
or frequencies of units in each combination of the
variables, termed a cell, analogous to factorial
ANOVA designs.

i4.2.1 Two way tables

Tables where sampling or experimental units are
cross-ciassified by two variables are termed two
way tables. Generally, contingency tables are ana-
lyzed so that neither variable is considered as a
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Table 14.1 | General data layout for a two by two

contingency table
Marginal

Variable 2— totals
Variable 14 | 2 variable |
l n|| M2 ™y

Ty T Ty
2 My Moy My

Ty Ty My
Marginal totals ~ n, iy Grand total n
variable 2 T T

i

Note:

Variable | has two levels {| =2}, variable 2 has
two levels (/= 2) with observed counts or
frequencies (ng,) for each combination (cell) of
the two variables. The probability that an
observation falls in any cell is 77, marginal
probabilities are 7., and o

predictor or a response variable. For example,
French & Westoby (1996} crossclassified plant
species following fire by two variables: whether
they regenerated by seed only or vegetatively and
whether they were ant or vertebrate dispersed.
These two variables could not be distinguished as
response or predictor since regeneration mecha-
nisms could just as easily “affect” dispersal mode
as vice versa. This was a two by two table (Table
14.2(a)) and its analysis is in Box 14.2.

In other situations, one variable can be envis-
aged as a response variable and the other as a pre-
dictor. For example, Roberts (1993) sampled
quadrats on a floodplain and classified them by
two variables: presencefabsence of dead coolibah
trees (Eucalyptus coolibah) and position along tran-
sect {top=dunes, bottom = lakeshore, middle=
intermediate). In this example, position along the
transect might be considered a predictor variable
and with or without dead coolibah trees as a
response variable. We might expect coolibah tree
mortality to be affected by position but the con-
verse is biologically unlikely. This was a two by
three table (Table 14.2(b)) and its analysis is in Box
14.3. Another example is from Clinton & Le Boeuf
(1994), who looked at the association between sur-
vivorship of male northern elephant seals

Table 14.2 | Observed frequencies for two way
contingency tables from (a) French & Westoby's
{1996) study where plant species were cross-
classified by dispersal mode and regeneration
mechanism and (b) Roberts’s (1993} cross-
classification of quadrats on a floodplain by
presencefabsence of dead coolibah trees and
position along transect

(@)

Dispersal
mechanism

Regeneration Ant  Vertebrate  Total

Seed only 25 & 3]
Vegetative 36 21 57
Total 61 27 a8
(b)

Dead coolibah
trees

Position along transect  With Without Total

Baottom [5 I3 28
Middle 4 el (2
Top o 17 17
Total 19 38 57

{(Mirounga gustirostris) and mating success (the
number of females inseminated). This was a two
by two contingency table with diedfsurvived as
the response variable, zero or greater than zero
females inseminated as the predictor variable and
the number of male seals were the frequencies in
each category.

In practice, the analysis of contingency tables
is not really changed by whether we can distin-
guish response and predictor variables. If the
response variable is binary, then we can use logis-
tic {i.e. logit) models with categorical predictors as
described in Chapter 13. However, the distinction
between response and predictor variables can be
important for the interpretation of loglinear
models for analyzing complex contingency tables
(Section 14.2.2}.

Table structure
The general data layout for a two way table (cross-
classification of two variables) is illustrated in
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‘Box 14.2| Worked example of analysis of independence in

two way table: regeneration and seed dispersal
mechanisms of plants

French & Westoby (1996) cross-classified plant species following fire by twa vari-

ables: whether they regeneraied by seed only or vegetatively and whether they
were ant or vertebrate dispersed. The H is that the dispersal mecharism is inde-
pendent of mede of regeneration. The x? statistic for testing this H, is 2.89 with
one df and P =0.089. We have no evidence to reject the H, of independence. The
standardized residuals showed na strong patterns, although fewer species that
regenerated only from seed were dispersed by vertebrates than gxpected by
chance and the converse was true for seeds that regenerated vegetatively.
Standardized residuals are tabuiated below.

Dispersal mechanism

Regeneration Ant Vertebrate
Seed only 0.757 - 1139
Vegetative —0.559 0.340

The adds of being ant dispersed compared to being vertebrate dispersed for plants
that regenerate by seed are 4.17. For plants that regenerate vegetatively, the odds
are §./1.

The sample odds ratic (£) is:

Ny N2 _ 25 %21
nEny  36X6

=243

5o the adds of being dispersed by ants is 243 times greater for plant species that
regenerate by seed compared to those that regenerate vegetatively We can
camvert & 1o logs, use Fquation 14.10 10 calculate the standard error of the log @,
Equation 14.1| to calculate the 95% confidence interval for the log (8) and back-
transform this for a confidence interval for the 8.

Log ASE log 95% Cllog 95% Ci .
Odds ratio {odds ratio} {odds ratio} (odds ratio) (odds ratic)
243 0.89 053 = 104 0.8610 689

The wide confidence interval includes one, indicating that adds of being dis-
persed by anits for plant species that regenerate by seed are not statistically differ-
ent than for plant species that regenerate vegetatively.

Table 14.1. We will follow Agresti (1996) and use X
(i=1to [ categoriesjand Y (j=1 to J categories) as
labels for the two variables. For a two by two table,
both  and [ equal two. When one of the variables
is clearly a response variable, it will be designated
¥: otherwise, no particular significance should be
ascribed to which variable is X and which is Y. The
observed frequency in each cell is n and the

probability that an observation occurs in any cefll
is .. We also have marginal totals (e.g. the total in
rowt one is 1, and marginal probabiliti.es {e.g. the
probability that an ohservation occurs in qu one
is ;= + ,,); these marginal pFobablhnes_are
the probabilities that an observation occurs ina
particular row or column.

Sokal & Rohlf (1995) described three different
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Box 14.3 | Worked example of analysis of independence in
two way table: coolibah trees on a floodplain

Roberts (1993) sampled quadrats on a floodplain and classified them by two vari-

ables: presence/absence of dead coolibah trees (Eucalyptus coolibati} and position

along transect {top = dunes, bottorn = lakeshore, middie = ntermediate). The H_ i

that the presence/absence of dead coolibah trees is independent of pasition on tohe

floodplain, The y? statistic for the test of this Hy is 13.66 with two df and P =0.00/

Therefore, we reject the H;, of independence. o
Standardized residuals are tabulated below,

Dead coolibah trees

Floodplain position With Without
Bottom |.855 =312
Middle 0.000 0.000
Top —-2.380 1.683

ft-is clear from the residuals that there were more quadrats with dead trees at the

bottomn of the dunes than expected and fewer quadrats with dead trees at the top
of the dunes than expected.

Odds of having dead trees versus not are as follows.

Position Odds
Bottom of floodplain 115
Middle of floodplain 0.50
Top of flondplain .00

The odds of having dead coolibati trees were greater than not having them for
quadrats at the bottomn of the fleodplain, but the odds of having dead coolibah trees
were less than not having them for quadrats at the middle of the floodplain. Because
there were no quadrats with dead coolibah trees at the top of the floodplain, odds
cannot be calculated for this position.

Odds ratios were calculated using the modified formula that adds 0.5 to each
cell to correct for zero observed frequencies,

Odds ratic  Log {odds ratic) ASE 95% Cl {odds ratio}
Bottom versus middle 247 077 0.6% 05%t0 818
Bgttom versus top 40.19 348 48 220to 7-28.36
Middle versus top 1853 252 1.55 082 to 386.84

The 95% Cl for the odds ratios of having dead coolibah trees included one the
comparison of the bottam of the floodplain versus the middie and the middle
versus the top. The strongest pattern is that the odds of having dead coolibah trees
were greater at the bottom of the floodplain compared with the top,
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models for contingency tables, based on whether
the investigator predetermines the marginal
totals (i.e. row and column totals). -

« Model I is when none of the marginal totals
are fixed, the most common situation when a
number of sampling or experimental units are
sampled from a population of units and each
unit is classified by one or more categorical
variables. An underlying Poisson distribution
for the counts in each cell is assumed. The
three examples described above are Model L
Meodel 11 is when one set of marginal totals is
fixed. For example, imagine an experiment
where ten rats are allocated to three different
drug treatments and the survivorship of each
rat in recorded at the end of the experiment.
Each rat is cross-classified by treatment (fixed
marginal totals of ten) and lived/died (marginal
totals not fixed). In Model II tables, the variable
without fixed marginal totals is usually
considered a response variable (Agresti 1996).

» Model III is when both sets of marginal totals
are fixed, a very uncommon situation in
biology. Fisher (1935) described such a model
for an experiment to test whether someone
could actually tell by tasting whether or not
milk had been added first to a cup of tea (see
also Agresti 1990, 1996).

Null hypothesis

The H, is one of independence, that the sampling
or experimental units come from a population of
units in which the two variables (rows and
columns) are independent of each other in terms
of the cell frequencies. This is often expressed as
no association, or interaction, between the two
variables. For example, French & Westoby (1996)
tested whether the mechanism of seed regenera-
tion (seed or vegetative) was independent of dis-
persal mechanism (ant or vertebrate) for a
number of plant species (Box 14.2, Table 14.2).
Usually, the H_ is expressed in terms of a popula-
tion from which the sampling or experimental
units were obtained, a population that is difficult
to envisage for the French & Westoby (1996}
example. Roberts (1993) wished to test whether
her quadrats came from a population of quadrats
on the floodplain where presence/absence of dead
coolibahs was independent of position along

transect {Box 14.3, Table 14.2), Clinton & Le Boeuf
{1994) tested whether survivorship of male ele-
phant seals {died or survived) was independent of
whether the males had inseminated zero or more
than zero females.

The H, can also be expressed as:

=T, nm,; (14.2)

i.e. the probability of an observation occurring in
a cell equals the probability of it occurring in that
row and that column.

We can test this H, using a y* test by calculat-
ing the expected frequencies in each cell based on
the H being true and there being no association
between the two variables. An expected cell fre-
quency is simply the product of the probability of
an observation occurring in that cell and the total
sample size:

-fij =nm, (14.3)

We can elaborate on this as follows. If rows and
columns are independent (i.e. H, is true), then the
probability of an observation occurring in a spe-
cific cell () is simply the probability of an obser-
vation occurring in the specific row (7, , estimated
by row total divided by grand total} multiplied by
the probability of it occurring in the specific
column (7, estimated by column total divided by
grand total). Therefore, a general formula for cal-
culating the expected frequency in each cell
assuming independence of the two variables (i.e.
under H,) is:

[(row total){column total} | grand total] (14.4)

We then calculate »* based on Equation 14.1
where n, are observed frequencies and fu. are the
expected frequencies under the H:

o= 3O (145)

We compare the x* in 14.5 to a x* distribution
with (I— 1){J — 1) df. If the probability of obtaining
the calculated »* or one larger when H, is true is
less than our chosen significance level. then H,
should be rejected. For the French & Westoby
(1996) example, we have no evidence to reject the
H, that dispersal mode and regeneration maode
are independent of each other (Box 14.2). For the
Roberts {1993) example, we would reject the H,
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Box 14.4| Worked example of log-linear models for two
way table: coolibah trees on a floodplain

We will re-analyze the contingency table from Roberts (1993} using log-linear
models to test the H, that quadrats came from a population of quadrats where

presence/absence of dead coolibahs was independent of position along transect,

Reduced madel:

LOg ﬁ, = constant _E_/‘{position +4 presencefabsence

Log-likelihood for reduced modet — 19,735, df=2.
Full (and saturated) model:

LOg 'f‘; = constant 4 Aposition A presencefabsence + /gpas'nion ¥ presencelabsence

Log-likelihoed far full (and saturated) model: — 10429, df=3.

G* = —2(log-likelihood model — log-likelihood saturated model)
=—2% (~19.735 — (— 10.429))
= 1861, df= 1, P<<O00I,

Therefore we reject Hy

that presencefabsence of dead coolibah trees is
independent of position on floodplain (Box 14.3),

Cdds and odds ratios

Odds and odds ratios are important summary
measures of association or lack of independence
in contingency tables, just as they are for logistic
regression models (Chapter 13). They can only be
calculated for two by two tables but can also be
used in larger tables by subdividing these tables
into sets of two by two tables. We calculate the
odds of one of the two possible categories (out-

comes) of one variable for each level {j) of the
other variable:

B

- {14.6)

where , is the probability of one of the two out-
comes and one minus 7, is the probability of the
other outcome.

For the French & Westoby (1996) example, the
odds of being ant dispersed compared to being
vertebrate dispersed for plants that regenerate by
seed are 4.17 and for plants that regenerate vege-
tatively, the odds are 1.71 (Box 14.2). In the Roberts
(1993) example, presencefabsence of dead cool-
ibah trees is the response variable and position on
the floodplain is the predictor variable. The

estimated odds of having versus not having a dead
coolibah for the bottom of the floodplain is 1.15:
this indicates that having dead coolibah trees is
more likely than not having them {Box 14.3 and
Box 14.4). We can calculate odds of a quadrat
having dead coolibah trees for the other two flood-
plain positions as well. For the middle of the flood-
plain, the odds are 0.50 and for the top of the
floodplain, the odds are zero.

The odds ratio (6} is simply the ratic of the odds
of one outcome for one level of the second vari-
able to the odds of the same outcome for another
level of the second variable, The odds ratio is a
bopulation parameter (Agresti 1996):

_ 771/(1 - 771)
/(1 — 715) (14.7)

The ML estimate of this odds ratio is the sample
odds ratio:

LARLL!

=
Myl (148)

In Equation 14.8, each n, is the observed frequency
in the cell based on the ith row and jth column,
e.g. n, is the observed frequency in the cell being
the first row and first column.

Note that the odds ratio equals zero if any of
the observed counts in the two by two subset table
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also equal zero. Agresti (1996) suggested a simple
correction by adding 0.5 to each cell:

(n,; +0.5)(n,, + 0.5)
(1,5 + 0.5)(ny + 0.5)

f= (14.9)
You can see that odds ratios are much easier 10
interpret for two by two tables because there is
only one odds ratio. For larger tables, there will be
different odds ratios for different two by two
subsets. These odds ratios are not independent
{Agresti 1990) and, because of this redundancy,
only (I—1)(J 1) odds ratios are needed to sum-
marize the lack of independence in an I by J table.

Odds ratios are important for interpreting lack
of independence in contingency tables (Agresti
1996). If the probability of one outcome (e.g.
having dead coolibah trees} is the same for two
floodplain positions, i.e. the presence of dead cool-
ibah trees is independent of position, then the
odds ratio will be one. If the odds ratio is greater
than one, as for the bottom vs middle floodplain
positions, then the odds of having dead coolibah
trees is greater for one level of the other variable
(bottom}) than the other (middle). The converse is
true if the odds ratio is less than one.

The sampling distribution of odds ratios is
usnally very skewed, especially for small sample
sizes (Agresti 1990, 1996). To calculate a standard
error and confidence interval for an odds ratio, we
need to transform it to logs, which results in its
sampling distribution being approximately
normal. Note that an odds ratio of one (H, truej is
a log odds ratio of zero. The asymptotic standard
error for the odds ratio is:

. 1 1
ASE(log 8) = l + 1 +—4— (14.10}
Ny Mz My T

Confidence intervals for the odds ratio are best
calculated on the log odds ratio and then back-
transformed. The 95% CI is:

*z,,- ASE{log odds ratio) {14.11}

where z is the critical value from a standard
normal distribution. The antilog of these confi-
dence limits will provide the CI for the odds ratio.

