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ln model 13.6, g(x) is the natural log (i.e. logit) of 
the odds that Uta is present on an island relative 

(13.6) 

(13 .5) 

lnl 巾-) I 
11 叫χ) 1 

This is the logit transformation or link function , 

thatwl巳 will termg间， and which can be modeled 
against our predictor much more easily as 

(13 .4) 

lf the odds are >1, then the probability that Yj = 1 
is greater than the probabiIity that Yj 二 0; if the 
odds are <1 , then the converse is true. Then we 
take the natural log ofthe odds that Yj 二 1:

familiar linear model. First, we ca1culate odds 
that an event Qccurs (e.g. Yj = 1 or Uta is present) , 

which is the probability that an event occurs rel­
ative to its converse , i.e. the probability that Yj = 
1 relative to the probabiIity that Yj = 0 

(13.3) 

(叫 Scatterplot of the 
presence and absence of Uta in 
relation to perimeter to area ratio 
。n 19 islands in the Gulf of 
Cal仔。rnia (Pol归" 0/.1 999). (b) 
Scatterplot of the p俨'edicted
probabîlities from logistic regression 
model of the presence ofυto in 
relation to perimeter to area rati。

LOGISTIC REGRESSION 

For the example from Polis et al. (1998) 

g(x) =目。+卢I(P/A ratio)j 

Polis et al. (1998) studied the factors t门 at contro! spider popu!ations on 由nds in 
the Gulf of California. We wi!! use part of their data to model the pr回encefabsence

ofliza时s (Uto) against the r百tio of perimeter to a陀a (PJA, as a measu陀 ofinput of 
marine detritus) for 19 islands in the Gulf of California. We modeled the presence 
of Uto (binary) against P/A as 
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Box 13.1 I Worked example of logistic regression: 
presence/absence of lizards on islands 
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where ßo and β1 are parameters to be estimated 
For the Polis et al. (1998) example, 7f例 is the prob­
abiIity that Yj = 1 (i.e. Uta is present) for a given 叫
(P/A ratio). As we wiII see shortly，目。 is the con­
stant (intercept) and 卢1 is the regression coeffi­
cient (slope), which measures the rate of change 
in n\χ) for a given change in X 哑lÏs model can be 
!itted with nonlinear modeIing techniques 
(Chapter 6) to estimate ßo and β1 but the model­
ing process is tedious and the output 仕om soft-
ware unhelp且J!

An alternative approach is to transform 17'(对
so that the logistic model closely resembles a 

California. Potential predators included Iizards of 
the genus Uta and scorpions (Centruroides exili­
cauda). We will use their da回国 model the pres­
enceJabsence of lizards against the ratio of 
perimeter to area for each islandηle analysis of 
these data is pr毛sented in Box 13.1 

(13 .2) 

(b) 
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Logistic model and parameters 
τhe logistic model is 
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(1997) , Dobson (1990) , and Myers & Montgomery 
(1997) 

One very important application of GLMs in 
biology is to model response variables that are 
binary (e.g. presence/absence, alive/dead). The pre 
dictors can be either continuous andJor categori 
cai. Forεxample， Beck (1995) related two response 
飞rariables ， the probabiIity of survival (survived Or 
didn't survive) and the probability of burrowin~ 
(burrowed or didn't burrow) , to carapace width 
for stone crabs (Menippe spp.). Matlack (1994) 
examil!ed the relationship between the pres­
ence/absence ofindividual species offorest shrubs 
(response variables) against a number of continu-
ous predictors, such as stand area, stand age , dis­
tance to nearest woodland , etc. In both examples , 

logistic regression was required because of the 
binary nature of the response variable 

13.2.1 Simple logistic regression 
We will first consider the case of a single continu-
ous predictor, analogous to the usuallinear regres­
sion model (Chapter 5). When the responsevariable 
is binary (i.e. categorical with two levels , zero or 
one), we actually model n\划， the probabiIity that Y 
equals one for a given value of X. The usual model 
we缸 to such data is the logistic regression model, 
a nonlinear model with a sigmoidal shape (Figure 
13.1). The change in the probability that Yequals 
one for a given change in X is greatest for values of 
X near the middle of its range , rather than for 
values at the extremes. The error terms 企om the 
logistic model are not normally distributed; 
because the response variable is binary, the error 
tenns have a binomial distribution. This suggests 
that ordinary least squares (OLS) estimation is not 
appropriate and maximum Iikelihood (ML) estima­
tion of model parameters is necessary. In this 
sectlOn , we will examine a situation with one 
binary response variable (Y) , which can take values 
ofzero or one , and one continuous predict时间

PoIis et a1. (1998) studied the factors that control 
spider populations on islands in the Gulf of 
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Lizards on islands 

GENERALlZED LlNEAR MODELS AND LOGISTIC REGRESSION 

actually links the expected value of Y to the pre­
dictors by the function 

g(μ)=β。 +βλ+β，x2+

whereg(μ) is the link 且lnction and ßo ' βl' etc. , are 
parameters to be estimated. Three common link 
functions include the following 

(13.1) 

GLMs are considered parametric models because a 
probability distribution is specified for the 
response variable and therefore for the error 
terms 仕om the model. A more flexible alternative 
is to use quasi-likelihood models that estimate the 
dispersion parameter 仕om the data rather than 
constraining it to the value implied by a specific 
probability distribution, such as one 岛r a bino­
mial and Poisson. Quasi-likelihood models are 
particularly use臼1 when our response variable 
has a binomial or Poisson distribution but is over 
or under dispersed , i.e. the probabili可 distribu­
tion has a dispersion parameter dif岳rent from 
one and therefore a variance greater or less than 
expected 仕om themean 

GLMs are linear models because the response 
variable is described by a linear combination of 
predictors (Box 5.1). Fitting GLMs and maximum 
likelihood estimation of their parameters is based 
on an iterative reweighted least squares algorithm 
called the Newton-Raphson algorithm. Linear 
regression models (由apters 5 and 6) can be 
viewed as a GLM , where the random component is 
a normal dist口bution of the response variable 

1. Identity link. which is g(μ)=μ. and models 
the mean or expected value ofY. This is used in 
standard linear models 

2. Log link, which is g(/L) = log(川， and models 
the log of the mean. This is used for count data 
(that cannot be negative) in log-linear models 
(Chapter 14) 

3. Logit link, which is g(μ)=log[μ/(1 ← μ)]. and 
is used 岛r bina巧， data and logistic regression 
(Section 13.2) 

and the link function is the identi可 link so that 
the expected value (the mean ofY) is modeledηr 
OLS estimates of model parameters 仕om the 
usuallinear regression will be very similar to the 
ML estima tes 仕om the GLM fit 

Readable introductions to GLMs can be found 
m , among others, Agresti (1996) , Christensen 

「L
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七 g(x) =马+βJP/A rat旧，)，

wheρeg(x) Îsthe naturallog ofthe c 才 ds ofUtσ 。c 二 urnng on an 151a口 d. Uta occur陀 d

on ten of the 19 islands ar 才 the data a陪同。忧ed in Fi旧 U陀 1 3. 1 (a), The Ho of main 
Inte陀st was that the陀 was no 陀lationship be灿een the p陀sence of Uta (i.e. the 
odds that Uto occurred 陀lativeto not occurred) and the P/A rat旧 ofan 的land ， T卡 s

is the Ho that用 =0

The maximum likelihoc 才 estim过es of the model parame恒rswe陀 as follows. 