In the French & Westoby (1997} example, there
is only one odds ratio because it is a two by two
table. The estimated ratio is 2.43, so the odds of
being dispersed by ants are 2.43 times greater for

plant species that regenerate by seed than for
those that regenerate vegetatively. However, the
confidence interval for the odds ratio is wide (Box
14.2), which is not surprising since the test of inde-
pendence was not significant. Note that the 95%
CI includes one, indicating no evidence (at
«=0.05) against the H  of independence.

For the Roberts {1993) two by three table, there
can be three odds ratios for the presence of dead
coolibah trees (bottom vs mid, bottom vs top, mid
vs top). The odds of having dead coolibah trees
were greater than one for all three comparisons
{bottom versus middle, bottom versus top, middle
versus top) but only for bottom versus top did the
95% CI for the odds ratio not include one (Box
14.3). So the major contribution to the lack of
independence in Robert’s (1993) data was the con-
trast between the bottom of the floodplain and
the top of the floodplain.

Residuals

Another way of interpreting lack of independence
in contingency tables is examining the pattern of
the residuals, the difference between the
observed and expected values (“i; - fl.j). There will
be a residual for each cell of the table and this is
the same definition of a residual we used for
linear models {e.g. Chapter 5). Absolute residuals
are difficult to compare when the frequencies
vary. For example, a (n,— fﬁ) difference of five is
more “important” when the frequencies are
atound ten than when the frequencies are around
100. Therefore, we usually standardize each resid-
ual by dividing by \/'(fu):

(—n{ﬁ—m (14.12)
i

These are also called Pearson residuals {Agresti
1996} and are directly comparable irrespective of
the absolute frequencies.

From the Roberts (1993) data, the standardized
residuals showed that there were more quadrats
with dead trees at the bottom of the dunes than
expected and fewer quadrats with dead trees at
the top of the dunes than expected (Box 14.3).

We can also calculate adjusted residuals as:

(ng — fy) (14.13)

\/ﬁj(l — )1 Py
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where p, . is the proportion of the total row obser-
vations in that cell and p_; is the proportion of the
total column observations in that cell. Large resid-
uals indicate large deviations from independence
and the sign (+ or —) indicates more or less
observed than expected under the H,.

Small sample sizes

The ) statistic, and the log-linear G? statistic
described in Section 14.3, are based on frequen-
cles in categories and can only be compared
validly to the continuous »? distribution if the
sample size is big enough. We mentioned at the
start of this chapter that we assume that no more
than 20% of the categories have expected frequen-
cies less than about five. What if sample sizes are
smaller, i.e. we have a sparse contingency table,
one with many low or zero frequencies?

Yate's correction for continuity was developed
to improve the accuracy of the »? test for two by
two tables with small frequencies but is of debat-
able value and is now not regarded as necessary
{Agresti 1990, Manly 1992) because of the avail-
ability of “exact” tests.

Fisher’s Exact test was designed for two by two
tables with fixed marginal totals. It does not use
the »? distribution to test the H, of independence
but instead answers the question “Given our fixed
marginal totals, what is the probability of obtain-
ing the observed cell frequencies and all cell fre-
quencies that are further away from the
expected?”. The calculations are tedious for any-
thing but the smallest sample sizes, but it is avail-
able in most statistical software. Although
Fisher's Exact test strictly should be used in situa-
tions where we have fixed marginal totals, it is
commonly used more generally as a solution for
small sample sizes even when both marginal
totals are not fixed {e.g. Clinton & Le Beouf 1994).
There are other exact tests for contingency tables
more complex than two by two. These tests use
resaimpling procedures {randomization tests - see
Chapter 3) to generate an exact distribution for
the y* statistic rather than assuming it follows a
X distribution but they require special software.

Another solution to small observed frequen-
cies is to collapse or combine some categories. For
example, when the categories are evenly spaced
size classes, there might be few individuals in

some of the larger classes. They can be combined
into a single category that will have adequate fre.
quencies for analysis.

Tabie 143 b Observed frequencies for three way contingency tables from
{a) Smclalr & Arcese’s {1995) study on wildebeest carcasses crossclassified by
i— " cause of death, sex and marrow type and (b} Taulman et al.'s (1998) study on
L - gquirrels in logged and control stands over three years

14.2.2 Three way tables

An obvious extension of two way contingency @) Marrow type

tables is the addition of a third variable in the

cross-classification. Again following Agresti's Cause of death Sex SWE  OG TG Totals

(1996) terminology, the three variables are labeled 6

X {i equals 1 to I categories), Y (j equals 1 to J cate- Predation Female % 328 67

gories), and Z (k equals 1 to K categories) and we Predation Male 4 4310 ?18

will use Y in cases where there is clearly one Non-predation Fernale 6 %616 45

response variable. Remember that analyses of con- Non-predation Male / 1226 176

tingency tables do not usually distinguish Totals 53 13 60

response and predictor variables, unless the anal-

ysis uses a logit {logistic) model. However, the {6) A

interpretation of the generalized linear models £

{log-linear models) we commonly use for complex Treatment Year Adult  uvenile Totals

contingency tables can depend on whether we

clearly distinguish a response variable. Conirol 1954 46 10 26
Two examples from the recent literature will Harvest 1994 30 8 8

illustrate three way contingency tables in a biolog- Control 1995 44 3 >

ical context. Sinclair & Arcese (1995) cross- Harvest 1995 53 >4 107

classified wildebeest carcasses from the Serengeti Conitrol 1996 8 0 8

by three variables: sex (X with I equals two: male, Harvest 1996 79 14 33;

ferale), cause of death (Y with J equals two: preda- Totals 260 7

tion, non-predation) and bone marrow type (Z
with K equals three: solid white fatty, opaque
gelatinous, translucent gelatinous, with the first
indicating a healthy animal that is not under-
nourished) - Table 14.3(a). In this example, it is not
clear that any of the variables could be classified
as a “response” variable. We have a random
samplie of carcasses cross-classified by three vari-
ables, all of which can be considered responses.
The analysis of these data is presented in Box 14.5.

Taulman et al. (1998) examined the demogra-
phy of southern flying squirrels in response to
experimental logging in southern Arkansas. They
had a response variable: age of squirrel (Y with J
equals two: adult, young). The other two variables
were treatment from which squirrels were caught
(X with I equals two: control, logged) and year (Z
with K equals three: 1994, 1995, 1996) - see Table
14.3(b). They had pre-treatment data from 1993
but we will only consider the post-treatment data.
Alogit model (Section 13.2) could have been fitted
to these data, with age as the response variable
and treatment and year as the two categorical

predictors. Note that there may be correlations
between successive years in this study, although
we will ignore these for the purposes of analysis.
The analysis of these data is presented in Box 14.6.
In contrast to two way tables, there is more
than one sort of (in)dependence between variables
in three way tables. We can examine complete
independence between all three variables {no
interactions), various forms of conditional and
marginal independence that we will describe in
the next section, and also complete dependence
where there is a three way interaction. While we
can calculate expected cell frequencies and x* sta-
tistics to test null hypotheses about these various
forms of independence, it is more efficient to do
so with log-linear models (Section 14.3.2}.

Conditional independence and odds ratios
A three way table can be best interpreted by con-
sidering it as a set of partial tables, each of which

is a two way table for each level of the third vari-
able. For the wildebeest example, we can con-
struct a partial table between sex and cause of
death for each level of marrow type, ie. partial
table between X and Y for each level Z (Box 14.5).
We could, of course, construct partial tables
between Y and Z for each level of X and between X
and Z for each level of Y. Conditional indepen-
dence is where two variables are independent of
each other given the level of {controlling for) the
third variable, i.e. the two variables in each partial
table are independent. For example, the propor-
tions of wildebeest carcasses that suffered preda-
tion (or didn't) are independent of sex, for al_l
marrow types. When two variables are not conf:ll-
tionally independent, we say they have a partial
association, i.e. they are not independent for all
levels of the third variable.
Odds ratios are important in the interpreta-
tion of conditional independence in three way
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Box 14.5 | Worked example of log-linear model for three

way table: death in wildebeest (sex, predation
and bone marrow type)

Sinclair & Arcese {1995) cross-classified 226 wildebeest carcasses from the
Serengeti by three variables: sex (male, female), cause of death (predation, non-
predation) and bone marrow type {solid white fatty, opaque gelatinous, translucent
gelatinous, with the first indicating a heatthy animal which is not undernaurished),

We have fitted log-linear models with different combinations of terms. The fit
of each model shown below is based an comparing observed and fitted cell fre-
quencies and, equivalently, comparing the fit of each model to that of the saturated
model with zero degrees of freedom, For hypothesis testing, we would fit these
madels hierarchically, starting with the most complex.

Model G? da P AlC

| death + sex + marrow 4276 7 <0001 2876
2 death X sex 42.68 & <0001 3068
3 death X marrow 13.24 5 0021 334
4 sex X marrow 37.98 5 <0.001 2798
5 death X sex + death X marrow 1316 4 a0t 516
6 death X sex + sex X marrow 37.89 4 <0001 29.89
7 death X marrow + sex X marrow 846 3 0037 246
8 death X sex + death X marrow + sex X marrow 719 2 0027 319
% Saturated (full) model 0 0

The AIC chose madel 7 as best fit, whereas G2 chose maodel 8. The compari-
son of the fit of rmodel 8 and the saturated model 9 is a test of the H, that there is
no three way interaction. The G2 deviance statistic results in rejection of this H,,
Standardized residuals under no three way interaction shiowed that mere male
wildebeest with SWF marrow and fewer with QG marrow were not killed by pred-
atars than expected.

Marrows type
Cause of death Sex SWF oG TG
Predation Female 0.541 —-Q.730 G7i9
Predation Male —0.64| 0709 —(.522
MNon-predation Fermale —0.891 0.948 —0.425
MNan-predation Male 1.248 -1.088 0.364

We will also illustrate the tests for conditional independence and complete
independence, although the presence of a three way interaction would usually pre-
clude tests of two way interactions and the presence of both complete and condi-
tional dependence would preciude testing complete independence. The relevant
hierarchical comparisons of models are shown below.
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Term Muodels compared G? gf P

Three way interaction

death X sex X marrow Bwvs G 719 2 0,027
Conditional independence

death X sex 7vs8 1.28 | 0259
death X marrow 6vs 8 30.71 p <0001
sex X martow 5vs 8 597 2 0.051
Complete independence | vs 8 35.57 5 <0001

This demonstrates that we would reject the Hy of conditional independence of
cause of death and marrow type.

The adds ratios for wildebeest killed by predation for each pair of marrow types
separately for males and females are shown below.

Odds ratio 95% I

Male

OG versus TG 107 0041 -0.283
SWF versus TG .192 0060—-05616
SWF versus QG 0.558 0.184—1.693
Fernale

QG versus TG 0.406 Q.150— 1.097
SWF versus TG a11s 0.034—-0.395
SWF versus OG 3521 12619836

The conditional dependence is clearly shown by the complex pattern of odds ratios
that is different for males and fernales. The adds of being killed by predation were
less for male wildebeest with either OG or SWF marrow than TG marrow. The

odds of males being killed by predators were the same for those with SWF marrow

versus OG marrow. For females, the adds of being killed by predators were greater
for those with SWF marrow than OG marrow but less for those with SWF marrow
than TG. The odds of females being killed by predators were the same for those

with QG marrow and TG marrow.

tables but are more difficult to calculate because
we have three variables and odds ratios can only
be calculated for two by two tables. Odds ratios
can be derived for larger tables by breaking the
table into two by two subsets so when the table
dimensions are two by two by K, we can calculate
conditional odds ratios for each set of partial
tables (see Table 14.4).

One conditional odds ratio in the wildebeest
study is the ratio of the odds that a male wilde-
beest carcass suffered predation to the odds that a
female wildebeest carcass suffered predation, for
one marrow type, i.e.if a carcass had marrow type
SWG, are the odds of being eaten the same for
males and females? Other odds ratios are the

ratios of the odds that a male wildebeest carcass
suffered predation to the odds that a female wil-
debeest carcass suffered predation for the ather
two marrow types. Conditional independence
between Y and Z means that all the odds ratios
between Y and Z equal one.

If conditional independence between two var-
iables does not hold, then two possible patterns
may occur. First, the odds ratios for two variables
may all be different from one but still may be
equal for all levels of the other variable, i.e. condi-
tional dependence (association} exists between
two variables but is the same for all levels of the
third variable. For example, the ratio of the odds
that a male wildebeest carcass suffered predation
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Box 14.6 | Worked example of log-linear model for three
way table — demography of squirrels in response
to disturbance: effects of logging and year on
age

Taulman et al. (1998} examined the age of squirrels in relation to the treatment
stand from which squirrels were caught (control, logged) and year {1994, 1995,
1996} — see Table 14.3(b). We considered age of squirrel as a response variable
{treatment and year might affect the relative numbers of adult and young squirrels
but not vice versa) so not all models were fitted. The interaction between treat-
ment and year was never omitted because the investigator set these variables, so
their conditional independence makes little sense.

Model Gt 4 P AIC
I treatment X year + age X year 413 3 0.248 000
2 treatment X age + treatment X year 4627 4 <0001 3827
3 treatment X age +treatment X year + age X year 188 2 0.390 0.00
4 Saturated {full) mode] 000 0

Either models | or 3 could have been chosen as best fit, with the G2 suggesting
madel 3. Note that exchusion of both the three way interaction and the two way
interaction between age and year results in a very poor fit. Since we have alreadly
shown that the three way interaction is not significant {madel 3), this suggests that
there is conditional dependence between age and year

The relevant hierarchical comparisons of models for the tests for the three way
interaction and the tests for conditional independence, with the interaction
between treatment and caged years always in the models, are shown below.

Term Models compared G? df P

Three way interaction

treatment X age X year 3vs4 1.83 Z 0.3%0
Conditional independence

age X yzar 2vs 3 44,39 2 <Q.001
treatment X age lvs3 224 | 0.134

There was no evidence to reject the hypothesis of conditional independence
between age and treatment, i.e. squirrel age and treatment were independent for

each year. In contrast, squirrel age and year were not independent, for control or
logged treatments.

to the odds that a female wildebeest carcass suf-
fered predation may be the same for each marrow
type, even if the odds are greater for males than
females consistently. This pattern is termed a
homogeneous association between two variables.
A homogeneous association implies no three vari-
able interaction. Conditional independence is a
special case of a homogeneous association.

Second, the pattern of dependence (associa-
tion} between two variables may differ between
levels of the third variable and, therefore, the
odds ratios for two variables vary between the
levels of the other variable. For example, the ratio
of the odds that a male wildebeest carcass suf-
fered predation to the odds that a female wilde-
beest carcass suffered predation are different for
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Table 14.4 l Partial table for [=2 by J=2 by K
"' gontingency table for K= 1 with observed

frequencies

j j=1 1=2
K=1 | Mk Mk
K=1 2 Mo M

the different marrow types. This pattern indicates
an interaction between all three variables and
that the two variable associations will not have a
simple interpretation.

The odds ratio for an [ equals two by | equals
two by K table, for a given level k of K, can be esti-
mated as:

a0 Mg

o = (14.14)

N2k

The odds ratios for cause of death in relation to
marrow type for male and female wildebeest are
presented in Box 14.5. The only odds ratio that is
clearly greater than one is for female wildebeest,
where the odds of a SWF marrow type animal
being killed by a predator are three and half
times the odds of an OG marrow type animal
being kiiled by a predator. This indicates condi-
tional dependence between cause of death and
marrow type, where the dependence is condi-
tional on sex.

A test for conditional independence in two by
two by K tables is the Cochran-Mantel-Haenszel
(C-M-H) test (Sokal & Rohlf 1995), which basically
tests the null hypothesis that the conditional
odds ratios between X and Y equal one for all levels
of Z. It is particularly appropriate when there is no
three variable (XYZ) interaction {Agresti 1996). The
C-M-H statistic is converted to a y* and compared
to a ¥2 distribution; it is available in most statisti-
cal software, It can also be generalized for I by J by
K tables where I and [ are greater than two but the
formulae are complex (Agresti 1990). For the squir-
rel example, C-M-H statistic equals 1.18 with P
equals 0.530, so the ratio of the odds of a squirrel
being an adult on control stands and the odds of
a squirrel being an adult on logged stands were
not different from one for all three years. The
C-M-H test also allows a form of meta-analysis to

combine the results from a number of indepen-
dent two by two tables,

Marginal independence and odds ratios
Marginal tables are two way tables completely
ignoring the third variable, e.g. the frequencies
for X by Y pooling levels of Z, Marginal indepen-
dence is independence between the two variables
in the marginal table, pooling the levels of the
third variable. For the squirrel example, one mar-
ginal table would be age crossed with treatment,
pooling year (Box 14.6). From this marginal table,
we would assess marginal independence as the
independence of age and treatment combining
years. We can also calculate marginal odds ratios
from the marginal table. The odds of a squirrel
being an adult are almost identical (# = 0.996) for
control versus treatment stands, ignoring year.

Complete independence

The effects of the individual variables represent
complete independence and no two or three way
associations. For our two worked examples, the
proportions of adult squirrels are independent of
treatment and year and cause of death, sex and
marrow type are completely independent of each
other.

14.3 !LogJMearrnodeh

The best method for analyzing contingency tables
is with log-linear models. Log-linear models treat
the cell frequencies as counts distributed as a
Poisson random variable. Log-linear models are
examples of generalized linear models (GLMs; see
Chapter 13); the expected cell frequencies are
modeled against the variables using the log link
and a Poisson error term {Agresti 1996}, As with
other GLMs, we fit log-linear models and estimate
their parameters nsing maximum likelihood tech-
niques. ML fits for most complex log-linear models
do not have simple solutions so iterative methods
like the Newton—Raphson algorithm (Chapter 13)
are required. The fit of the models is measured by
the log-likelihood.

Log-linear models do not distinguish respense
and predictor variables; all the variables are con-
sidered equally as response variables. However,
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there is a relationship between log-linear models
and logit models (including logistic regression)
discussed in Chapter 13. Logit models distinguish
a response variable (with two categories in a logis-
tic regression) and model it against predictors
that can be continuous or categorical. A logit
model with categorical predictors can also be ana-
lyzed as a log-linear model (Agresti 1996).

14.3.1 Two way tables

Two way tables were described in Section 14.2.1
and will be illustrated here with the example
from Roberts (1993).

Full and reduced models
For a two way table (I by J), we can fit two log-linear
maodels. The first is a saturated {full) model:

log fﬁ =constant + A%+ ,\j" + Aijx" (14.15)

For the data from Roberts {1993}, the saturated
(full) model is:

= coolibah 0siti libah®positi
log fl.j constant + S + /\}? 1on /\§°°* Al posttion
(14.16)

In models 14.15 and 14.16:

[y is the expected frequency in cell ij, i.e. the
expected number of quadrats in each
combination of coolibah trees (alive, dead) and
floodplain position (top, mid, low),

constant is the mean of the logs of all the
expected frequencies,

A is the effect of category i of variable X, i.e.
the effect of coolibah trees being either alive or
dead on the log expected frequency of quadrats
in each cell,

A is the effect of category j of variable Y, i.e.
the effect of floodplain position being top, mid
or bottom on the log expected frequency of
quadrats in each cell,

A is the effect of any interaction between X
andY, ie, an interactive effect of coolibah tree
category and floodplain position on the log
expected frequency of quadrats in each cell. The
interaction measures deviations from
independence of the two variables.

Models 14.15 and 14.16 fit the observed fre-
quencies perfectly, hence the term saturated. Note
that “effect” does not imply any causality, just the

influence of a variable or interaction between var-
iables on the log of the expected number of obser-
vations in a cell.

The second log-linear model represents inde-
pendence of the two variables (X and Y) and is 5
reduced model:

log f; = constant + A7 +AY {14.17)
Again from Roberts (1993):
log f, j = constant + /\?D"m’ah + Aj?"s“ic'“ (14.18)

The interpretation of models 14,17 and 14.18 is
that the log of the expected frequency in any cell
is a function of the mean of the log of all the
expected frequencies plus the effect of floodplain
position and the effect of the presencefabsence of
dead coolibah trees. Note that log-linear models
do not distinguish one of the variables as a
response variable, they just model the log of the
expected frequencies. This is an additive linear
model with no interaction between the two vari-
ables.

The parameters of log-linear models are the
effects of a particular category of each variable on
the expected frequencies; a larger A means that
the expected frequencies will be larger for that
variable, 1e. that row or that column {Agresti
1996). These parameters are also deviations from
the mean of all the log expected frequencies, just
like parameters in ANOVA linear models are devi-
ations from the overall mean. When A is greater
than zero, then the mean log expected frequency
for that variable (row or column) is greater than
the mean of all the log expected frequencies
(Agresti 1990).

Null hypothesis of independence

The H, of independence in a two way table
(Section 14.2.1) is also a test of the H that A
equals zero, i.e. there is no interaction between
the two variables. We can test this H, by compar-
ing the fit of the model without this term (14.17)
to the saturated model that includes this term
(14.15}. We determine the fit of each model by cal-
culating the expected frequencies under each
model, comparing the observed and expected fre-
quencies and calculating the log-likelihood of
each model. We then compare the fit of the two
models with the likelihood ratio statistic (A}, that
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is the ratio of the two log-likelihoods. However,
sampling distribution of A is not well known
(Sokal & Rohlf 1995), so instead we calculate the G*
statistic (Chapter 13):

Gr=-—-2logA (14.19)

G? follows a ¥* distribution for reasonable sample
sizes and can be generalized to:

G? = —2(log-likelihood reduced model —

log-likelihood full model) {(14.20)

This is also termed the deviance and measures
the difference in fit of the two models, If the H of
independence is true, then the reduced (no inter-
action) model should fit as well as the full model
and the deviance (G*) will be close to zero. If the H
is false, then there should be a difference in the fit
of the two models and the deviance (G% will be
greater than zero. The calculated G* is compared
to a ¥* distribution with (I—1)(J—1) df, just like
the ¥* test of independence described in Section
1421, The af [([—1)(J—1) is the difference
between the df for the full model [(I — 1)] and the
df for the reduced model [(I—1)-+(J—1)].

Note that, for two way tables, the saturated
model acts as the full model for model compari-
sons. This is not the case for more complex tables
where many different full and reduced models
can be fitted. For two way contingency tables with
large sample sizes, the y* test and the G* test will
give similar results. Note that G? is slightly more
sensitive to small sample sizes than the x? statis-
tic. In most statistical software, fitting the
reduced model for a two way table will automati-
cally provide the difference in fit between the two
models.

Interpretation of lack of independence in log-
linear models can be done using odds ratios and
residuals, just as described in Section 14.2.1.
Various types of residuals are standard output
from log-linear modeling routines in most statis-
tical software.

14.3.2 Log-linear models for three way
tables

We will provide an introduction to loglinear

models for three way tables. Sokal & Rohlf (1995}

is also a good introduction and they provide a

detailed worked example for a three way table.

Agresti {1990) is a more statistically complete ref-
erence for log-linear modeling, although Agresti
(1996} is a more readable version of that text for
the mathematically disinclined.

Full and reduced models

For three way tables (X with I categories, Y with |
categories, Z with K categories), there is a large
number of full and reduced models for testing the
different interactions and main effects. Like three
factor ANOVA models, log-linear models for con-
tingency tables with three variables include three
main effects (X, Y, 7), three two variable interac-
tions (XY, XZ, YZ) and one three variable interac
tion (XYZ). For a three way table {I by J by K), the
saturated model is:

log f,,, = constant + A X + A7+ A%+

AT+ AT A, (14.21)

For the wildebeest example (Sinclair & Arcese
1995), this saturated model is:

log f;‘jk =constant + Adca[h 4 \5°X 4 pmoarow
Jcdeath > sex o ydearh x marrow

I\sexx marrow Adeath X sex X marrow

{14.22)
In models 14.21 and 14.22:

fijk is the expected frequency in cell ijk, i.e.
the expected number of carcasses in each
combination of death (predation, non-
predation)}, sex {male, female) and bone marrow
type (solid white fatty, opaque gelatinous,
translucent gelatinous},

constant is the mean of the logs of all the
expected frequencies,

A is the effect of category i of variable X, i.e.
the effect of type of death on the log expected
frequency of carcasses in each cell,

/\j" is the effect of category j of variable Y, i.e.
the effect of being male or female on the log
expected frequency of carcasses in each cell,

A7 is the effect of category k of variable Z, i.e.
the effect of bone marrow type on the log
expected frequency of carcasses in each cell,

A is the effect of any interaction between X
and Y, i.e. an interactive effect of type of death
and sex on the log expected frequency of
carcasses in each cell,

X, is the effect of any interaction between
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Table 14.5 | some typical log-linear models fitted to a three way (X by Y by
Z) table with their dft comparisons of models are tested with the difference
between the relevant df

Log-linear model df

X+Y+7 K—1—j—K+12
X+Y+Z+XY (K=D{—1n
X+Y+Z+XZ (= 1K=N
X+Y+Z+YZ {—D{JK=1
X+Y+Z+XZ+YZ KiI—=n{—=1n
X+Y+Z+XY+YZ =13
X+Y+Z+ XY+ X2 K= K=Y
K+T+Z+XY+X7+Y7 (= D{j—NHE=n
Saturated model:

X+Y+Z+ XM+ XZ+YZ+XYZ O

X and Z, i.e, an interactive effect of type of death
and bone marrow type cn the log expected
frequency of carcasses in each cell,

A}.k” is the effect of any interaction between
Y and Z, i.e. an interactive effect of sex and bone
marrow type on the log expected frequency of
carcasses in each cell,

’\.]km is the effect of any interaction between
X, Y, and Z, i.e. an interactive effect of type of
death, sex and bone marrow type on the log
expected frequency of carcasses in each cell.

Models 14.21 and 14.22 include all main
effects, all two way interactions and the three way
interaction and fit the observed frequencies per-
fectly.

Berause the (* goodness-offit statistic for the
saturated model 14.21 is zero, then the G2 statistic
for any model represents the difference in fit of that
model to the firofthe saturated model 14.21, i.e. the
deviance. We can also use criteria of fit that “penal-
ize” the model for the number of parameters, such
as the Akaike Information Criterion, which for a
particular model equals (Christensen 199%):

AIC=67~ {deatura[ed model deParticular model)
=G2-24E

{14.23)

Test of model

The choice of “best” model is that which mini-
mizes either the G2 or the AIC.

Log-linear models are usually fitted in a hier-

archical fashion, i.e. the inclusion of a higher
order term automatically includes all lower order
terms with those variables. The model with the
three variable interaction automatically includes
all two way interactions and main effects.
Similarly, a model which omits one or more two
way interactions also must omit the three way
interaction. The range of models that can be fitted
for a three way table are listed in Table 14.5.

The saturated model allows for complete
dependence of the three variables by including
the three way interaction term. The remaining
models each omit the three way interaction and
one or more two way interactions. Three models
omit both the three way interaction and one of
the two way interactions. For example, consider
the model:

log f, = constant + AX+ AT+ A7+ AN + A 7
{14.24)

Model 14.24 implies that X and Z are conditionally
independent, i.e. the odds ratios for the associa-
tion between X and Z are equal to one for all levels
of Y. The goodness-offit statistics for these models
omitting a two variable interaction compare their
fit to that of the saturated model and measure
how much the absence of both the three way
interaction and the particular two way interac-
tion affects the fit of the model. If the three way
interaction has been shown to be small, then the
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fit of these models really measures the effect of
omitting the particular two way interaction, i.e.
testing whether those two variables are condition-
ally independent.

In the wildebeest example from Sinclair &
Arcese (1995}, the model which includes death,
sex, marrow, death X sex and sex X marrow is:

log f, = constant + A%t 4 A3 4 pmarrew +

Adealh Xsex 4 Asex X fnarrow

{14.25)

Model 14.25 implies that there is no partial associ-
ation between cause of death and marrow type for
any sex. For either males or females, whether a
wildebeest is taken by a predator or not is inde-
pendent of which marrow type they have.

In the study on the effects of logging on squir-
rel demography from Taulman et al. (1998}, the
variable squirrel age (adult, young) can be viewed
as a response variable and therefore all models
should include the interaction between the other
two variables (treatment and year). These two var-
iables are set by the investigators and it makes no
sense for the interaction between them to be zero;
their conditional independence (independence of
treatment and year for adult or young squirrels)
has no biclogical meaning (see also Agresti 1996,
Sokal & Rohlf 1995). Therefore, the number of
models to be fitted is less than for the wildebeest
example (Box 14.6}.

Therefore, we test the fit of models with the
relevant two way interaction terms (treatment X
age and year X age) omitted. These models imply
that there is conditional independence between
treatment and age for each year and conditional
independence between age and year for each
treatment,

Note that the comparison of models that omit
one of the two way interactions to the saturated
model are not the best for testing the absence of
two way interactions (conditional independence).
This is because the reduced model has omitted
both a twoway interaction and the three way inter-
action so any difference between this model and
the saturated model could be due to either the two
way or the three way interaction or both. In
general, the comparison of models omitting inter-
action terms to the saturated model should be con-
sidered an initial exploratory or screening
approach teo analyzing a contingency table. The

exception is the valid test of the three way interac-
tion.

Three other models emit the three way inter-
action and two of the two way interactions. For
example, the model;

log fﬁk =constant+ A% + A}." AT+ ,\U.” (14.26)

implies that X and Z are conditionally indepen-
dent for each level of Y and that Y and Z are condi-
tionally independent for each level of X. Only X
and Y can be conditionally dependent. So the
model that includes death, sex, marrow and
death X marrow:

log fijk =constant + Adeal’h 4 X o Amarrow

)ldeath X sex (1427)

implies that cause of death and sex are condition-
ally independent for each level of marrow typeand
sex and marrow type are conditionally indepen-
dent for each cause of death: only cause of death
and marrow type are conditionally dependent.

The simplest possible model is one that
assumes complete independence and excludes all
interaction terms:

log f, = constant + AX+ ,\J,Y+ Az (14.28)

Model 14.28 implies that each variable is com-
pletely independent of the other two, e.g. the
cause of death is independent of sex and marrow
type.