Parameter Estimate ASE \Nald 民矶时ic P 

卢。
卢f

3,606 1.695 2, 127 
-0.2 196 0.101 -2 , 184 

O.D3J 
0.ü29 

Note that the Wald statistic is signifìcant 50 we would reject the Ho thatβ， =0. The 
C 才 ds rat旧 for P/A was estimated as 0.803 with 95%0 什。m 0.978 to 0.659. Fo 广 a

one un民 increase in P/A, an 匹land has a 0.803 chance of ha叫 ng Uto compared to 
not have Uta, a decrease in the odds of having Uta of approximately 20克. The plot 
of predicted 阳'obabil阳s from this 汀 odel 巴 shown in Figure 1 3. I(b) ， de旷lyshowing

the logistic relatio门ship
The other way to test the fì比 of the model, and the陀b陀 test the Ho thatβ1=0， 

!stocompa陀 the 币 t of the full model (g(x) 二β。 + f3, x,) to the 陀duced model 也(x)

=βd 

Full modellog-likelihood =• 7.110 
Reduced model (cor血nt only) log-likelihood =一 13.143

ι:'=-2(di他rence in log-likelihoc 企) = 12.066, df= 1, p= 0.00 1. This 巴 also
the dîfference ìn deviance of the full and 陀duιed models. This test also results 
In us 陀，jecting the Ho that f3, = O. Note that the 叭!ald test seems more 
conservative (Iarger P value) 

Goodness of fit statistics were calculated to assess the fit of the mode l. The 
Hosme户Lemeshow statistic was more conse川ative than either Pearson X2 or ♂ 
and was not signîfìcant.闻ong with the low values for Pearsonλ/2 or 0., th臼它 was

no evidence for lack of fit of the mode l. The logistic analogue of r- indîcated that 
about 46% of the unce时ainty in the ç:陀 sence of Uto on islands could be eXplained 
by P/A rat旧

Statistic Va!ue df P 

HO$门ler-lemeshow (c) 
Pearson x2 

DevÎance (G2) 
z 
气

2.257 
15.333 
14.121 
0.459 

577 
0.813 
0.572 
0.651 

Analysis of diagnost口 showed that two islan 虫， Cerraja and Mit!an, we陀 more

'n刊uential than the 陪st on the 0皿come of the model fi比如 g. They had the largest 
Pearson a时 deviance 陀siduals and also u阳suallylarge旧lues for the logistic regres­
sion equiva!ent of Cook亏 measure ofinfluence , Hosmer & Lemeshow's (1989) M. 
Howeve r; our 巳onclusion for the test of w七 etherβ1=0 based on the G2 s走:atl式，c

(deviance) was not changed jf either of these two observations wer它 om 忧ed
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to being absent. 认Te now have a familiar linear 
model , although the interpretation of the coef直
cients is a little different (see below). The logit 
transfo口nation does two important things. First, 
g(χ) now ranges between ∞ and +∞ whereas 71Íχ) 

is constrained to between zero and one. Linear 
models are much more appropriate when the 
response variable can take any real value. Second, 

the binomial distribution of errors is now 
modeled 

ηle logistic regression model is a GLM. The 
random component is Ywith a binomial probabil­
ity distribution; the systematic component is the 
continuous predictor X; and the link function 
that links the expected value of Y to the predic­
to叫s) is a logit link. 

Now we use maximum likelihood (ML) tech­
niques to estimate the parameters ßo and 向丘om
logistic model 13.5 by maximizing the likelihood 
function L 

x d叫
咱
A

X 叫

nHH 
YL 

(13.7) 

It is mathematically much easi盯 to maximize the 
log-likelihood function ln(L) (Chapter 2). ML esti­
matlOn IS an lteratlve process reqUlflng appropn­
ate statistical software that will also pro功de

standard errors of the ML estimates of ßo and βl' 
These standard errors are asymptotic because 
they are based on a normal dist口bu tion of the 
parame田r estimates that is only true 五br large 
sample sizes. Confìdence intervals for the param­
eters can also be ca1cula ted 仕om the product of 
the asymptotic standard error and the standard 
normal z distribution. Both the standard errors 
and confidence intervals should be considered 
approximate. 

We earlier de:fined the odds of an event occur­
ring , which is the probability an event occurs rel­
ative to its converse, i.e. the probability that Yi = 1 
relative to the probability that Y; = 0 or the prob­
ability that U阳 occurs on an island relative to it 
not occurring. Our logistic r.巳gression model is 
that the natural log of the odds equals the con­
stant 币。) plus the product of the regression coeι 
ficient (ß,) and ,;: 

n[ 呻ix)] 一一一一一 1= 卢。 +β，元1- 7T位)1 '-0 ,-, 
。
。

We can compare the value of the log of the odds 

lnl 巾-) I 
11 叫χ) 1 

for X = xj and X = xj + 1, i.e. for the predicted 
Y-values in a logistic regression model for X-values 
one unit apart. For the Polis et aJ. (1998) data , this 
is comparing the log of the odds of Uta occurring 
on an island for P/A ratios that differ by one unit 
The ratio ofthese two odds is called the odds ratio 
and it is a measure ofhow the odds of Uta occur­
ring change with a change in P/A ratio. Some 
simple arithmetic produces 

odds ra tio = eβ1 (13.9) 

ηlis is telling us that ß1 represents the change in 
the odds ofan outcome for an increase in one unit 
of X. For the Polis et a J. (1998) data , the estimated 
logistic regression coefficient (b1 ) is an estimate of 
how much the odds ofUta occurring on an island 
(compared to not occurring) would change for an 
increase in PfA ratio of one unit. A positive value 
ofb1 indicates that the odds would increase and a 
negative value indicates the odds would decrease 

The constan t，声。， is the value of g(x) when X; = 0 
and represents the intercept of the logistic regres­
sion model; its interpretation is similar to the 
intercept ofthe linear regression model (Chapter 
5) and it is usually ofless biological interest. 

Null hypotheses and model 咀tting
The Ho of main interest when 且tting a simple 
logistic regression model is that ß l 二 0 ， i.e. there is 
no relationship between the binary response vari­
able and the predictor variable. In the Polis et αl 
(1998) study, the Ho is that there is no relationship 
between the presence/absence of Uta and the P/A 
ratio of an island. Equivalently, the Ho is that the 
log of the odds of Uta occurring on an island rela­
tive to not occurring is independent of the PfA 

ratio of the island 
丁here are two common ways oftesting this Ho 

The 且rst is to ca1culate the Wald statistic , a ML 
version of a t test, which is the parameter estlmate 
divided by the standard error of the parameter 
estimate 

(13.10) 
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Note that 出e standard error (丸，) is asymptotic 
(0仕:en written as ASE), which means the distribu­
tion of b1 approaches nonnality for large sample 
sizes , so the standard effor should be considered 
approximate for small sample sizes. The Wald sta­
tistic is sometimes ca1led the Wald t(or t ratio) sta­
tistic because of its similarity to a t statistic 
(Chapter 3). The Wald statistic is traditiona1ly com­
pared to the standard normal z distribution 
(Agresti 1996. Neter et aI. 1996) 