The fit of the different possible models is a
useful exploratory step in analyzing complex con-
tingency tables and we can determine the model
that provides the best fit for the fewest parame-
ters. For the wildebeest carcasses example {Box
14.5), the two criteria (G? and AIC) chose different
models, although the difference in fit between
models 3, 5, 7 and 8 was minor. Based on the AIC,
we would choose the model 7:

log fi; = constant + AR + ysx 4 pmarcow

Adealh X MAETOW & 4 SeX X marrew

(14.29)

whereas hased on the G2, we would choose model
8:

log f,, = constant + I + Y5eX | Amariow
! Adeath Xsex 4 Adeath X IMArrow . Asex ¥ marrow

(14.30)
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The AIC chose a model with fewer parameters.

In practice, however, we are usually more
interested in tests of individual terms in the
models. Comparisons of reduced meodels to
the saturated model only do this in the case of the
three way interaction. For the remaining models,
more than one term is being omitted. Testing indi-
vidual terms relates to the different forms of inde-
pendence {complete, conditional, marginal)
discussed in Section 14.2.2 and these tests are
done by comparing the fit of full (not saturated)
and reduced models.

Tests for three way interaction: complete
dependence

The test of the three way interaction is a test of
complete dependence. If the H, of no three way
interaction is true, we have either conditional
independence between all pairs of variables or the
pattern of conditicnal dependence between all
pairs of variables is the same for all levels of the
third variable. This is similar to the interpretation
of a three way interaction in an ANOVA model
(Chapter 9) where the interaction between two
factors depends on the level of the third factor. We
test the three way interaction by comparing the fit
of the saturated model, which is also the full
model for the test of this term:

log f.]k = constant + A%+ Aj" + A2+ ,\l.jx‘f' +
A A+ A (14.21)

to a reduced mode] that omits this term:

log f, =constant + A X + A+ A+ AN+
Ay AT (14.31)

This tests the H, that the three way interaction
term is zero. If this H, is true, then we have homo-
geneous association where each pair of variables
can be conditionally dependent but this depen-
dence is the same at each level of the third vari-
able. If H, is true, we would expect models 14.21
and 14.31 to fit similarly; if the H, is false, we
would expect the reduced model to fit signifi-
cantly worse than the saturated model. We use
the difference in G* for the reduced model and the
saturated (full) model, i.e. the deviance, to test
whether there is a significant three way interac-
tion between the variables,

For the wildebeest example {Box 14.5),

omitting the three way interaction term {sex x
death X marrow) results in significantly worse fit
s0 we would reject the null hypothesis of no three
way interaction. The conditional dependence of
cause of death and sex depends on the type of
marrow. Equivalently, the conditional depen-
dence of cause of death and marrow type depends
ont sex and the conditional dependence of sex ang
marrow type depends on cause of death. As in fac-
torial ANOVAs {Chapter 9), interactions in log-
linear models are symmetric.

For the squirrel example (Box 14.6), it is clear
that omitting the three way interaction term
{treatment X age X year) makes little difference to
the fit of the model, so we wouldn't reject the i,
that the three way interaction term is zero. Any
conditional dependence between age of captured
squirrels and treatment does not depend on year
and any conditional dependence between age of

captured squirrels and year does not depend on
treatment.

Testing and interpreting two way interactions
Whether we test other terms depends on whether
we reject the H, of no three way interaction
between the variables. In the wildebeest carcass
example, the three way interaction was signifi-
cant so we could proceed in two ways. First, by
examining the residuals from the modei without
the three way interaction term to see which cells
were causing the lack of independence among the
three variables (Box 14.5). The largest residuals
indicate that there are more male carcasses that
were not killed by predation with SWF marrow
and fewer with OG marrow. None of the residuals
is near two so we would not consider any observa-
tions particularly unusual. We could also
examine odds ratios by breaking the table into a
series of two way tables, e.g. tables of marrow type
by sex for each cause of death separately. Second,
we could examine dependence of pairs of vari-
ables for each level of the third variable separ-
ately, analogous to simple interaction tests in
three factor ANOVA models (Chapter 9).

Although the three way interaction was sig-
nificant in the wildebeest example, we will test for
conditional dependence of each pair of variables
to illustrate the process. Conditional indepen-
dence is tested by comparing the full model
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log f;, = constant + AR+ /\j" + A2+ Aq’” +
AE A AT (14.31)
!

with each of the following reduced models

v
Test Hy: AfY =0 log f; = constant + AR AT+
AFAAT AT T (1432)

Test H: A)Y =0 log f, = constant + A AT+
AZHATTH AT (1433)

Test Hy: A =0 log f, = constant+ AR AT+
AZEAI A T (1434)

For the wildebeest example, we would only reject
the H, of conditional independence for cause of
death and marrow type for each sex separately
{(Box 14.5). This means that cause of death and
marrow type are not independent for male wilde-
beest and female wildebeest carcasses and the
odds ratios for the association between cause of
death and marrow type are different for each sex.
In contrast, the odds ratios for the cause of death
and sex association equal one for all marrow types
and the odds ratios for the sex and marrow type
association equal one for all causes of death.

In the squirrel example, the absence of a three
way interaction is not rejected so there is good jus-
tification for proceeding to examine simpler
models (Box 14.6). Because the treatment and year
variables are set by the investigators, the indepen-
dence between these two variables is not tested.
There was no evidence to reject the hypothesis of
conditional independence between age and treat-
ment, i.e. squirrel age and treatment were inde-
pendent for each year. This indicates that logging
does not alter the relative numbers of adult and
young squirrels compared to control stands in any
year. In contrast, squirrel age and year were not
independent in both control and logged treat-
ments and the odds ratios for the association
between age and year are different for each treat-
ment.

‘We can also test for marginal independence of
two variables by creating a two way table ignoring
the third variable. For example, the test for margi-

nal independence of cause of death and marrow
type, ignoring sex, is done with a test of indepen-
dence of the two way cause of death and marrow
type table pooling the two sexes:

G2=129.,52, df=2, P<0.001

In this example, cause of death and marrow type
are not marginally independent, as they are not
conditionally independent, although agreement
between marginal and conditional independence
does not always hold (see Agresti 1996).

Test for complete independence

If none of the two way interactions are significant,
we could fit the model of complete independence
(no interactions) among the three variables:

log f, =constant + A%+ A+ A7 (14.28)

Assuming there is no three way interaction, we
can test the H, that all two way interactions equal
zero (i.e. that the three variables are completely
independent) by comparing model 14.28 to:

log f; =constant + A%+ A+ A7+ A5 +
A+ AT (14.31)

This comparison tests that all three variables are
completely independent of each other, both con-
ditionally and marginally. In the wildebeest
example, marrow type is completely independent
of cause of death and sex, sex is completely inde-
pendent of cause of death and marrow type, and
cause of death is completely independent of sex
and marrow type (Box 14.5). There are no condi-
tional dependencies.

We would not do this test for the wildebeest
example because there is a three way interaction,
nor for the squirrel example because the interac-
tion between treatment and year should always be
included because these variables are set by the
investigator and independence between them
makes little sense.

Analysis of deviance tables

We can create a modified analysis of deviance
table, which gives the difference in G? between
hierarchical models, showing tests for the null
hypotheses that specific terms equal zero (Chapter
13}. It is always better to compare the fit of full ar}d
reduced models when testing specific terms in
log-linear models. Simple goodness-of-fit statistics
for a given maodel can overestimate the impor-
tance of specific terms and should be used as an
exploratory tool (except for the three way inte:rac-
tion). Comparing full and reduced models in a
hierarchical manner is the most commeon method
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of analyzing and presenting the results of log-
linear modeling.

14.3.3 More complex tables

Log-linear models for four way and higher tables
follow the logic described above, although inter-
pretation of four way interactions is as difficult as
the interpretation of four way interactions in
complex ANOVA models (Chapter 9). Agresti (1990)
has provided a worked example for a four way
table using log-linear models.

14.4 | General issues and hints for

analysis

14.4.1 General issues

= Contingency tables represent a cross-
classification of sampling or experimental
units by two or more variables so each cell in
the table contains a number of units (fre-
quency).

* Log-linear models are GLMs that relate the log
of the expected frequencies to a linear combi-
nation of the variables and their interactions.

* For two way tables, the basic 3* test is for inde-
pendence between the two variables.

* To test H, that a specific term equals zero,

compare the fit of the full model with that

term included to the reduced model with that

term omitted, using the deviance.

Conditional independence means that two

variables are independent for all levels of the

third variable. Odds ratios and standardized
residuals are very important tools for interpret-
ing lack of independence in contingency
tables.

* Standard significance tests can be unreliable
when expected frequencies are small (less than
five). Use exact tests for two way contingency
tables with small sample sizes.

14.4.2 Hints for analysis

« Remember that log-linear models do not dis-
tinguish a response variable. However, when
one variable is clearly a response, then some
log-linear models won’t make much sense, If
modeling a response variable is important,
consider logit models.

« As an initial analysis, it is useful to test the
goodness-offit of a range of possible models
using the deviance and AIC.

= For a complex table, breaking it into two by
two by K sub-tables will allow odds ratios for
conditional dependence to be calculated.

/‘ Chapter |15

15.1 | Multivariate data

A multivariate data set includes more than one
variable recorded from a number of replicate sam-
pling or experimental units, sometimes referred
to as objects. If these objects are organisms, the
variables might be morphological or physiologi-
cal measurements; if the objects are ecological
sampling units, the variables might be physico-
chemical measurements or species abundances.
We have already considered multivariate data in
linear models with two or more predictor vari-
ables, e.g. multiple regression (Chapter 6) and
multifactor analysis of variance (Chapters 9-11).
For these analyses, we have multiple predictor
(independent} variables. The multivariate analy-
ses we will discuss in the remaining chapters
either deal with multiple response variables {e.g.
MANOVA - Chapter 16) or multiple variables that
could be response variables, predictor variables or
a combination of both. This chapter will intro-
duce some aspects of multivariate data and analy-
sis that apply generally to many of the methods
we will describe in the subsequent three chapters.
We will illustrate these aspects with four data sets
from the recent biological literature. For each
data set, there are i=1 to n objects with j=1to p
variables measured for each object.

Chemistry of forested watersheds

In Chapter 2, we first described the study of Lovett
et al. (2000} who examined the chemistry of
forested watersheds in the Catskill Mountains in
New York. They chose 39 first and second order

Introduction to multivariate analyses

streams {objects}] and measured the concentra-
tions of ten chemical variables {NO,”, total
organic N, total N, NH,~, dissolved organic C,
80,77, Cl7, Ca®**, Mg**, H"), averaged over three
years, and four watershed variables (maximum
elevation, sample elevation, length of stream,
watershed area),

Plant functional groups and leaf characters

In Chapter 9, we described the study of Reich et al.
{1999) who examined the generality of leaf traits
from different species across a range of ecosys-
tems and geographic regions. We will use a subset
of their data, Wisconsin forbs, with ten species as
the objects. There were five variables measured for
each species: specific leaf area, leaf nitrogen con-
centration, mass-based net photosynthetic capac-
ity, area-based net photosynthetic capacity and
leaf diffusive conductance at photosynthetic

capacity.

Wildlife underpasses in Canada

Clevenger & Waltho {2000} reported on the effec-
tiveness of road underpasses for wildlife in Banff
National Park in Alberta, Canada. For part of their
study, they quantified the human activity at the
underpasses as numbers of people on bikes, on
horses and on foot. The objects were the eleven
underpasses and the variables were the three
human activities and the data were counts.

Bats and African woodlands

Fenton et al. (1998) studied the effects of woodland
disturbance on species richness and abundance of
bats in northern Zimbabwe. They had four groups
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Scatterplot of dissolved oxygen against total
nitrogen for 39 streams from Lovett et al. (2000}, The
centroid, the point represented by the mean of dissolved
oxygen and total nitrogen, is filled. In this example, one object
{grey fill) is an outlier for dissolved oxygen and also a
multivariate outlier.

of sites: nine intact and nine impacted sites in
Mana, six intact sites in Kanyati and six impacted
sites in Matusadona. The sites within each area
and disturbance category are not true replicates
for assessing effects of disturbance so, like Fenton
et al. {1998}, we will combine the sites within each
group. There were four objects (area and distur-
bance combinations) and 15 variables, species of
bats. The data were numbers of each species of bat
and there were numercous zero values, i.e. species
absent,

15.2 | Distributions and associations

In a univariate context, we can describe the distri-
bution of each variable and many of the paramet-
ric univariate analyses for estimating linear
models and testing hypotheses about their param-
eters assume that the distribution of the response
variable being amalyzed is of a particular form
{Chapters 5, 6, 8-14). For example, classical linear
models assume normality (although the analyses
are robust to this assumption under many circum-
stances), while generalized linear models allow

other distributions from the exponentiai family
{e.g. binomial, Poisson, etc.). Although the mu]g.
variate analyses we will introduce in the next
three chapters are mainly descriptive, interva]
estimation and hypothesis tests of parameters cap
also be relevant and usually require the assump-
tion of multivariate normality, where all variableg
and linear combinations of variables are normally
distributed (Tabachnick & Fidell 1996). The sim-
plest multivariate normal distribution is the
bivariate normal distribution described ip
Chapter 5. QOther multivariate distributions are
obviously possible, although less commonly used
in multivariate analyses.

One measure of the center of a multivariate
distribution is the centroid. In multivariate space
where each dimension is a variable, the centroid is
the point represented by the univariate means of
the distributions of each of the variables (Figure
15.1). The centroid is not usually estimated by a
single value but is used as a description of the
center of a multivariate normal distribution and
for detecting multivariate outliers (Section 15.9.1).

We can summarize variation in single vari-
ables by sums-of:squares (S8} and variances
{Chapter 2). When we have more than one vari-
able, we not only have variances for each variable
but also covariances between variables. To repre-
sent variation in multivariate data sets, we must
use some simple matrix algebra. A data matrix (Y)
for n objects by p variables is represented in Table
15.1, and illustrated using the data from Reich et
al. (1999) for Wisconsin shrubs.

With more than one variable, we calculate
both sums-of-squares for each variable and sums-
of-cross-products between variables to getap by p
sums-of-squares-and-cross-products (SSCP or S)
matrix (Table 15.2). The rows and columns of this
matrix represent the variables (j=1 to p). The
main diagonal of this matrix contains the sums-
ofssquares for each variable, The other entries are
the sums-oficrossproducts, the sum of the
product of the deviations of the value for each var-
iable from its sample mean. Note that this matrix
is symmetrical, i.e. the sum-ofcross-products
between ¥, and Y, is the same as the sum-of-cross-
products between Y, and Y,.

We can convert this matrix to a p by p matrix
of variances and covariances (C) by dividing the
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'{able 15.1 | Raw data matrix of p variables {j=1 to p) for n ob}ects =1 m n) 1llustratec} with data from Re1c]1 et
(1999} for eleven syecws of Wisconsin forbs {objects) and five vanables S

Yu Yizo oo Y
Yo Yo oo Y
P ' IEEE
¥a Yo - ynp
SLA Leaf N A A, G,
(g (mgg”) (molg's) (umolm s (mmolm 257
Caulophylium thalictroides  425.0 582 2540 5.9 |34
Dentaria laciniate 2970 530 4320 14.2 227
Erythronium americanum 2220 420 2630 .9 359
Silphivm terebinthinaceurn 133.0 | 4.4 [75.0 3.4 615
Podophyltum peltatum 3090 447 2440 79 |64
Baptisia leucophaea [06.3 359 159.0 5.0 481
Trifliy grandifiora 3570 51.6 209.0 5.8 499
Echinacea purpured 1285 5.0 [22.9 9.8 480
Silphium integrifolium 1163 6.6 1160 0.0 478
Sanguinaria canadensis N0 536 2550 79 208
Sarrachenia purpurea 78.1 14 228 29 |44

Note:

SLA is specific leaf area, leaf N is leaf nitrogen concentration, A is mass-based net photosynthetic

capacity, A,
phatosynthetic capacity.

sums-ofsquares and sums-of-cross-products by
their degrees of freedom {n— 1), where the main
diagonal contains the variances for each variable
and the other entries are the covariances between
pairs ofvariables(Table15.3). Thecovariancematrix
can also be obtained directly from the raw data
matrix Y, if each variable is centered {to a mean of
zero}, by Y'Yf(n — 1), where Y! is the transpose ofthe
centered raw data matrix.

There are two ways we can summarize the var-
iability of a multivariate data set based on the var-
jiance-covariance matrix (Jackson 1991).

* The determinant of a square matrix is a single
number summary of the matrix. The
determinant of the variance-covariance
matrix {|C|) represents the generalized
variance of the matrix.

+ The trace of the variance-covariance matrix
(Tr(C)) is the sum of the diagonal values, i.e.

is area-based net photosynthetic capacity and G, is leaf diffusive conductance at

the sum of the variances of the centered
individual variables.

Finally, we can also standardize these covari-
ances by dividing by the standard deviations of
the two variables involved to produce correlations
and thus a correlation matrix (R), where r , is the
correlation coefficient between variables 1 and 2,
etc. (Table 15.4). Note the main diagonal consists
of ones because the correlation between each var-
iable and itself is one. Covariances and correla-
tions are measures of association between
variables. Other measures of association include
the »* statistic, discussed in Chapter 14 as a
measure of association for contingency tables.

If our objects occur in groups (e.g. experimen-
tal treatments), then we can calculate these matri-
ces for between and within groups, analogous 1o
analyses of variance in Chapters 8-11. Analyses
based on multiple variance—covariance matrices
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Tabfé_‘ |52| .Sumsofsquares-and-cross-products matrix between p variables (=1 to p} for 1t objects i=1 to 1), .
illustrated with data from Reich et al. (1999) :

—
;(VH_V-Jz ;(YQ_)?Q)(YH_);]) E(yip_yp)(yif_yl)
;(yﬂ w}?\)(yamyz) ;(ya_)‘-’z)z ;(}'.p_y-p)(yiz_]?ﬂ
Z‘:()@_Vf
L ;I(Y,‘_)7|)(Y,;p‘,‘»7p) in(ygipz)(y,p_ip) ;(Y;p_fp)z]
SLA Leaf N A A G,
SLA 144 120.13
Leaf N 19 873.03 333573
A 87 160.14 15 162.00 12 204.77
- —~ 129094 ~2386 163593 148.98
X —97 69697 — 14 505.68 —50 26155 341231 301 59473
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_ Table 15.4 | Correlation matrix between p variables (j =1 to p}, illustrated
with data from Reich et al. (1999) '

Ip p
SLA Leaf N s A G,
SLA [.00
Leaf N 091 1.00
A s 0.69 0.78 §.00
A -028 —0.03 0.40 .00
G, —-0.47 —046 —0.27 051 1.00
MNote:

All entries are Pearson correlations. Variables defined in Table 15.1.

Note:

Main diagonal entries are sums-of-squares, off diagonal entries are sums-of-cross-products. Variables

defined in Table 15.1.

Table 15.3 l Variance-covariance matrix between p variables (j=1 to p}, illustrated with data from Reich et al.

(1999)

st sy 5p|2

S S szz

Sf
5, pz 52p2 sp2
SLA Leaf N Amass Aar&l GS

SLA |4 412,01
Leal N 1987.30 33357
Amﬂss 871601 151620 Il 22048
A s —129.0% —2.39 6359 [4.89
G, —9769.69 — 145057 —5026.14 341.23 30 15947
Note:

Main diagonal entries are variances, off diagonal entries are covariances. Variables defined in Table 15.1.

nearly always have the assumption that the
within-groups matrices have equal variances and
covariances.

5.3 | Linear combinations,
eigenvectors and eigenvalues

15.3.1 Linear combinations of variables
One of the fundamental techniques in multivari-
ate analyses is to derive linear combinations of the
variables that summarize the variation in the
original data set. Basically, we are “consolidating”
{(sensu Tabachnick & Fidell 1996} the variance from
a data matrix into a new set of derived variables,
each of which is a linear combination of the orig-
inal variables. For i =1 to n objects and j=1to p
original variables:

2z, =c1yﬂ+czyi2+---cjyt_j+~-+cpyip (15.1)

In Equation 15.1, z, is the value of the new variable
k for objecti, y, to ¥, are the values of the original
variables for objectiand c, toc, are weights or coef-
ficients that indicate how much each original var-
iable contributes to the linear combination.
Depending on the analysis, these new vari-
ables are termed, variously, discriminant func
tions, canonical functions or variates, principal

components or factors. This linear combination is
analogous to a regression equation. For some anal-
yses, the linear combination may include a con-
stant (an intercept in regression terminology):

zy =constant + ¢y, T oy, Ty ooy, {15.2}

The form in Equation 15.2 is common when
the variables are not standardized to zero mean
and unit variance; if they are, then the constant
becomes zero and Equation 15.1 is appropriate.

The derived variables are extracted so the first
explains most of the variance in the original vari-
ables, the second explains most of the remaining
variance after the first has been extracted but is
uncorrelated with the first, the third explains
most of the remaining variance after the first and
second have been extracted but is uncorrelated
with either the first or second, etc. The new
derived variables are independent of, uncorre-
lated with, each other. The number of new derived
variables is the same as the number of original
variables (p), although the variance is usually con-
solidated in the first few derived variables.

15.3.2 Eigenvalues

Eigenvalues, also termed characteristic or latent
roots (A, A, Ags...Ay.. A ) Tepresent the amount of
the original variance explained by each of the
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k=1 to p new derived variables. These eigenvalues
are population parameters and we estimate them
using maximum likelihood (ML) to produce {. 1,
1....J-..1)) and can also determine their approxi-
mate standard errors. Note from Box 15.1 that if
we use a covariance matrix and centered vari-
ables, then the sum of the eigenvalues is equal to
the trace of the original covariance matrix, i.e. the
sum of the variances of the original centered var-
iables. If we use a correlation matrix and centered
and standardized variables, the sum of the eigen-
values would equal the trace of the correlation
matrix, i.e. the sum of the variances of the origi-
nal standardized variables. We have simply rear-
ranged the variance in the association matrix so

that the first few derived variables explain most of
the variation that was present (between objects)
in the original variables. The eigenvalues can also
be expressed as proportions or percentages of the
original variance explained by each new derived
variable (component).

15.3.3 Eigenvectors

Eigenvectors (characteristic vectors) are lists of the
coefficients or weights showing how much each
original variable contributes to each new derived
variable. In general terms, the eigenvectors
contain the cJ in Equation 15.1 but these coeffi-
cients can be scaled in different ways so are often
represented as u, v, or w, in matrix descriptions of

Box 15.1 | Deriving components {modified from Jackson

1991)

There are two different strateges for extracting eigenvectors (components) and
their eigenvalues from multivariate data set of n objects by & variables. First, we can
use a spectral decomposition of a p by p assodiation matrix between variables.
Second, we can use a singular value decomposition (SVD) of a n by p data matrix,
with variables standardized as necessary. The SVD is more generally applicable {see
Chapter |7) although most biolegists are mere familiar with obtaining eigerveciors
and eigenvalues from a covariance or correlation matrix,

Consider the matrix (¥} of raw data from Clevenger & Waltho (2000) who
recorded the numbers of people on bicycles, horses and on foct for eleven under-
passes also used by wildlife in Alberta, Canada.

Raw Centered
Underpass Bicycle  Horse  Foot Bicycle Horse Foot
| 0 6 7 ~ 18727 —37273 —553¢4
2 5 3 45 — 113727 —40273 —17.364
3 6 ) 4 = 112727 —-37273 —48364
4 21 5 20 97727 -38273  —42364
5 ig2 42 34 70273 —1273 -283s54
S 8 138 77 = 110727 94,727 14,636
7 462 186 129 343273 142,727 66.636
8 19 12 80 —99.727 31273 17.636
9 595 58 244 476.273 14.727 178.636
10 | 10 10 —H7727 —33273 -52364
il 0 10 29 —i18727  —33273 —33344

Spectral decomposition
We will iflustrate spectral decomposition of a matrix of assocdiations between vari-

ables (Y"Y). This might be a matrix of variances and covariances, €, amang p var-
iables based on n objects (Table 15.3).
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Bicycle Horse Foot

Bicycle 44906018
Horse 7336382 3862018
Foot 13 084709 2205.151 4903.655

Note that we could also use a correlation matrix. Basically, we then derive two
matrices, L and U, so that:

L=U'CU

U is an by p matrix whose columns contain the eigenvectors (characteristic VECHors),
the coefficients of the finear combinations of the criginal variables, The slements of
each eigenvector k are u,, the coefficient for the jth variable in the kth eigenvector.
Note that we clearly need to have to some constraints imposed on the coefiicients
within each eigervector, otherwise simply increasing the absolute sizes of the coef-
ficients could increase the variance explained by each new variable. The simplest and
rnost commoniy used constraint is to restrict the sum of squared coefficients to zero,
ie. Ej”zluj,f: |. Eigenveciors that are independent and scaled to unity are termed
orthonormal. Additional scaling aptians for the eigenvectors are avallable to make
the variances of the eigenvectors similar {jackson 1991} eg.v, = \/ikurk 50 the eigen-
vectors are in a V matrix and w,, = uﬂj \/{k so the eigenvectors are in a W matrix.

L is a p by p matrix whose diagonal contains the eigervalues /. i,....1,...1, (esti-
mates of 2,4,...4,...4,, the latent or characteristic roots) of €. The eigenvalues
measure the variance explained by each of the sigenvectars. The number of eigen-
values is the same as the number of rows and columns in the covariance matrix and
therefore the same as the number of original variables (p).

The matrix L for aur example data set with the eigenvatues on the diagonal is:

50 075.681 0 0
0 2592.350 0
0 0 1003.660

The trace of this matrix, the sum of its diagonal elements, is the surn of the vari-
ances of the original centered variables. The sum of the eigenvalues from an eigen-
analysis of a sums-of-squares-and-cross-products matrix ar a correlation matrix
would equal the sum of the variances of the original variables or the centered and
standardized variables respectively. The matrix L represents, therefore, a reorgan-
ization of the variances of the variables from the original data matrix. Each eigen-
value s associated with each eigenvector and it is clear that the eigenvectors are
extracted in order of decreasing proportions of the total variance. We often
convert these eigenvalues 1o percentages.

Eigenvactor | 2 3
Eigervalue 50075681 2592.350 1003.660
Perceniage of total variance 93.300 4.830 1.870

Mare formally, determination of the eigenvalues involves salving the character-
istic equation:

jc—ilj=0
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where | is an identity matrix of equivalent dimensions to €. The resuiting polyno-
mial (pth degree) in | is used to obtain f,1,...J.
Based on the three human activity variables (bicycie, horse, foot) for eleven

underpasses in Alberta from Clevenger & Waitho {2000), the matrix U is:

I 2 3
Bicycle 0945 0.160 0284
Horse 0.164 —{(.986 Q011
Foot 0.282 £.036 —0.959

Each column is an eigenvector {1, where k= | to p), the values in the eigenvector
representing the coefficients or weights for that linear combination of the original
variables. For exarnple, the linear combination comprising eigenvector | is:

(0.945)Bicycle + (C. 164 Horse + (0.282)Foot

whare the values of each variable are centered because we used the covariance
matrix to extract the eigervectors. These linear equations are often termed
components or factors (Chapter | 7) and represent new variables derived from the
ariginal variables. Note that each variable contributes difierently to each compoe-
nent (different coefficients or weights) and that these coefficients will depend on
the units of each variable and whether standardizations are used. These linear equa-
tions can be soived to praduce a component score (z,} for sach object or obser-
vation for each component. For example, the score for compaonent | for underpass
I:

(0.945)(— | 18.727) + (0.164)(—37.273) + (0.282)(—55.364) = — 133946

Singular value decomposition (SVYD)

Tre SVD of an n by p data matrix is based on the product of the characteristic
vectors of a matrix of assodiations between variables, the characteristic vectors of
a matrix of associations between objects and their characteristic roots {eigenvalues,
which are the same for both association matrices). Y is a matrix of centered data
{as used for the covariance matrix above), then Y'Y is the covariance matrix
between variables (matrix € above) and YY' is the covariance mairix between
objects (note these would be SSCP matrices for raw data and correlation matrices
for centered and standardized data). The characteristic roots (eigervalues) of these
two matrices are the same.

The SVD of Y is:

Y=ZL"W

where L contains the eigenvalues, U is a p by p containing the eigenvectors of Y'Y
as defined above and Z is an n by p matrix of eigenvectors of Y¥' and are also the
principal component scores for objects scaled by the square root of the eigenval-
ues, Nate that we now have the square roct of the eigenvalues because we are
dealing with the original variables rather than covariances or correlations (Jackson
1991). IT'Y contains raw data, then L and U will be the equivalent to that from the
spectral decomposition of the SSCP matrix. If Y contains centered data, then L and
U will be the equivalent to that from the spectral decompoesition of the covariance
matrix, If ¥ contains centered and standardized data, then L and U will be the
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equivalent to that from the spectral decomposition of the correlation matrix. Note
that we can determine the original variables (centered and standardized if appro-
priate) from the matrix of component scares and vice versa when all components
are extracted.

The advartage of using SVD is that extraction of eigenvectors and their eigen-
values is a one step process and SVD can also be applied to association matrices
that are not square, e.g. chi-square matrices from contingency tables as used in cor-
respondence analysis {Chapter 1 7). The advantage of spectral decompasition is that
the choice of matrix {e.g covariance vs correlation) will automatically center or
standardize the data. As most multivariate analyses require statistical software, we

rarely have to make this choice in practice.

multivariate analyses - see Box 15.1. The eigenvec-
tors are commonly scaled so the sum of squared
coefficients equals one; other forms of scaling are
possible. We estimate the coefficients with
maximum likelihood and can determine approxi-
mate standard errors. These linear combinations
can be solved to provide a score (z, ) for each object
for each new derived variable. Note that there is
the same number of derived variables as there are
original variables (p). The new derived variables,
each with an eigenvector of coefficients and an
eigenvalue, are extracted sequentially so that they
are uncorrelated with each other.

15.3.4 Derivation of components
We can derive the new variables (components)
with matrix algebra in two ways. We can use a
spectral decomposition of a p by p square matrix
of associations among variables (e.g. SSCP, Cor R
matrices) or we can use a singular value decompo-
sition of the n by p original data matrix. The two
approaches produce equivalent results if there is
a match between the asscciation matrix used
and the standardization of variables in the data
matrix. One of the biggest problems facing biolo-
gists trying to become familiar with multivariate
statistical techniques is the bewildering range of
terminology, with different textbooks using dif-
ferent terms for the same property and also differ-
ent labels for the relevant matrices. We have tried
to summarize these two approaches for extracting
components from a multivariate data set in Box
15.1, following the terminology of Jackson (1991}
where possible.