The Wald statistic is most reliable when 
sample sizes are large so an alternative hypothesis 
testing strategy that is more robust to small 
sample sizes and provides a link to measuring the 
fìt of GLMs would be attractiveτ'he approach is 
similar to that desc 口bed for OLS regression 
models in Chapters 5 and 6 where we compare fu1l 
and reduced models. except that we use log-likeli 
hood as a measure of且t rather than least squares 
To test the Ho that ß, = 0 for a simple logistic 
regression model with a single predictor, we 
compare the 直t (the log-likelihood) of the fu1l 
model 

g(x) 二卢。十卢卢l (13 .5) 

to the fit ofthe reduced model 

g(x)= 卢。 (13.11) 

To compare likelihoods , we use a likelihood ratio 
statistic (A). which is the ratio of the log-likeli­
hood ofreduced model to the log-likelihood offu1l 
model. Remember from Chapter 2 that larger log­
likelihoods mean a better 缸， so if A is near one, 

then β1 contributes little to the 直t of the 且111
model whereas if A is less than one , then β1 does 
contribute to the 且t ofthe 且111 model. To test the 
Ho' we need the sampling distribution of ̂  when 
Ho is true. The sampling distribution of A is messy 
so instead we ca1culate a G2 statistic: 

G'=-2In(A) (13.12) 

This is also called the likelihood ratio x' statistic 
Sokal & Rohlf(1995) called it the G statistic.1t can 
be simplified to 

G' = - 2(log-likelihood reduced 
log-likelihood full) (13.13) 

IfHo (β1 = 0) is true and certain assumptions hold 
(Section 13.2.4).出e sampling distribution of G2 is 

very close to a x' distribution with one df 
ηlerefore ， we can test Ho that ß

1 
= 0 with 

臼ther the Wald test or with G' test comparing the 
fit of reduced and full models. In contrast to least 
squares model fìtting (Chapter 町. where the ttest 
and the F test for testing 卢1 = 0 are identical for a 
simple linear regression, the Wald and G2 tests are 
not the same in logistic regression.τ'I1e Wald test 
tends to be less reliable and lacks power 岳or

smaller sample sizes and the likelihood ratio sta­
tlStIC is recommended (Agresti 1996. Hosmer & 
Lemeshow 1989) 

τ'he G2 statistic is also termed the deviance 
when the likelihood ratio is the likelihood of a 
specific model divided by the likelihood ofthe sat­
urated model. The deviance therefore is 

2(log-likelihood spe口fic model 一

log-likelihood saturated model) (13.14) 

The saturated model is a model that explains a1l 
the variation in the data. ln regression models , 

the saturated model is one with as many parame­
ters as there are observations , like a linear regres­
sion through two points (Hosmer & Lemeshow 
1989). Note that the fu1l model [g(x) =β。 +βλJ is 
not a saturated model, as it does not fit the data 
perfectly. In a simple logistic regression with two 
parameters (β'0 and β1)' we can compare the devi­
ance ofthe full and reduced models. i.e. the G' st.­
tistics for each model compared to a saturated 
model η曰"他rence between the deviances tells 
us whether or not the two models fìt the data dif' 
岳rently. We do not actua1ly fit a saturated model 
m practice because the log-likelihood of the satu­
rated model is always zero (the maximum value of 
a log-likelihood because the model is a perfect fì叶，
so the deviance for a given model is simply the log­
likelihood of that model. Therefore, the differ­
ence in deviances equals 

- 2(log-likelihood reduced 一
log-likelihood fu1l) (13.15) 

This is simply the G2 statistic we ca1culated earlier. 
The likelihood ratio x' statistic (的 therefore equals 
the difference in deviance of the two models η1IS 
concept becomes much more important when we 
have models with numerous parameters (i.e , multi­
ple predictors) and therefore we have lots of pos­
sible reduced models (Section 13.2.2) 

lOGISTlC REGRESSION 

The other reason the deviance is a use且11 quan­
tity is because it is the GLM analogue of SSReSidual' 

i.e , it measures the unexplained variation for 
a given model and therefore is a measure of 
goodness咱乎自t (Section 13.2.5). In the same way 
thatwe could create analysis ofvariance tables岛r
linear models by partitioning the variabili叨" we 
can create an analysis of deviance table for GLMs 
Such a partitioning of deviance is very useful for 
GLMs with numerous parameters , especially 
complex contingency tables (Chapter 14) 

potential solar radiation , elevation. etc. , and 
chemical characteristics of the soil (Ca. K. Mg. P. 
pH. N and C:N). Hansson et al. (2000) modeled the 
probability ofpredation by avian predators on arti 
ticial eggs in nests of the Great &巳ed 叭Tarbler in 
Swedenτ'heir predictor variables inc1uded experi­
mental period (early and late in year) and attrac­
tiveness of the territory in which nest occurred. as 
well as the interaction between these two vari­
ables. Our worked 四ample wil1 be taken from a 
study of the ecology of 仕agmentation in urban 
landscapes 

13.2.2 Multiple logistic regression 
Iρgistic regression can be easily extended to situa- Fragmentation and native rodents 
tions with multiple predictorvariables. The model Bolger et al. (1997) recorded the numb盯 ofspecies

fitting procedure is just an extension of the log- ofnative rodents (exceptMicrotus ca1ifornicus) on 25 
likelihood approach described in the previous canyon fragments in southern Californiaτbese 
section, For example , Wis盯 et al. (1998) studied the fragments have been isolated by urbanization. We 
invasion of mountain beech forests in New will use their data to model the presencefabsence 
Zealand by the exotic perennial herb Hieracium of any species of native rodent in a fragment 
lepidulum. They modeled the probability of the against three predictor variables: distance 
四otic occurring on approximately 250 plots in (meters) of仕agment to nearest source canyon, age 
relation to a number of predictor variables meas- (years) since the fragment was isolated by urban­
ured for each plot, inc1uding richness of plant ization , and percentage of fragment area covered 
species , the percentage of total species in the tall in shrubs. The analysis of these data is presented 
herb guild, the distance to the nearest non 母Ipine in Box 13.2 
open land , other physical variables such as annual 

Box 13.21 Worked example of logistic regression: 
presence/absence of rodents in habitat 
fragments 

Using the data frc 节日olger et al. (199η ， we will mc 才 el the pre坦nce/absence of 
any spe口es of native rodent (except 川crotus califomicus) against three predictor 
variables: distance (meters) 飞o nearest souπe canyon (汽)， age--(years) since frag­
ment was isolated by u巾an田tion (X1) , and percentage of fragment a陀a covered 

in shrubs (χ]) 

g(x) =β。+卢， (di豆ance) ， +β'，(age) ， +βl% shrub)j 

whe陀 g(x) is the 旧.turallog of the odds of a species of native rodent occurring in 
a fragment. The scatterplots of the presence of rodents against each p陀dictor are 
shown in Figure 13.2. The Hos of main inte陀51 were that the陀 was no relationship 
be协 een the presence of native rodents (i.e. the odds that native rodents occuπed 
阳lative to not occur陀 d) and each of the p陀dictor variables, holding the others 

constant. These Hos are that 卢口，卢'， =Oandß]=O
The maximum likelihood estimates and tests of the parameters we罔 as

foUows 
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Parameter Est付利 ate A5E Wald statis毛 c P 

卢。 -5.910 3.11 J 1.899 0.(且 8

βi 0.000 0.001 0.399 0.690 
卢2 0.025 0.038 0.664 0 .570 
,8, 。刀96 0.041 2.361 0.018 

The odds ratios were as follows. 

P阳dictor Distance Age Percentage shrub cover 

1.025 1. 101 Odds ratio 
95% CI 

1.000 
0.999-1.002 0.952- 1. 104 1.01ι 1. 192 

Model comparisons include the fo Jlowing 
Log-likelihood of full 们 odel: -9.679 

Reduced model Ho Log-likeli七 80C G' P 

卢。十卢'2(age) ， +β13(% shrub), PI(distance) = 0 9.757 。 156 。 693

卢。+卢I (distance), +βI，{自由阳b) ， ,8,(age) ~ 0 9.901 0.444 0 .505 

，8， +βI(di血nce)j +β'，(哩，e)i 卢，(% 5hrub) ~O 14.458 9.558 0.002 

The conclusions from the Wald test and from the G2 tests from the mc 才 el 自由 ng

procedure ag陀e. On!y the e忏ect of peπent鸣e shrub CQver on the probability of 
rodents bei门gp陪sent， holding age and distance from nearest SOUπe canyon con 
筑ant， is 旦旦nl自cant. The odds ratio for percentage shrub cover was estimated as 
1.101 andthe 95% CI do not include one;fora 1% inc陀ase in shrub CQver; a frag 
ment has a !.! 0 J more chance of having a rodent than no1. so even though the 
effect 巴 slgnl日 cant the e而ect size 巴 sma!l. The odds ratios forthe othertwo 伊edic

tors dearly indude 0门 e，们旷日ting that ioc陀ases in those predictors do oot increase 
the probabi!ity of a rodent 扫elng p陀sent in a fragment 

Goc 才 ness of 白t5元:atlstlCS we陀 ca!Culated to assess the fìt of the 町 odel. The 
Hosmer-Lemeshow statistic was not signifìcant indicating no evidence for !ack of 
flt of the mode l. 

Statistic Value df P 

Hosmer-Lemeshow (c) 6.972 6 0.323 
Pearsonx2 20.823 21 0.470 
Deviance (G可 19.358 21 0 .562 
几2 且441

The mode! diagnostics suggested that the on!y fragment that might be inf!uentiaJ on 
the 陀sults of the model 白白ng was Spruce , with a dfbeta (b.fJ) and Pearson and 
deviance residuaJs much g陀及er t咀 n the other observations. Unfortunate协 we

couJd not get the aJgoritr 响 to converge on 问 L estimate5 when th巴 obse川础。门

was deJeted , 50 we couJd not specifìcally examine its infiuence on the estimated 
regression coefficients 

(b) 
白。 。

0.0 f- a:o::D O,O 0 , 0 0 tc EF ,CI) ,O?f 
o 田o 2000 30回 。 20 40 60 80 

Distance Age 

Logistic model and parameters 
τ'h.e general multiple logistic regression model for 
p predictors is 

g(x) =卢。+β，X口 +β2Xi2 +. . . +卢ipX ，p (13.16) 

For the Bolger et a1. (1997) data 

g(x) 二 β。 +β1(distance)， +卢，(age)，十

日3(% shrub), (13.17) 

In models 13.16 and 13.17 we find the follow­

mg 

g(χ) is the naturallog of the odds ratio of 
Y

j 
= 1 versus Yi 二 0 ， i.e. the log ofthe odds ofa 

species ofnative rodent occurring relative to not 
occurnng ln a 仕agment.

ßo is the intercept or constant, i.e. the log of 
the odds ofa species ofnative rodent occur口ng
relative to not occurring in a fragment when all 
predictors equal zero. 

β1 is the partial regression coefficient for X1' 

holding the remaining predictors constant, i.e 
the change in the log of the odds of a species of 
native rodent occurring relative to not occurring 
in a fragment for a single unit increase in 
distance to nearest source canyon, holding 
canyon age and percentage shrub cover constant 

ßz is the partial regression coefficient for XZ' 
holding the remaining predictors constant, i.e 
the change in the log of the odds of a species of 
native rodent occurring relative to not occurring 
in a fragment for a single unit increase in 
canyon age , holding distance to nearest source 
canyon and percentage shrub cover constant. 

ß
3 

is the partial regression coefì且口ent for X3• 

holding the remaining predictors constant, i.e 
the change in the log of the odds of a species of 
native rodent occurring relative to not occurring 
in a fragment 岛r a single unit increase in 

LOGISTIC REGRESSION 

(c) 
。 D 口口 o c汇口

Scatterplots of the 
presence 
rodents in relation (均 t阳。 d

ne曰"罔e5悦"白。u町cc臼e cany.阳。n矶1 仙)a咀.ge since 
f同.gment was I臼solat回:ed by 

f-.8∞∞;0 

urbanization, and (叶% of fragment 
area covered in shrubs. Data from 
Bolger et 01. (1997) 

o 20 40 60 80 100 
% shrub 

percentage shrub cover, holding distance to 
near宅st source canyon and canyon age constant 

Just like in multiple linear regression nlodels , 

we can firstly test the significance of the overall 
regression model by comparing the log-likelihood 
ofthe full model (13.16 and 13.17) to the log-likeli­
hood ofthe reduced model (constant, or ßO' only) 
We calculate a G2 statistic [-2(log-likelihood 
reduced -log-likelihood full)[ to test the Ho that at 
least one of the regression coeffì口ents equals 
zero 

To test individual coefficients , we can calcu­
late Wald statistics , each one being the estimated 
regression coefficient divided by standard error of 
estimated coefficient. These Wald statistics are 
the equivalent oft tests for partial regression coef­
ficients in multiple linear regression (Chapter 6) 
and can be compared to the standard llormal (z) 
distribution. Our reservations about Wald tests 
(lack ofpower with small sample sizes) described 
in Section 13.2.1 apply equally here 

A better approach is to fit a series of reduced 
models and compare their 且t to the full model. To 
test Ho thatβ1 (distance) = 0, we compare the fit of 
the full model: 

g(χ)= 卢。 +βt(distance)i 十卢2(age)，+

卢3(% shrub), (13.17) 

to the 且t of a reduced model based on Ho being 
true 

g(χ)= 卢。 +β，(age); +卢3(% shrub); (13.18) 

with the G2 statistic 

2(log-likelihood reduced 
log-likelihood full) (13.15) 

Ifthe G2 test is significant, we know that the inc1u. 
sion of distance as a predictor makes the full 
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model a better fit to our data than the reduced 
model and therefore Ho is rejected. We can do a 
similar model comparison test for the other pre­
dictors 

ηle difference between the full and reduced 
models is also the difference in the deviances of 
the two models. Remember that the deviance is a 
measure of the unexplained variability after 
fitting a model so comparing deviances is just like 
comparing SSResidllals 白。r linear models. Neter et al 
(1996) called this the partial deviance and we can 
present the results of a multiple logistic regres­
sion as an analysis of deviance table. 

Other aspects of multiple linear regression 
described in Chapter 6 also apply to mu1tiple 
logistic regression. In particular, including inter­
actions between predictors and polynomial terms 
might have great biological relevance and these 
terms can be tested by comparing the fit of fu l1 
model to the appropriate reduced models. 