The usual derivation of components is from an

association matrix of covariances or correlations
between variables (Box 15.1). This is sometimes
termed an R-mode analysis and we can calculate
scores for the derived variables (components) for
each object (Jackson 1991, Ludwig & Reynolds
1988). We could also derive components from
matrices representing covariances or correlations
between objects and the derived variables (compo-
nents) are linear combinations of the objects. We
can calculate component scores for each variable
and this is termed a Qmode analysis. These two
sets of component scores are related via matrix
algebra and we can obtain component scores for
objects from the eigenvectors of the variables and
vice versa {Jackson 1991). In practice, G-mode anal-
yses comparing objects are more commonly based
on dissimilarity measures (Box 15.2; Figure 15.2;
Section 15.4).

The calculation of eigenvectors and their
eigenvalues for new derived variables (compo-
nents) from a multivariate data set is fundamen-
tal to canonical correlation analysis, principal
components analysis and correspondence analy-
sis (Chapter 17). If our data set contains groups, we
can extract the components in a way that max-
imizes the between-group differences and this is
the basis of multivariate analysis of variance and
discriminant function analysis (Chapter 16).

|5.4 | Multivariate distance and
dissimilarity measures

The methods described in the previous section
deal with multivariate data sets by rearranging
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Box 15.2 | Measures of dissimilarity between objects for
continuous variables

Consider two objects (i= | and 2), e.g. two sampling units, and a number of vari-
ables (j=1 to p) recorded from each cbject, e.g. abundances of p species from
each sampling unit. The same variables are recorded from each object (even i some
variables have zero values for an object). First, we need a few definitions:

* Yy and ¥y are the values of variable j in object | and object 2,

* min(y,, vy} is the lesser value of each variable when it is greater than zero in
both abjects,

* pis the number of variables, and

* ¢ is the number of variables that are zero for obiects | and 2.

For example,y,J and ¥y might be the abundances of specias j in sampling units | and
2, Emin(yu. yz,) is the sum of the lesser abundance of species j when it is present in
both sampling units, p is the number of species and g is the number of species that
are missing (zerc values) from both samples. The formulae presented below are
from Faith et al. (1987). except we present 2 more common version of the
Canberra measure {see Digby & Kempton [987) and correct their typographical
aerror for chi-square.

Dissimilarity Equation

17
Minkowski (ﬁ:h’ -yl
o

Euclidean (1=2) 2>y~ )
£

City block {Manhattan:4 = 1) i |{_y|,—y2j)i
=1 i

| |y = vl
p—q =1 (yu.l-hj}

il
22 min(y o) ill}v’lj - .‘r’z,v|
= =

Bray—Curtis (Czekariowski) |- ==
i (v, + vy E {vi;+yy)
=1 j=1

r
ﬁmin(}”l,ﬁhj) Emin{}'u»}’z,)
i=1 + =1

i b
JE] {.Vu} 2 (Fg)
p =

Canberra

Kulczynski | -

Chi-sguare

MULTIVARIATE DISTANCE AND DISSIMILARITY MEASURES

411

To illustrate these dissimilarity measures, we have calculated the dissimilarity:

hetween three species of Wisconsin forbs based on five leaf character variables

from Reich et al. (1999). We have used the original varables and also variables cen-
tered and standardized to zero mean and unit variance. '

‘Dissimilarity

between Euclidean  Cityblock  Canberra  Bray-Curtis  Kulczynski

€. thalictroides vs D, laciniata; .
Raw data 238355 82.500 0.231 0217 0212
Standardized data 2992 1,143 NA NA NA

C. thalictroides vs P peltatum:
Raw data 121.005 34.300 Ot 0,104 0.100
Standardized data 1,337 0.498 NA MNA NA

D. laciniota vs P, pelteturm:
Raw data 198911 55.520 D168 0.155 0.138
Standardized data 2482 0.865 NA NA NA

Mote that all measures show the same basic pattern, with the dissimilarity between.
C. thalictroides and D. lociniata the greatest and that between C. thalictroides and £
peltatum the least. Standardizing the variables to zero mean and unit variance

doesm't change the relative dissimilarities although such a standardization cannot be.

applied to Canberra, Bray—Curtis and Kulczynski because they already include stan-
dardization as part of the calculation.

We also compared intact and impacted forest locations, based on the abun-

dance of |5 species of bats, from Fenton et al. (1998}, This data set allows us to
include the chi-square measure, which requires integer values.

Dissimilarity between Euclidean City block  Canberra  Bray—Curtis  Kulczynski Chi-square'

Mana intact vs Mana impacted:

Raw data 35875 77000 Q754 0.336 0.252 0036
Standardized data  5.6/9 17.323 A NA MNA NA
Range

standardized data 2720 8.253 0.835 Q.770 0435 0428

Kanyati intact vs Matusedona impacted:

Raw data 21118 48.000 0715 0444 0416 0087
Standardized data 4831 13.706 NA NA NA NA
Range:

standardized data  2.390 6.663 0.792 0719 0703 0491

Here the different dissimilarities produce different patterns. The intact vs impacted
difference is greater for Mana than for Kanyatifatusadona when measured with

Euclidean, City block and Canberra but the reverse is true for Bray-Curtis,

Kulczynski and chi-square. None of the standardizations changed the relative sizes
for any of the measures except for Bray—Curtis,
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Distinction in initial Variables
steps between R- and Q-mode Variables 1 2 3 efc.
analyses. A data matrix of n rows by ] ] . .
p columns is converted toa p by p 12 13
matrix of associations between 2 r 1 r
variables (e.g. correlations) or a n by /' 3 :1 . :3
n matrix of dissimilarities between . 3 a2
objects. Variables atc.
Objects 1 2 3 elc.
the variance based on the asso- ! Yoo Va2 Y
ciation {covariances or correla- 2 Vor Yar Vs Objects
tions) between the variables 3 Vi Ve ¥ Objects 1 2 3 etc.
31 32 33
(Rmode analyses). Another 1 0 d. d
approach to multivariate data etc. \ 12 T3
analyses (Q-mode analyses} is 2 Gy 0 dy
based on a measure of simi- 3 Oy oy O
larity or dissimilarity, some- otc.

times termed a resemblance
measure (Ludwig & Reynolds
1988), between objects.

Similarity indices measure how alike objects
are, e.g. how similar sampling units are in terms
of species composition or how alike specimens are
in morphology. Dissimilarity indices measure
how different objects are and should represent
multivariate distance - if each variable is repre-
sented by an axis (or dimension) then multivari-
ate distance is how far apart the objects are in
multidimensional space. These dissimilarity
indices are also called distances and are calcu-
lated for every possible pair of objects. There are
numerous dissimilarity indices and the preferred
ones are those that most closely represent biolog-
ically meaningful differences between objects.
Particular difficulties arise when variables are
measured on very different scales or when some
of the variables include zero values, e.g. the vari-
ables are abundances of species of organisms and
many objects have zero abundance for one or
more species.

We usually represent the dissimilarities
between objects as a dissimilarity matrix, convert-
ing an n rows by p columns data matrix to an n
rows by n columns dissimilarity matrix. Like the
covariance and correlation matrices described in
Section 15.2, dissimilarity matrices are identical
above and below the diagonal, which will be zeros
indicating zero dissimilarity between an object
and itself,

15.4.1 Dissimilarity measures for
continuous variables

There is a broad range of measures of dissimilar-
ity between objects based on continuous variables
{see Digby & Kempton 1987, Faith et al. 1987,
Legendre & Legendre 1998, Ludwig & Reynolds
1988). Their proliferation is partly due to the
requirement by ecclogists for measures of dis-
similarity between sampling units in species
composition that best represent underlying envi-
ronmental gradients. We illustrate some of the
commonly used measures in Box 152 and
describe them briefly below. Legendre & Legendre
(1998) provide a very thorough coverage.

Euclidean

This is based on simple geometry as a measure of
the distance between two objects in multidimen-
sional space. It is the square root of the sum, over
all the variables, of the square of the difference
between the values of each variable for the two
objects. It is only bounded by zero for two objects
with exactly the same values for all variables and
has no upper limit, even when two objects have no
variables in common with positive values.

City block or Manhattan

This is the sum (across variables) of the absolute
differences in the value of each variable between
two objects. It has properties similar to Euclidean
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distance and will be dominated by variables with
large values.

Minkowski

Euclidean and City block are both versions of the
more general Minkowski metric. Some software
will, by default, “normalize”™ both measures by
dividing by the sample size, i.e. the number of var-
iables that contribute to the distance measure.
This is only relevant if you wish to compare dis-
similarities between data sets with different
numbers of variables.

Canberra

This is the City block measure above, except that
the difference between objects for each variable is
divided by the sum of the variable values in the
two objects before summing across variables. To
ensure it has an upper limit of one, we standard-
ize it by the number of variables that are greater
than zerc in both objects, e.g. the number of
species present in at least one of the objects. This
standardization is not always provided in texts
{e.g. see Digby & Kempton 1988). The Canberra
measure is less influenced by variables with very
large values (Krebs 1989) than the City block
measure.

Bray-Curtis

Developed by botanists in Wisconsin, this is alsoa
modification of the Manhattan measure where
the sum of differences between objects across var-
iables is standardized by the sum of the variable
values across objects, also summed across vari-
ables. Equivalently, it can be calculated as one
minus twice the sum of the lesser value of each
variable when it is greater than zero in both
objects, standardized by the sum of the values of
all variables in both objects. It ranges between
zero (same variables and values in both objects -
completely similar) and one (no variables in
common with positive values - completely dissim-
ilar) and is sometimes called percent dissimilarity
(when expressed as a percentage:; Ludwig &
Reynolds 1988) or Czekanowski's coefficient. It is
well suited to species abundance data because it
ignores variables that have zeros for both objects
(joint absences). Its value is determined mainly by
variables with high values (e.g. species with high

abundances; see Krebs 1989) because these vari-

ables are likely to be more different between the
objects.

Kulczynski
This complicated measure, also termed the quan-
titative symmetric measure, was introduced to
biologists by Faith et al. (1987). Like Bray—-Curtis, it
ranges between zero and one and has similar
properties.

Chi-square

This dissimilarity measure, implicit in some
multivariate analyses (e.g. correspondence analy-
sis — Chapter 17), is only applicable when the vari-
ables are counts, such as species abundances. It is
based on differences between objects in the pro-
portional representation of each species, also
adjusted for species totals.

15.4.2 Dissimilarity measures for
dichotomous {binary) variables

Another group of dissimilarity coefficients has
been developed for variables measured on a
binary scale (e.g. presence and absence). Let a be
the number of variables with non-zero values in
both objects, b is the number of variables with
non-zero values in ocbject 1 and ¢ is the number of
variables with non-zero values in cobject 2. A
simple measure of dissimilarity between two
objects is Jaccard’s coefficient:

a

1 —m (15.3)

A slight modification is Sorensen’s coefficient,
which replaces a by 2a. Sorensen’s coefficient is
identical to the Bray-Curtis measure for dichoto-
mous variables.

15.4.3 General dissimilarity measures for
mixed variables

Gower (1971) introduced a general dissimilarity

measure that is useful for situations that include

a mixture of continuous and categorical vari-

ables:

v
2 WSy
=t

P
> Wiy
Jj=1

(15.4)
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In Equation 154, s, is the similarity between
objects 1 and 2 based on variable j and Wi equals
one if the two objects can be compared for vari-
ablej and zero if they can’t. So Gower’s coefficient
is “an average over all possible similarities” (Cox &
Cox 1994) for objects 1 and 2. Gower’s coefficient
handles a mixture of variable types by calculating
similarity for each variable separately (using
appropriate coefficients for binary and continu-
ous variables), then averaging those similarities.
Wwith all continuous variables, Gower’s coefficient
becomes (Cox & Cox 1994, Faith et al. 1987):

r o
| ¥ }’zgl (15.5)

5 (max; — miny)

15.4.4 Comparison of dissimilarity
measures
One characteristic of dissimilarities is whether
they meet the criterion of being metric. A dissim-
ilarity coefficient is metric if the dissimilarity
between objects 1 and 2 is less than the sum of the
dissimilarities between objects 1 and 3 and 2 and
3. This means that it is possible to construct a tri-
angle whose sides match the three dissimilarities
between three objects. Dissimilarity measures
that meet the condition of being metric are com-
monly termed dissimilarity metrics. Not all dis-
similarity measures are metric, e.g. Minkowski
and chi-square are, but Bray-Curtis is not. If the
dissimilarity is to be used in linear models (see
Chapter 18), then being metric is important but
otherwise the choice of dissimilarity measure for
the analyses we describe in Chapter 18 is not
usually based on whether it is metric or not.
Which of the many dissimilarity measures to
use depends on the purpose of the analysis, the
nature of the data and is closely linked to stan-
dardizations discussed in Section 15.6. When var-
iables are measured on similar scales and have no
zero values, Euclidean, City block or Canberra are
good measures of dissimilarity between objects. If
the scales of measurement are not consistent for
different variables (e.g. the leaf characteristics
from Reich et al. 1999), then the data need to be
standardized before caleulating these dissimilar-
ities. Where the variables are species abundances
{ie. counts), an ideal dissimilarity coefficient
should reach a constant maximum value when

two sampling units have no species in cominon
(ie. it doesn't classify sampling units as similar
because they have no species in common),
Bray-Curtis, Kulczynski and Canberra meet this
criterion, whereas Euclidean and chi-square do
not. For this and other reasons, Faith et al. (1987)
recommended the Bray—Curtis or Kulczynski coef.
ficients for comparing objects when the variables
are abundances of different species, as simula-
tions showed these measures best matched eco-
logical gradients. The suitability of some
multivariate analyses for certain types of data is
closely linked to the chosen or implicit dissimilar-
ity measure that is used; we will discuss this
further in the next two chapters.

For binary data, Kent & Coker {1992) argued
that Sorenson’s coefficient is preferred because it
weights species (variables) in common higher
than species absences (see also Krebs 1989),
Remember that Sorenson’s coefficient is the same
as the Bray-Curtis measure with binary variables,

The general Gower dissimilarity measure is
particularly useful when the data are a mixture of
binary and continuous variables or when there
are missing observations (but see Section 15.9.2),
although Faith et al. (1997) showed that the
version for continuous variables did not represent
underlying ecological distances very well.

15.5 i Comparing distance and/or
dissimilarity matrices

Biologists often wish to test whether two or more
matrices, or at least their corresponding ele-
ments, are correlated with each other. Such ques-
tions are particularly relevant when we are
dealing with distance andjor dissimilarity matri-
ces. For example, Sokal & Rohlf (1995) compared
the matrix of genetic distances between ten vil-
lages of the Yanomama Amerindians in South
America to the matrix of geographic distances
between the villages. Fortin & Gurevitch (1993}
emphasized the importance of examining spatial
structure in field experiments, where one matrix
might be differences in response of experimental
units and the other might be the actual physical
distances between the units.