13.2.3 Categorical predictors 
Categorical predictor variables can be incorpo­
rated in the logistic modeling process by convert­
ing them to dummy variables (Chapter 5). Logistic 
regress lOn routines in most statistical software 
will do this automatically. We described two sorts 
of coding for turning categorical predictors into 
continuo l1s dummy variables for OLS regression 
in Chapter 5. 1t is important that you know which 
method your statistical soft飞<vare is using, as the 
interpretation of the coefficients and odds ratios 
is not the same for the two methods. Most pro­
grams use reference cell coding where one group 
of a categorical predictor is used as a reference 
and the etl坠cts of the other groups are relative to 
that re且是rence group. Alternatively, effects coding 
could be used, where each group logit is COID­

pared to the overall logit (Hosmer & Lemeshow 
1989) 

A model with a binarγresponse variable and 
one or nlore categorical predictors is usually 
termed a logit model (Agresti 1990, 1996)，归 dis­
tinguish it from classicallogistic regression. If all 
the predictors are categorical , then log-linear 
modeling (Chapter 14) is a more sensible oroce 
dure because the data are in the 苗。rm of a contin 
gency table. However, log-linear modeling does 
not automatically distinguish one ofthe variables 

as a response variable. For dif:岳rent log-linear 
models , there are equivalent logit models that 
identi命 a response variable (see Agresti 1996, 
p. 165; Chapter 14) 

13.2.4 Assumptions of logistic regression 
Like all GLMs, logistic regression assumes that the 
probability distribution for the response variable , 

and hence 自or the error terms 仕om the 自tted

model , is adequately described by the randmu 
component chosen. For logistic regression, We 
assume that the binomial distribution is appro­
p口ate ， which is likely for binary data τ'he reliabil. 
ity of the model estimation also depends on the 
logistic model being appropriate and checking 
the adequacy of the model is important (Section 
13.2.5). 

飞叩hen there are two or more predictors in the 
model, then absence of strong collinearity (strong 
correlations between the predictors) is as impor­
tant for logistic regression models as it was fm 
OLS regression models (Chapter 6). While not nec­
四sarily reducing the predictive value of the 
model, collinearitywill inflate the standard errors 
ofthe estimates ofthe model coefficients and can 
produce unreliable results (Hosmer & Lemeshow 
1989, Menard 1995 , Tabachnick & Fidel1 1996) 
Most logistic regression routines in statistical soft­
ware do not always provide automatic collineariry­
diagnostics , but examining a correlation matrix 
between the continuous predictors or a contin­
gency table analysis for categorical predictors will 
indicate if there are correlationsjassociations 
between predictors. Tolerance, the r2 of a regres­
sìon model of a particularvariable as the response 
variable against the remainingvariables as predic­
tors , can also be calculated for each predictor by 
simply fitting the model as a usual OLS linear 
regression model. Because tolerance only involves 
the predictor variables , its ca1culation is not 
affected by the binary nature of the response var. 
iable 

13.2.5 Goodness-of-fìt and residuals 
Checking the adequacy of the regression model is 
just as important for logistic models as for general 
linear models. One simple and important diagnos­
tic tool for checking whether our model is ade­
quate is to examine the goodness-of-且t. As with 

linear models fitted by least squares , the 直t of a 
logistic model is determined by how similar the 
observed}巳.values are to the expected or predicted 
Y-values. The predicted probabilities that y, ~ 1 for 
given χi are: 

e'o一ιb忖X

~(x)~一气正卫王
l+e叮}…

(13.19) 

In model 13.19, bo and b, are the estimated coeffi­
cients ofthe logistic regre回ion model. A measure 
of 且t of a particular model is the difference 
between the observed and fitted values , i.e. the 
residuals. Residuals in GLMs are similar to those 
for linear models , the difference between the 
observed probability that y, ~ 1 and the predicted 
(丘om the logistic regression model) probability 
thaty，~ 1. 

τbere are two well-known statistics for assess­
ing the goodness咀f-白t of a logistic regression 
model. These statistics can be used to test that the 
observed data came 仕om a population in which 
the fitted logistic regression model is true. The 
直rst is the Pearson X- statistic based on observed 
(0) and expect.εd，直tted or predicted (e) observa­
tions (Chap田r 14) 

p., (0 - e)2η (y， -n刮)'

z-7=主丽F布 (13.20) 

In Equation 13.20,y, is the observed value ofY，负 IS

the predicted or 自tted value ofY for a given value 
of\ and ηis the number of observations. The use 
of the x' statistic 岛r logistic regression models is 
best visualized by treating the data as a two 
(binary response , Y) byη(difl岳rentvalues ofX) con­
tingency table. The x' statistic for goodness-of-:直t is 
the usual x' 岛r contingency tables (Chapter 14) 

τbe other is the G2 statistic, which is: 

唁归时

叫巾 y，)/n(1 代)] (13.21) 

The terms in Equation 13.21 are as defined as in 
Equation 13.20. The G' statistic is also the devi­
ance for a given model , defined in Section 13.2.1 

In both cases , low values indicate that the 
model is a better fit to the data , i.e. the obse凹ed

and fitted values are similar. The Pearson K statis-

LOGISTIC REGRESSION 

tic and the deviance G2 statistic approximately 
followa 对 distribution under certain assump­
tions. The most important assumption is that the 
minimum predicted frequency of either of the 
binary outcomes is not too small (see Chapter 14) 
When the predictors are continuous , however, 
there will usually be one or few observations ofY 
for each combination of values of the predictor 
variables (n j =l) 50 this assumption is not met 
and the Pearson K statisric and the deviance G2 
statistic will not have approximate x' distribu 
tions. The statistics themselves are still valid 
measures of goodness.of-fit; it is jusr their 乒
values that are unreliable (Hosmer et aJ. 1997) 
Note also that when we have multiple observa­
tions for each combination of X-values , such as 
when the predictors are categorical, we will have 
a contingency table in which the expectεd 仕e
quencies are more likely to be reasonable (see 
Section 13.2.3 and Chapter 14) and the P.values 
associated with these statistics will be much 
more reliable. Note also that the calc111ation of 
deviance for categorical predictors depends on 
whether the saturated model is determined 
based on individual observations or groupings of 
observations (Siminoff 1998) 

So , we cannot use the l1sl1al K or G2 statistics 
to test null hypotheses abo l1 t overall goodness-of­
fit of a model when the predictors are continuous , 

although they are still useful as comparative 
measures of goodness咱f-fit. Hosmer & Lemeshow 
(1989) developed a solution to the problem of 
testing goodness-of-fit for continuolls predictors 
in logistic regression by grouping observations so 
that the minimum expected freqllency of either 
of the binary outcomes is not too small 丁he

Hosmer-Lemeshow statistic , also termed the 
deciles ofrisk (DC) statistic, is derived from aggre­
gating the data into ten groups. The grouping is 
based on either each group having 0口e tenth of 
the ordered predicted probabilities so the groups 
have equal numbers of observatio时， or the 
groups being separated by 缸ed cutpoints (e.g 
由rst group having all probabilities :;;0.10, etc) 
Both grouping methods produce a statistic (C) 
which approximately follows a x' distribution 
with df as the number of groups nlinus two. 