Mantel’s test is used for testing null hypothe-
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ses about correlations between matrices. It uses a
randomization procedure (Chapter 3} to fest
whether the relationship between two matrices is
more different than we would expect by chance
{(Manly 1997, Sokal & Rohlf 1996). We simply calcu-
late the correlation coefficient between the corre-
sponding elements of the two matrices, using
only the lower {or upper} half of each matrix
because they are symmetrical. However, the dis-
similarities or distances within each matrix are
not independent of each other (the dissimilarity
between object 1 and 2 uses some of the same
information as the dissimilarity between object 1
and 3, etc.). This is why we use a randomization
test (Chapter 3) for the H; that the correlation
between the two matrices is no different than we
would expect by chance. Other statistics equiva-
lent fo the correlation coefficient for testing the
H, in Mantel's test include Z {the sum of the prod-
ucts of the corresponding elements in the two
matrices) and the regression coefficient {slope) for
elements in one matrix regressed against ele-
ments in the other matrix. If the distances in the
two matrices are standardized to zero mean and
unit variance (Chapter 4), the values of the corre-
lation coefficient, the regression slope and Zjm,
where m is the number of elements in each
matrix, will be the same (Manly 1997).

McCue et al. (1996) described genetic structure
of a rare annual plant (Clarkia springvillensis) in
California. They identified eight subpopulations
and calculated Cavalli-Svorza genetic distances
between subpopulations from isozyme analysis of
tissue samples. They had two distance matrices -
one for genetic distances between subpopulations
and one for geographic distance (in meters)
between subpopulations. The correlation coeffi-
cient between the two matrices was 0.632 with a
randomization P-value of 0.032 and we would con-
clude that there is a statistically significant posi-
tive relationship between genetic and geographic
distance for populations of C. springvillensis. Note
that, in this example, the subpopulations were
either really close (<500 m) or around 8000 m
apart so our interpretation of the relationship
between genetic and geographic distance is con-
strained by the absence of data for separations
between 500 and 8000 m.

The correlations can be extended to more than

; 1=§—

two matrices, using an analogue of the coefficient
of multiple correlation (+*} and partial correla-
tions, called partial Mantel's test (Manly 1997). For
example, Skienar & Jorgensen (1999) measured
floristic similarity between six mountains in
Ecuador using Sorensen’s index for presence-
absence data. They used Mantel’s test to show that
there was a significant correlation between floris-
tic similarity and differences in sampling inten-
sity and they used a partial Mantel’s test to test for
a correlation between floristics and distance,
holding sampling intensity constant,

15.6 | Data standardization

Transformations, which change the scale of meas-
urement of the data, were discussed in Chapter 4
in relation to meeting the normality assumption
of parametric analyses and the homogeneity of
variance assumption of most of these analyses.
Transformations are particularly important for
multivariate procedures based on eigenanalysis
(e.g. principal components analysis - see Chapter
17) because covariances and correlations measure
linear relationships between variables. Transfor-
mations that improve linearity will increase the
efficiency with which the eigenanalysis extracts
the eigenvectors.

Transformations such as log or square root
will normalize positively skewed data and also
reduce the influence of variables with high values
(e.g. very abundant species) in multivariate proce-
dures based on dissimilarity indices (Digby &
Kempton 1987). Clarke & Warwick (1994) argued
that fourth-root transformations should always
be used for species abundance data before calcu-
lating dissimilarities to reduce the influence of
very abundant species. One difficulty with this
approach is that the effect of the transformation
will depend on the underlying distributions of
the variables (e.g. species) and therefore the
degree of reduction of influence of very abundant
species will be inconsistent. Cao et al. (1995) also
had concerns about log transformation of water
quality variables, peinting out that this transfor-
mation “indiscriminately increases the impor-
tance of a low range across all variables™.

Standardizations work slightly differently
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from transformations by adjusting the data so
that means andfor variances or totals for each var-
iable are the same. The following are examples
(see also Table 15.5).

» Centering the data subtracts the variable mean
from each observation for each variable, result-
ing in all variables having a mean of zero.
Spectral decomposition of a covariance matrix
extracts components from centered data.

+ Standardizing the data divides the centered
observations by the standard deviation for
each variable, resulting in all variables having
a mean of zero and a standard deviation (and
variance) of one. Spectral decomposition of a
correlation matrix extracts components from
standardized data.

» Data can also be standardized so that each
observation is expressed relative to the
maximum value of that variable across all
objects, This standardization results in obser-
vations being expressed as a proportion of the
largest value for a variable, and is basically
standardization based on the range within a
variable.

» Cao et al. (1999) proposed a novel standardiza-
tion for water quality data, whereby each vari-
able is standardized in relation to the water

quality standard of that variable and its range.
Although acknowledging problems with their
new standardization, they argued that it does
allow natural variability in each variable to
contribute to the results of a multivariate
analysis.

These standardizations of variables are impor-
tant if variables are measured in very different
units or scales, because otherwise those variables
with larger values or larger variances will often be
more influential on the results of an analysis than
variables with smaller values or smaller vari-
ances. Standardization of variables is essential if
the variables are measured in very different units.
For species abundances, such standardizations
make all species have similar “importance” and
thus “avoids a strong weighting by a few highly
abundant species” {(Ludwig & Reynolds 1988, p.
215). Without this standardization, rare species
are often making little contribution to dissimilar-
ities — of course, this may be the most biologically
sensible interpretation.

In the same way that variables could be stan-
dardized, objects (e.g. sampling units) can also be
standardized so the value for any variable for each
object is expressed relative to the maximum value
for that object in the whole data matrix. For

Tat?Ee 15.5 | Comparison of uristandardized, centered (zero mean) and standardized (zero mean and unit
variance) observations for leaf N concentration for the eleven species of Wisconsin forbs from the study by Reich

et al. (1999)

Unstandardized Centered Standardized

Caulophiyllurn thaiictroides 58.20 22.16 .21
Dentaria laciniate 53.00 1696 0-93
Erythronium americanum 42.00 596 0.33
Sifphium terebinthinaceun 14.40 —21.64 - l. 18
Podophylium peltatum 44.70 8.66 0.47
Baptisia leucophaea 3550 —0.14 —0'0 |
Trillium grandifioro 5160 15.56 0.85
Echinacea purpureg [5.00 -21.04 -1 | 15
Silphium integrifolium 16.60 —19.44 —1 l06
Sanguinaria canadensis 53.60 1756 (}.96
Sarrachenia purpureq 1140 —24.64 - |.35
Mean 36.

Standard deviztion IS.SZ Fggg (l}g{())
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species abundance data, this standardization is
very important if the size of the sampling unit,
and hence the total number of individuals, varies
because it removes any effect of different total
abundances in different sampling units, ie. al
sampling units are considered to have the same
total abundance across all species.

Finally, converting abundance data to pres-
ence and absence might be considered an extreine
combination of transformation and standardiza-
tion. There are specific dissimilarity measures for
such binary data (see Section 15.4.2).

It is often useful to analyze the same data with
different standardizations, particularly in ecolog-
ical research. For example, comparing the results
of an analysis using raw data with one using
sample-standardized data will indicate what influ-
ence different total abundances in samples have.
Raw data versus speciesstandardized data will
illustrate what influence the most abundant
species have (simply leaving out different com-
binations of rarer species will provide similar
information). Finally, to remove all effects of
abundance, we can analyze just presence-absence
data.

15.7 | Standardization, association
and dissimilarity

Measures of association between variables
described in Section 15.2 have implicit standard-
izations (see also Chapter 5). Covariances measure
the linear relationships between centered vari-
ables whereas correlations measure the linear
relationships between standardized {zero mean
and unit variance) variables. The choice of associ-
ation matrix on which to base subsequent multi-
variate analyses (Chapter 17) depends on whether
differences in variances between variables repre-
sent important biological information that you
don’t wish to lose. Standardizations are also
important for dissimilarity measures. Some dis-
similarity measures are implicitly standardized
and are unaffected by data standardizations (Faith
et al. 1987). Some become identical after data stan-
dardization, e.g. Bray-Curtis, Kulczynski and City
block are identical for count data if objects are
standardized to the same total abundance.

Others, e.g. Bray-Curtis and Kulezynski, produce
nonsensical values when standardization is to
zero mean (centering) or zero mean and unit var-
iance (because of negative values). Standardizing
by the range is a better option for these measures
if you wish to reduce the influence of very abun-
dant variables {e.g. species).

15.8 | Multivariate graphics

Many of the exploratory data analysis techniques
described in Chapter 4 are very applicable to
multivariate data sets. In particular, describing
distributions and checking for outliers for each
variable separately with boxplots and examining
bivariate relationships between variables with
scatterplot matrices (SPLOMS) are always useful.

We may also wish to represent each observa-
tion or object in symbolic form, so that each
symbol describes the relative value of all of the
variables. A number of approaches have been
developed to represent the different variablesin a
single “icon”. The best known method is using
Chernoff faces, where different features of the
face represent different variables {Chernoff 1973;
see also Everitt & Dunn 1991, Flury & Riedwyl
1988). These plots have been criticized, primarily
because of the difficulty of rationally assigning
variables to face features (Cox 1978}, but they also
have their supporters (Everitt & Dunn 1991, Flury
& Riedwyl 1988). We illustrate these face plots
with the Wisconsin forb data from Reich et al.
{1999) in Figure 15.3, for both raw and standard-
ized data. The differences between species are
more noticeable for standardized variables, espe-
cially nose features representing mass-based and
area-based photosynthetic capacity. Nonetheless,
practice on known data sets is required to become
familiar with recognizing similar and dissimilar
faces.

An alternative, less “cartoonish”, icon plot is fo
represent each object with a star, where each var-
iable is represented by a point on the star, and the
value of the variable is indicated by how far
the point is from the center. There are no limits to
the number of points, and therefore variables, for
each star aithough the stars become difficult to
interpret when there are too many variables. The
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on raw data (a) and standardized data (b) from Reich et al.
(1999).The features of the Chernoff faces are curvature of
mouth far specific leaf area, angle of brow for leaf nitrogen
concentration, width of nose for mass-based net
photosynthetic capacity, length of nose for area-based net
photosynthetic capacity, and length of mouth for leaf diffusive
conductance at photosynthetic capacity. The species are, from
left to right and row by row: Caulophylum thalictroides,
Dentaria faciniate, Erythronium americanum, Sifphium
terebinthinaceum, Podophyfium pefratum, Baptisia leucophaea,
Tritlum grandiflora, Echinacea purpurea, Silphium integrifolium,

Sanguinaria canadensis, and Sarrachenia purpurea.

difference between raw and standardized vari-
ables is often very obvious on star plots. In Figure
15.4, we again illustrate the Wisconsin forb data
from Reich et al. (1999}. It is clear that S. purpurea
is very different from the remaining species and S.
terebinthinaceum, P. peltatum, B. leucophaea and T
grandiflora have larger values for leaf diffusive con-
ductance at photosynthetic capacity, indicated by
the extension of their stars to the left,

Finally, a very common method of graphing
relationships between objects is to use a scatter-
plot where the axes represent the new derived var-
iables from an eigenanalysis. These plots are
common in the analyses described in Chapters 16
and 17, especially discriminant function analysis,
principal components analysis and correspon-
dence analysis. Alternatively, we can graphically
represent a dissimilarity matrix between objects
in a scatterplot, the basis of multidimensional
scaling described in Chapter 18. Both types of
plots are used especially by ecologists to represent
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the relationships between sampling or experi-
mental units based on species composition, where
they are termed “ordination” plots, the term ordi-
nation being derived from attempts to order units
along some environmental gradient (Digby &
Kempton 1987). Ordination is not a term familiar
to most statisticians, or even non-ecological biolo-
gists, so we will call such plots of objects “scaling
plots”.

15.9 | Screening multivariate data

sets

In Chapter 4, we emphasized the importance of
exploratory data analyses before proceeding with
univariate statistical procedures, especially those
with distributional assumptions. We also pointed
out that unusual values (outliers) can have very
influential effects on the conclusions from a sta-
tistical analysis, both in terms of estimation and
hypothesis testing, and checking for outliers is an
important precursor to any formal analysis, The
need for exploratory screening of data is even
more important for multivariate data sets
because their complexity means that visual
inspection of the raw data is likely to miss
unusual patterns or observations. Additionally,
the issue of missing observations is much more
critical for the analyses we will describe in the
next three chapters.

All of the univariate procedures we described
in Chapter 4, especially graphical explorations
(see previous section), can and should be used for
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SEMCREX N Star plot representation of the eleven species

of Wisconsin forbs for five leaf characteristics based on raw
data (2) and standardized data (b) from Reich et . {1999).
The features of the stars are, clockwise from the top, specific
leaf area, leaf nitrogen concentration, mass-based net
photosynthetic capacity, area-based net photosynthetic
capacity, leaf diffusive conductance at photosynthetic capacity.
The species are, from left to right and row by row:
Caufophyllum thaflictroides, Dentaria laciniate, Erythronium
americantsn, Silphium terebinthinaceum, Podophyllum peftatum,
Baptisia leucophaea, Trillium grandiflora, Echinacea purpurea,
Sitphium integrifolium, Sanguinaria canadensis, and Sarrachenia

purpurea.

multivariate data sets. In this section, we will
focus on two particular issues: detecting multivar-
iate outliers and dealing with missing observa-
tions.

15.9.1 Multivariate outliers

We discussed in Chapter 4 how unusually extreme
values can influence the outcome of a statistical
analysis. Multivariate outliers are more difficult
to detect because they may not be univariate out-
liers for any of the individual variables (Jobson
1992). Additionally, outliers are often defined as
large departures from a fitted statistical, usually
linear, model to our data. For example, an obser-
vation may be an outlier from a fitted regression
model (Chapters 5 and 6) and may have undue
influence on the estimates of model parameters
and tests of hypotheses about these parameters. In
contrast, many of the multivariate techniques we
will introduce in the next three chapters are more

(b)
oo U a

O A

<) O O
&

descriptive in nature, although new summary var-
iables are often derived and can be used as
response or predictor variables in subsequent
linear models.

A multivariate outlier is an object with an
unusual pattern of values for the variables
(Tabachnick & Fidell 1996) and can be detected by
measuring its distance, in multivariate space,
from the centroid {(Figure 15.1). The square of this
distance (d? for object i) is called Mahalanobis dis-
tance {see Flury & Riedwyl 1988, Jackson 1991,
Jobson 1992 for computational details) and is pro-
vided by most software in one or more of the
multivariate analysis routines. If multivariate nor-
mality holds, the d.? follow a x* distribution with
p (the number of variables) df (Manly 1594) so we
can test for outliers, possibly using a strict signifi-
cance level like 0.001 (Tabachnick & Fidell 1996).

Dealing with univariate outliers has been
described in Chapter 4. The options for multivari-
ate outliers are similar. If we decide that an object
has such an unusual pattern of values for one or
more variables that it is unlikely to be part of the
population of objects we wish to describe or make
inferences about, then we might delete that
object from the analysis. Transformations of the
variable(s) can also reduce the influence of outli-
ers if they are extreme values in a positively
skewed distribution.

15.9.2 Missing observations
Occasionally, we will have missing observationsin
our data set, i.e. no value was recorded for one or
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more variables for one or more objects. The
approaches for dealing with missing observations
depend on the missing data mechanism, as intro-
duced in Chapter 4 (see¢ also Heitjan 1997, Little &
Rubin 1987, Roth 1994). If the probability that an
observation is missing is independent of the
observed and missing values, the missing observa-
tions are termed missing completely at random
{MCAR)}. This implies that the missing observa-
tions are a random subset of the data. The prob-
ability that an observation is missing might not
depend on the uncbserved missing value but be
dependent on the values of the other variables for
that object. For example, the pattern of missing
data may depend on the group in which the object
occurs, where another variable classifies objects
into groups. This is termed missing at random
{MAR). Finally, the missing values might be non-
ignorable because whether an observation is
missing depends on its value,

Consider the data set from Lovett et al. (2000)
and imagine that one stream was missing a value
for concentration of H*. If the value is missing
because of a random malfunction of a meter or a
mistake by a researcher who forgot to write the
value down then this observation might be MCAR.
Our experience is MCAR is a common missing
data mechanism in ecological sampling pro-
grams. If the value is missing because the stream
was at a high altitude and weather conditions pre-
cluded access, then the observation might be
MAR because the value of another variable {eleva-
tion), but not the unobserved HY value, deter-
mines the probability of it being missing. Finally,
if the value is missing because the original H*
reading was so high (e.g. Winnisook Creek) that
the researcher assumed that the reading was a
mistake and ignored it, the missing value is
clearly non-ignorable. This situation is more
common in situations when the observations
depend on responses from subjects, such as in
marketing surveys or clinical trials, although
studies on animal behavior may suffer from this
type of non-response. MCAR and MAR are much
easier to deal with.

Basically, there are three approaches to
dealing with missing observations (Little & Rubin
1987, Roth 1994). Our objective in this section is
simply to make biologists aware that there are

alternatives to simply “omitting whole rows of
data”, although some of the methods are sophisti-
cated and usually require advice from statisticians
experienced with their use. It is important to
remember that avoiding missing data is the best
solution because alt of the alternatives are imper-
fect. We illustrate the results from some of the
methods for dealing with missing observations in
using a subset of the data from Reich et al. (1999).
Our emphasis is not on the calculations, as these
require appropriate software, but on the interpre-
tation of the different methods.

Deletion

The simplest approach is to delete the entire
object that has the missing value. This may be an
appropriate strategy when the proportion of
objects with missing values is low and the pattern
is MCAR. It does result in loss of information
because the non-missing values of variables for
the object with the missing value are also
excluded from the analysis. This is sometimes
termed listwise deletion and is often the default
for multivariate analyses in statistical software. If
the analysis is based on pairwise associations
between variables (e.g. correlations), an alterna-
tive is to use pairwise deletion. Here an object is
only excluded for the calculation of the associa-
tion between the two variables for which one
value is missing but not excluded for the calcula-
tion of associations between other variables. This
is the preferred deletion strategy when pairwise
associations are the basis for the analysis.

Imputation

Imputation involves replacing (substituting) the
missing values with some estimate of what the
values might have been. There have been three
common methods for imputing missing observa-
tions. The first is to replace the observation with
the mean value of the variable calculated from
the non-missing observations. Unfortunately, this
tends to result in an underestimate of the true
variance for that variable because these means
do not contribute to the sum of squared devia-
tions (Roth 1994). The second is to use a regres-
sion model to predict the imputed observation
from other variables in the data. For example, we
could determine which variable has the highest
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correlation with the variable with missing values
from the complete objects and develop a regres-
sion model where the variable with missing
values is the response variablie and the other var-
iable is the predictor. For the object with the
missing value, the observed value of the predic-
tor could then be used to predict the missing
value from this regression model. Alternatively,
we could use two or more predictors in a multi-
ple regression model. Generalized linear models
could be used if the assumption of normal error
terms for the regressions was untenable or even
generalized additive models if the shape of the
relationship between the variables is not linear,
although we have not seen either of these used in
practice. Finally, hot-deck imputation simply
replaces the missing value with the actual value
from an object with similar characteristics (Roth
1994).

There are two main difficulties with these
imputation methods. The first is that the imputed
values are not independent of the observed data
for a given variable and the precision (variances
and standard errors) of the estimates of parame-
ters based on these imputed values is generally
underestimated. The second problem is that
imputing a single value provides no indication of
the effect that different imputed values have on
the estimation of the relevant parameter (e.g. cot-
relation), i.e. no measure of imputation uncer-
tainty (Little 1999). Rubin (1987) developed a
method termed multiple imputation as a solu-
tion to the second problem (see also Schafer
1999), Multiple imputation basically imputes a
range of values for each missing observation,
these values being simulated from a specific dis-
tribution for the missing values. The complete
data sets {observed and imputed values) are then
analyzed in the usual manner. The estimate of
any parameter is simply the mean of estimates
from the analyses of the imputed data sets. The
standard error of this average estimate includes
both the variance between imputations and the
variance within each data set. Multiple imputa-
tion is clearly a sensible approach and a consider-
able improvement over single imputation, giving
us some indication of how different imputed
values affect the outcome of our analysis. The
really tricky bit is developing the distribution of

values from which the multiple imputations are
derived. Rubin (1987) recommended a Bayesian
strategy whereby the posterior distribution of
missing values is conditional on the prior distri-
bution of observed values, although the computa-
tons are complex (Schafer 1999). Multiple
imputation routines are not readily available in
commonly used statistical software but specialist
products do exist and macros for some programs
are available (see Rubin 1996 and references
therein).

Maximum likelihood and EM

A different approach is to use maximum likeli-
hood (ML) techniques to estimate the parameters
of interest (e.g. means, correlation coefficients)
from the observed, incomplete data (Little &
Rubin 1987). Basically we use the distribution of
the observed data and the conditional distribu-
tion of the pattern of missing data given the
observed data. The likelihood function for any
parameter can be complex with missing data so
Little & Rubin {1987) also proposed methods based
on factoring the likelihoods. The likelihood for a
given parameter is decomposed into the sum of
the likelihoods of distinct parameters given com-
plete subsets of the data. These ML methods can
estimate the missing observations once the
parameters are estimated but do not use imputed
values to estimate the parameters.

A combination of imputation and ML estima-
tion is the Expectation—Maximization {EM) algo-
rithm. This is an iterative procedure whereby the
missing values are imputed, the parameters are
estimated by ML, the missing values are re-
estimated and imputed, the parameters re-
estimated by ML, etc., until convergence of the
likelihood of the parameter given the observed
data is achieved. Technically, the missing values
are not directly imputed using the EM method,
but some function of the missing data like a pre-
dictive distribution is incorporated into the likeli-
hood function (Little & Rubin 1987, Schafer 1999).
The EM algorithm is now available in some com-
monly used statistical software. Multiple imputa-
tion may be more robust than EM methods for
small data sets (Schafer 1999). Both straight ML
and the EM method require the missing data to be
at least MAR. See also Box 15.2.
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Box 15.3] Dealing with missing data

The data set on physiclogical variables for a range of plant species from different
locations and functional groups from Reich et al. (1999) will be used to illustrate
some of the metheds for handling missing observations. We will use a subset of
their data, trees fromVenezuelz, where there were 22 species (objects). There were
five variables: specific leal’ area (SLA), leaf nitrogen concentration (Leaf N), mass-
based net photosynthetic capacity (A .} area-based net photosynthetic capacity
(A, and leaf diffusive conductance at photosynthetic capacity (G.). Five of the pos-
sible: |10 observations were missing: SLA and A eq TOr Eperue purpureg and A
A .. and G_ for Micropholis maguirei. We will assume these values are at least MAR
and use listwise and pairwise deletion, regression imputation (using all other vari-
ables with complete data as predictor variables} and the EM algorithm to estimate
means, standard deviations and pairwise correlations between variables. The EM
algorithm converged in four iterations with —2(log-likelhood) of 650.85.

Means (standard deviations)

GENERAL ISSUES AND HINTS FOR ANALYSIS

423

" There are differences between the estimated correlations based on the two

=ﬁ1ethocjs but, for these data, the differences are smalk

Observed data with regression and EM imputed values (in

SLA Leaf N A A G,

M35 ared 1

{em*g™)  (mgg™)  (molg™'s™) {umolm=s™) (mmel mm3s7)

Listwise  89.85 (24.04) 1429 (471) 7896 (5523) 828 (3.68) 62240 (535.76)
Allvalues 8820 (24.62) 1404 (468) 77.82 (54.09) 828 (368) 60290 (529.94)
EM 8B.15 (24.18) 1404 (4.68) 7449 (5539) 801 (367) 58068 {535.92)
Regression 89.85 (24.04) 1429 (471) 7896 (5523) B28(368) 62260 {535.76)

Correlations based on deletions

SLA Leaf N A A G

List  Pair Ust  Pair Ust  Pair List  Pair List  Pair

SLA 1000 1000

Leaf N 0569 0407 1000 1000

Ane 0789 0789 0708 0699 1000 1000

A, 0550 0550 0684 0884 0931 0331 1000 1000

G, GA98 0498 0546 0530 0851 0851 0894 0894 1000 1.000

MNote that only the correlation between SLA and Leaf N differs much between
the twa methads of deletion.

Correlations based on regression imputation and EM

SLA Leaf N A A G,

mass ared 5

Regress EM Regress EM Regrass EM Regress EM Regress EM

SLA 1000 1000

LealN 0601 402 1000 1000

A, 0789 0795 074 0719 1000 1000

A,. 03555 0563 (681 0685 093 0932 1000 1000

G, 0503 0511 0541 0546 0853 0854 0893 0895 1000 (000

“bold)

SLA © LeafN A A G,
144.60 2470 25220 17.70 237200

- 114.30 1790 15930 . 13.80 889.00
12640 1650 11550 5.10 597.00
10540 1640 14040 12.80 97500
78.10 1650 11150 14.00 1707.00
129.50 15.10 9900 - . 780 300.00
103.10 1840 65.00 6.40 475.00

9030 1590 9.80 10,30 {009.00
- §2.30 6.80 4650 560 45000
7520 7.80 4730 620 69300
86.60 8.60 34.70 400 32100
8240 10.70 52.20. 850 41100
8200 17.70 67.20 820 38100
67.80 230 3880 - 570 241.00
76:80 1500 4450 5.90 129,00
6730 13.00 5380 8.00 37800
86.20 (Regress) 1520 55.10 6.40 (Regress) 20300
87.10 (EM) . 632(EM)
95,10 12.50 3510 370 17300
7210 “21.40 4770 C 870 235.00
5840 10.80 4330 © 740 29800
5530 800 4.76 (Regress)  4.26 (Regress)  114.03 (Regress)

20.94 (EM) 5.01 (EM) 247.29 (EM)

58.10 10.30 33.00 5.70 274.00

Note that the regression and EM imputed values are similar for Eperua purpurea
(row 17) but very different for A___ and G, for Micropholis maguirei (row 21). The
latter differences probably reflect the fact that only two prediclor variables are avail-
able for this species for predicting the missing observations using a regression and
the observed values for both of those variables are at the low end of the range for
those variables. The EM imputed values are prebably more refiable for this species.

15.10 | General issues and hints for
analysis

15.10.1 General issues

* Variation within, and linear relationships
between, two or more variables can be summa-
rized with a sums-ofsquares-and-cross-
products matrix (raw data), covariance matrix
(centered data) or a correlation matrix (stan-
dardized data).

Spectral decomposition of one of these matri-
ces produces new derived variables {compo-
nents), extracted so the first explains most of
the original variation, the second most of what
is left, etc., and so that the new variables are
uncorrelated with each other. Equivalent
results are obtained from a singular value
decomposition of the original data matrix,
appropriately standardized.

These new variables are linear combinations of
the original variables and the coefficients
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(summarized as an eigenvector) indicate the
contribution of each original variable to the
new variable.

* Differences between pairs of objects are mea-
sured with dissimilarities that are based on
the sum of the differences for each variable
between objects, often standardized so they
range between zero and one,

* For measurement variables, either Euclidean
or one of its modifications (City block or
Canberra) are reliable dissimilarity measures,
usually based on standardized data. For species
abundances (counts with possible zero
values), Bray-Curtis or Kulczynski are recom-
mended.

* Graphical representations of multivariate data
are available. SPLOMs display pairwise bivari-
ate relationships and icon plots (Chernoff faces
or stars} visually represent objects in terms of
the relative values for the variables.

* The default for handling missing data with
most software is to omit whole objects. Other
approaches are generally preferred unless the
sample size is large and the observations are
missing completely at random.

15.10.2 Hints for analysis

* Before extracting components or determina-
tion of dissimilarities between objects when
variables are measured in different scales or
units, some type of standardization (based on
standard deviation or range) is recommended.

* For species abundance, i.e. count, variables,
different standardizations can provide useful
comparative information. Standardizing
objects to equal totals corrects for different
sized sampling units, standardizing species to
equal totals means that the most abundant
species do not dominate the dissimilarity
measure.

* Some standardizations can result in
Bray—Curtis and Kulezynski dissimilarities not
being bounded by one; standardize by range
rather than by standard deviations when using
these measures.

* We prefer standardizations to transformations
for reducing the influence of variables with
large values, although transforming variables
may be relevant to improve linearity or if uni-
variate analyses on the same variables also
require transformation.

/1 Chapter 16

Multivariate analysis of variance and

discriminant analysis

In this chapter, we will examine the relationship
between two or more response variables and one
or more categorical predictor variables. We are
primarily interested in two research questions.
First, are there differences between groups based
on all the response variables taken together and.
second, can we successfully classify cbservations,
particularly new observations, into the correct

group.

16.1 | Multivariate analysis of
variance (MANOVA)

There are many situations where we record more
than one response variable from each sampling or
experimental unit and where these units are allo-
cated to or occur in treatment groups. Ecologists
often record the abundances of many species
from each sampling or experimental unit and
physiologists commonly measure more than one
variable (e.g. blood pressure, heart rate, etc.) on
experimental animals. For example, Peckarsky et
al. (1993} examined the sub-lethal responses of
mayfly Jarvae in streams to three different preda-
tor treatments (no predator and normal food, no
predator and reduced food, one predatory mayfly
{Megarcys) and normal food). There were five
response variables recorded for each mayfly: body
mass, egg mass, percentage of eggs, total mass,
and maturation time. Botanists and zoologists
also often measure many morphological variables
when describing organisms from different loca-
tions or to compare organisms that may or may
not be taxonomically different.

If each response variable is of inherent biolog-
ical interest, our research questions might be
whether there are group or treatment effects on
each variable separately. Then the appropriate
strategy is to analyze each variable using a separ-
ate univariate ANOVA to test for differences
between groups. Some statisticians have argued
that there is an inherent disadvantage to this
approach. Because the response variables are
measured from the same experimental or sam-
pling units and may be highly correlated, the
multiple ANOVA tests are not independent of each
other and this can make interpretation difficult.
Also, the number of univariate tests can get large
if we have many variables so the family-wise Type
1 error rate may be very high for the collection of
tests (Harris 1993; see also Chapter 3). A common
recommendation is to adjust the significance
level of each ANOVA test by using a Bonferroni-
type correction so the family-wise Type I error rate
stays at or below 0.05 (or whatever a priori signifi-
cance level you choose). Unfortunately, with many
response variables, this can resultin unacceptably
low power for each univariate test.

With multiple response variables, we might be
more interested in whether there are group differ-
ences on all the response variables considered
simultaneously. This is the aim of multivariate
analysis of variance (MANOVA), the analogne of
univariate ANOVA when we have multiple
response variables for each experimental or sam-
pling unit. Basically our hypothesis is now about
group effects on a combination of the response
variables and instead of comparing group means
on a single variable, we now compare group