Hosmer et al. (1997) reviewed many goodness 
of-fit tests, including the Pearson K statistic and 
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C, for assessing logistic regression models. They 
found that the X' s臼tistic performed well ifbased 
on the conditional mean and variance estimate 
and compared to a scaled K distribution; unfortu­
nately, the computations required to modi穹 the

usual r statistic are not straightforward. They 
also recommended C , as it is available in most sta­
tistical so仕ware and is powerful and we support 
their recommendation. 
卫lere has a150 been work on analogues of r 

used as a measure of explained variance in OL5 
regression. Menard (2000) discussed a range of 
measures like r2 for logistic regression and tenta­
tively recommended 

γ ，~巴出ζ旦出Lthhi
• L In(Lo) • In(Lo) (13.22) 

In Equation 13.22. Lo is the likelihood 岛r the 
model with only the intercept and LM is the likeli­
hood for the model with all predictors (one in 出e

case of simple logistic regression) 

13.2.6 Model diagnostics 
As well as assessing the overall 缸 of the model, 
it is a150 important to evaluate the contribution 
of each observation, or group of observations , to 
the 且t and deviations 仕'Om the 且t. In OL5 linear 
models , we have emphasized the importance of 
residuals , the difference between each observed 
and fitted or predicted value 白lere are two types 
of residuals 仕om logistic regression models. The 
first is the Pearson residual for an observation, 

which is the contribution of the difference 
between the obse凹-ed and predicted value for 
an observation to the Pearson y statistic, and 
is usually expressed as a standardized residual 
(e ,) 

e 一宁主ι卫王二二
飞 [η 升 1 一舌1月

where Yi is the observed value of Y，负 is the pre­
dicted or 且tted value ofYfor a given value ofx

i 
and 

ηis the number of observations. The second is 
the deviance residual for an observation , which is 
the contribution of the difference between the 
observed and predict，εd value for an observation 
to the total deviance 

sample sizes when the model is correct and resid­
uals greater than about two indicate lack of 且t

(Agresti 1996. Hosmer & Lemeshow 1989. Menard 
1995). When predictor variables are continuous 
and there is only a single value ofY for each COrn­
bination ofvalues ofthe predictor variables, then 
the large sample size condition will not hold and 
single residuals will be difficuIt to interpret. 
When the predictor variables are categorical and 
we have reasonable sample sizes for each combi. 
nation of predictor variables , then residuals are 
easier to interpret and we will examine such resid 
uals in the context of contingency tables in 
Chapter 14 

Diagnostics for influence of an observation, i.e 
how much the estimates of the parameters 
change if the observation is deleted , are also avail­
able and are simil盯 to those for OL5 models 
(Chapter 5; see also Hosmer & Lemeshow 1989, 

Menard 1995). These incIude (i) leverage. which is 
measured in the same way as for OLS regression, 

and (ii) an analogue of Cook's statistic standard­
ized by its standard error called Djbeta (Agresti 
1996) or fIβ(Hosmer & I,emeshow 1989), which 
measures the standardized change in the esti­
mated logistic regression coefficient b1 when an 
observation is deleted. The change in y or devi 
ance when an observation is deleted can also be 
calculated τbese diagnostics are standard output 
from many logistic regression routines in statisti­
cal software. Influential observations should 
always be checked and our recommendations 
仕om Chapters 4 and 5 apply here 

13.2.7问。del selection 

(13.24) 
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(e.g 飞/)， which tends to remove any relationship 
between the mean and variance. An alternative is 
to use a GLM with a Poisson error term and a log 
link function that is called a log-linear model. Log. 
linear models are commonly used to anal)只ze con­
tingency tables (Chapter 14) but can also be used 
effectively when the predictors are continuous 
and the response variable is a COUnt to produce a 
Poisson regression model 

log(μ)~β。 +βlXi (13.26) 

As with OL5 multiple linear regression, we often 
wish to know which of the two or more predictor 
variables in the logistic regression model contrib­

(13.23) utes most to the pattern in the binary 四sponse
variable. A related aim is to find the "best" modeI. 
one that provides the maximum fit for the 企west

predictors. The c口teria for assessing different 
models include the Pearson x' or deviance (G2) sta­
tlstics ， γ'L 2 and information criteria like Akaike's 
(see Chapter 6). The Akaike In丑ormation Criterion 
(AIC) adjusts ("penalizes") the G2 (deviance) for a 

me pearson and deviance res1duals approxl-given model zbr the number ofPEedrtorvarIables 

mately follow a normal distribution 岛r larger AIC~G2-n+2p 

where n is the number ofobservations and p is the 
number of predictors. For categorical predictors 

AIC~G'-D+2p (13.25) 

In model 13.26 ， μis the mean of the Poisson dis­
tributed response variable，卢o is the intercept 
(constant)， β1 is the regression coefficient and χi IS 
the value of a single predictor variable for obser­
vation i. The model predicts that a single unit 
increase in X results in Y increasing by a factor of 
eß, (Agresti 1996). A positive 0 1" negative value of ß, 
represents Y increasing or decreasing respectively 
asX increases. Such models can be easily extended 
to inc1ude multiple predictors. For example, 

5peight et al. (1998) described the infestation of a 
scale insect Pulvinatia regalis in an urban area in 
England. They modeled egg code. the level of 
adult/egg infestation measured on a scale of one 
to ten. against seven predictor variables: tree 
species , tree diameter, distance to nearest infì巳sted
tree , distance to nearest road , percentage 
impermeability of ground , tree vigor and distance 
from nearest building. 

Nearly a11 the discussion in previous sections 
related to logistic regression , including estima. 
tion, model fitting and goodness-of-缸， and diag­
nostics , applies similarly to Poisson regression 
models. One additional problem that can occur 
when modeling count data is that we are assum 
ing that the response has a Poisson distribution 
where the mean equals the variance. Often, 

however, the variance is greater than the mean, 

which is termed overdispersion (Agresti 1996). In 
GLMs , the dispersion parameter is now le臼 than

or greater than one (see 5ection 13.1). 5tandard 
errors of estimated regression coefficients will be 
smaller than they should and tests of hypotheses 
wiIl have inflated probabilities of Type 1 error 
Overdispersion is usually caused by other factors , 

which we have not measured , influencing our 
response variable in heterogeneous ways. For 
example , we ffiight model number of plant 

where D is the number of different combinations 
ofthe categorical predictors (Larntz 1993). Models 
with low AICs are the best fit and ifmany models 
have similarly low AICs , you should choose the 
one with the fewest model terms. For both contin­
uous and categorical predictors , we prefer com. 
paring full and reduced models to test individual 
terms rath盯 than comparing the fit of all possible 
models to try and select the "best" one 

We will not discuss stepwise modeling for 
multiple logistic regression or more generallogit 
models. Our reservations about stepwise proce­
dures (see also James & McCulloch 1990) have been 
stated elsewhere (Chapter 6) 

13 , 2.8 Software for logistic regression 
Logistic regression models can be 且tted using sta 
tistical software in two main ways. Most programs 
provide logistic regression modules, often as part 
of a general regression module. It is assumed that 
the response variable is binary and that a GLM is 
fitted with a binomial d四tribution for the error 
terms and a logit link function. Some software 
offers GLM routines and the error distribution 
and link function might need to be specified. The 
range of diagnostics is usually extensive but it is 
always worth running a known data set from a 
text like Christensen (1997) or Hosmer & 

Lemeshow (1989). Tabachnick & Fidell (1996) have 
pru讨ded an annotated comparison of output 
仕om four common programs. 
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Biologists often deal with data that are in the 
form of counts (e.g. number of organisms in a 
sampling un此. numbers of cells in a tissue 
section) and we commonly wish to model a 
response that is a count variable. Counts usually 
have a Poisson distribution , where the mean 
equals the variance and therefore linear models 
based on normal dist口butions may not be appro­
priate. One solution is to simply transform the 
response variable with a power transformation 
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species per plot against soil pH in a forest; if 
unmeasured nutrient levels a150 vary greatly 
between plots , then variance in the number of 
species may be greater than the mean. There are 
at least three possible ways of dealing with over­
dispersion 

• We can correct the standard errors of the para­
meters by multiplying by V(x'ld白， as sug­
gested by Agresti (1996). Gardner et al. (1995) 
provide a complex adjustment based on an 
estimate of the dispersion parameter 

• We could use a more appropriate probability 
distribution , such as the negative binomial 
(Chapter 2 , Gardner et al. 1995) 

• We could use quasi-likelihood models where 
the dispersion parameter is estimated from the 
data rather than restricted to the value de且ned
bya Poisson distribution 

Criteria for assessing the fit of GLMs , such as the 
likelihood ratio statistic and AIC, ar飞~ also sensitive 
to overdispersion. Fitzmaurice (1997) suggested 
that such criteria could be simply scaled by a 
REML (restricted maximum likelihood) estimate 
of the degree of overdispersion 

13.4 I Generalized additive models 

Generalized additive models (G丛1s) are non-para 
metric modifications of GLMs where each predic 
tor is included in the model as a non-parametric 
smoothing 白mction (Hastie & Tibshirani 1990). In 
general terms , with a response variable and j = 1 
to p predictor variables , a GLM can be written as 

g( J.L)~ β。+zm (13.27) 

Note that we have summarized the systematic 
component representing the predictor variables 
as a sum of products between regression coeffi­
cients and predictors 

A GAM fits a more flexible model 
P 

g(J.L) 寸。十Zf产 (13.28)

g(μ)~β。十几Xi1 +九xlz+ +九χψ (13.29) 

ing technique (Chapter 5)τbese smoothing 白lnc­
tions. which are commonly Loess or cubic splines 
for GAMs. are usually estimated 仕om exploratory 
scatterplots ofthe data (Yee & Mitche111991) 

For example, reca11 the data 仕om Loyn (1987) 
described in Chapter 6. These data were the abun­
dances of birds from 56 forest patches in south­
eastern Australia. Six predictor variables were 
recorded 且or each patch: area , distance to nearest 
patch, distance to nearest largest patch, grazing 
mtensl町" altitude and years since isolation. A 
GAM with a11 predictors (area and the two dis­
tances transformed to logs) , using a normal prob­
ability distribution and identitylink function and 
based on Loess smoothing functions for each pre­
dict町， would be 

g(mean bird abundance), ~β。+
几(log patch area), + f，收'ears isolated)j + 
f3(log nearest patch distance j, + 
九(log nearest large patch distance), + 
fs(stock grazing), + f,(altitude), (13.30) 

where .fj is a Loess smo∞ot由hin
there i阻snor四equ旧irementf岛or the same c盯r口lt，恒eria t归obe

u山sed 岛r each smo∞ot由hing 且fu皿nc口tl旧。n盹， e.g. Loess 
smo∞others forX尺l andX毛2 ma:叮yuse difD岳-址r陀entsmooth­

mg p归ar，囚amete凹， or even for the same type of 
smoothing function to be used 岛r each predictor, 
e.g. a Loess could be used for X

1 
and a cubic spline 

forX2τ'he smoothing function for each predictOI 
is derived 仕om the data separately 仕om the 
smoothing function for any other predictor. We 
wi11 illustrate the fit ofa GAM to a subset ofthese 
data from Loyn (1987) , incorporating only three 
predictors (log patch area, log nearest patch dis 
tance , years isolated) , in Box 13.3 

The main difference between GLMs and GAMs 
is that the former fits models that are constrained 
to a parametric (linear) form whereas the latter 
can fit a broader range of non-parametric models 
determined 仕om the observed data. A combina 
tion of the two types of models is termed semi 
parametric. This is a linear model with 
non-parametric terms inc1uded 画or at least one 
but not a11 of the predictors. GAMs are termed 
additive because the response variable is modeled 
as the sum ofthe functions of each predictor with 

In models 13.28 and 13.29，由e f are non- no interactions 
parametric fllnctions 叫nated using a smooth- Like GLMs , GAMs need a link 丑mction defined 

Box 13.31 Worked example of generalized additive 
models: bird abundances in habitat fragments 

GENERALlZED ADDITIVE MODELS 

We will U5e the data from Loyn (198乃I 自性 introduced in C气 apter 6, to illustrate a 
simp!e app!ication of GAMs. We will model the abundance of bi时s in 56 f(。陀st
patches against three predictors: loglo patch area, log:o distance to nea陀51 patch 
and years since patch isolat叩门 The boxplot of bi时 abundance is symmetrical so 
we will use a normal (Gaussian) probability di51ribution and an identity link function 
We will also use a Loess smoothing function for each of the predictors and keep 
the smoothing paramete广 the same for all three functions. We frtted the models 
using S-Plus 2000 forWindows so仕ware

Full model 

g(m田n bird abundance)j= 卢。+币 (log 1Q patch a陪a)， + (，(y臼rs isolated) 十

以loglo nearest 阳tch di白nce) ，

Deviance for null mc 才 el: 6337.929 with 55 degrees of freedom 
Residual deviance from fìtte 才 model: 1454.3 14 with 40.529 degrees of 

f陀edom

Degrees of freedom and F-ratios for non-parametric e忏ects for each predi口C 产

a而 tabulated below. 

Parametric Non-parametric Non-pa广ametnc

Term df df F-ratio P 

Intercept 
Log

lü 
patch area 4.2 1.817 0.142 

Years isolated 3.3 0.618 0.620 
Log 1o 门earest patch distance 4.1 2.576 0.051 

None of the terms had signifìcant non-parametric components, suggesting that the 
linear model we fitted in Chapte广 6 叭las appropriate , at least for these three p陀
dictors. This isζlear from the Loess fìts to scatterplots of bird abundance against 
田ch predictoγ(Fψ陪 13 .3) with only log:o distance suggesting some 们 :mlinearity.

Test of logw patch area is as follows 

H。 del dfpó山， 1 Dev日 nceRel，d Jal

Log1o patch a陀a+years I否olated 十 loglo nea陀st patch dista门ce 40.529 1454.314 
在ars isolated + log ,o nearest patch distan四 45.683 3542.574 

Difference in deviance = - 2088.26, df = - 5.154, appro叩mate F-ratio = 11 .291 , 

P<O.OOI 
Cle盯!只 a model that includes 10glG patch area was a signifìcantly better fìt than 

a reduιed model that doesn't. Equivalent model com阳risons could be 由ne for 
the 陀malnlng 宁 op陀dictors
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Sca饥:erplots of bird 
agaînst each o( three 

predictors (log1o area, loglo d陆国nce，

years since isolat四1). with Loess 
smoo由ers， for the data from Loyn 
(1987) 
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and a probability distribution for the response 
variable that implies a probability distribution for 
the error terms from the model. The dif:且culty in 
specifYing a probability distribution for the 
response variable and eITor terms is often over­
come in GAMs by using quasi-likelihood models 
where only a relationship between mean and var­
iance is specified and the dispersion parameter 
(i.e. the variance) is derived 仕om the data (Section 
13.1). The fit of a GAM is based on something 
called the local scoring algorithm, an extension of 
the Newton-Raphson algorithm used for fitting 
GLMs. Details of both can be found in Hastie & 

Tibshirani (1990) but basically local scoring uses a 
backfitting algorithm that iteratively fits a 
smoothing function , determines the partial resid­
uals , and smooths these residualsτhe details are 
complex and understanding them is not neces­
sary to appreciate GAMs 

The important point is that we can measure 
the fit of a particular GAM, using measures like 
deviance and AIC , and also compare the fit of 
models with and without particular terms or 
combinations ofterms. This allows us to assess the 
contribution of each predictor, modeled with its 
specific smoothing function , to the pattern in the 
response variable based on the usual analysis of 
deviance as used for GLMs 币le difference in devi 
ance between two hierarchical models (one with 
and one without the term being tested in the Ho) 
can be compared a可mptotically to a x" distribu 
tion. Hastie & Tibshirani (1990) also suggested 
that deviance statistics can be converted to 
approximate F-ratio statistics when the dispersion 
parameter is unknown and F tests are common 
outputfromso仕ware that fits GAMs. In sunlmary, 

GAMs can be analyzed using the same framework 
as linear and genera1ized 1inear models 

There are some complexities when using 
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time , cause difficulties 币。r analysis. All the 1inear 
and additive models we have described so far 
assume independence of observations. If obse凹t
tions are correlated , then the variances and stan 
dard errors of estimated model parameters will be 
lnappropriate. For example, positive correlations 
between observations will result in standard errors 
of parameter estimates being too low and 
increased Type 1 error probabilities for hypothesis 
tests and negative correlations will result in the 
converse effect (Dunlop 1994; see also Chapters 5 
and 8 for discussion of effects of non-independence 
in linear regression and ANOVA models) 

We have already described methods for 
dealing with correlated observations that are 
based on adjusting estimates and hypothesis tests 
depending on the degree of correlation. For 
example, the ANOVA models we used for repeated 
measures designs in Chapters 10 and 11 are basi­
cally standard partly nested models where we 
adjust the tests of signi直cance in a conservative 
t司shion to correct for intlated Type 1 errors result 
ing 丘om the correlated observations. While allow 
ing re1iable signi直cance tests for repeatl巳d

measures designs , we would really like a method 
that fits predictive models that incorporate a 
m四ture of continuous and categorical predictors 
in a general modeling framework. We will briefly 
describe two relatively recently developed model­
ing techniques that specifically address correlated 
data. Details ofthe methods are beyond the scope 
of this book, and our expertiseτheir main appli­
cation seems to have been in the medical 1itera­
tu町， especially variolls types of c1inical trials , and 
in education , although they c1ear1yhave potential 
app1ication in biology given the prevalence of 
repeated measures designs in the 1iterature. Our 
aim is simply to make biologists aware that there 
are methods based on linear and generalized 
1inear models for dealing with correlated data, 

and to provide references to the literature that 
will help biologists wishing to investigate these 
methods further. 

These two modeling approaches are just some 
ofthe many methods for dealing with correlated 
data , especially longitudinal data where we have 
repeated observations of sampling or experirnen­
tal units. As well as the 硝usted ANOVA models 
described in Chapters 10 and 11 , there are growth 
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GAMs for inference that we do not find in linear 
and generalized linear modelsτbe use of smooth 
ing functions means that the degrees of丘eedom
will usually not be an integer (Yee & Mitchell 
1991). Additionally, the degrees of仕'eedom 岛r a 
smoothing term can be split into two comp萨
nents. that due to the parametric linear fit and 
that dlle to the non-parametric fit once the linear 
component has been removed. Some software also 
provides tests of the non-parametric component 
for individual terms in our model. This is very 
use且Jl if GAMs are used as an exploratory tool 
because non-signifìcant non-parametric fìts 
suggest that linear models are appropriate 岛rthe

data 
An example of the use of GAMs in biology 

comes 仕om Berteaux & Boutin (2000) who 
modeled the breeding behavior of female red 
squirrels against 13 possible predictor variables. 
inc1uding minimum age of f坦males. 画。od abun 
dance in same year as female behavior observed. 
岛od abundance in previous year, ffilnlffium 
number of middens owned by female , number of 
juveniles at weaning, and year of study. τ11eir 
response variable was categorical, values being 
one, two or three: one was females keeping their 
territory and exc1uding juveniles after breeding, 

two was females sharing their territories with 
juveniles and three was 也males bequeathing 
their territories to juveniles , Berteaux & Boutin 
(2000) 且tted G灿1s with di岱rent combinations of 
predictors and with cubic splines as the smooth­
ing functions. They used a quasi-likelihood model 
to estimate the variance in their response variable 
because a Poisson distribution was not quite 
appropriate. They also used the Akaike Infor­
mation Criterion (AIC) to select the best model, 
which turned out to be the one with the predic­
tors listed above but not inc1uding the remaining 

seven predictorsτhey also used logistic regres­
sion to model a binary response (females disperse 
or not disperse after breeding) against these previ­
ously described predictor variables; pretty much 
the same 5et of variables as for the GAM had the 
best fit in the logistic model 

Bjorndal et al. (2000) also used GAMs to model 
the growth ra tes (仕om mark-recapture data) of 
immature green turtles in the Bahamas against 
five predictor variables (sex, site , year, mean size 
and recapture inte凹al). They used a similar mod 
eling procedure to Bertaux & Boutin (2000) , with 
quasi-likelihood models and cubic spline smooth 
ing functions. However, they sensibly did not try 

to select a single best model, but rather estimated 
the fit and parameters for a model with all predic­
tor5 , including specifìc contrasts between sexes 
(male vs female and male versus unknown) and 
between the three sites. They also tested for non-
1inear effects for some of the predictors (see also 
Yee & Mitche1l 1991). 

AIthough GAMs are very flexible models that 
can be fitted for a wide range of distributions of 
the response variable , especial1y exponential dis­
tributions , their application is not straightfor­
ward. First , we must choose a smoothing function 
for each predictor and also a smoothing parame­
ter for each smoothing function. Second, we must 
make the same decisions as 岛rG山1s: which prob­
ability distribution and link 且Jnction combina­
tion is appropriate or use quasi-likelihood models 
η1Ïrd ， we must have appropriate software and 
routines for直tting GAMs are not available in most 
commer，口al programs , although S-Plus is a note­
able exception. With these 1imitation5 in mind , 

GAMs can be very useful , both as an exploratory 
tool that extends the idea of smoothing functions , 

and as a more formal model fìtting procedure that 
lets the data determine many aspects ofthe final 
model structure 

1 i51问odels for correlated data 

One ofthe most challenging data analysis tasks for 
biologists is dealing with correlated data. For 
example. repeated observations on the same sam­
pling or experimental units , either under sequen­
tial treatment applications or simply through 
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models, structural equation models , Markov 
modeIs, transition models and more 岛rmal non­
linear time series analyses (see Chapter 5). These 
techniques. and the two described below, are 
reviewed by Bijleveld & van der Kamp (1998) and 
Diggle et al. (1994) 

13.5.1 Multi-Ievel (random effects) models 
We often deal with observations from sampling or 
experimental units that are arranged hierarchi­
cally. In Chapte叶. we described nested ANOVA 
models for situations where we had categorical 
predictors (岛ctors) that were nested within oth盯
factors. In those analyses , w唱， used a single model 
that incorporated the top level factor plus a 
second level factor nested within the top level 
factor and 50 00. One assumption was that obser­
vations at the lowest level ("replicates") were inde­
pendent of each other. Longitudinal. repeated 
measures , data can a150 be viewed as hierarchical 
with the repeated measurements being nested 
within an individual sampling orεxperimental 
unit and those units being nested within some 
other (between unit) factors. The dif丑erence from 
the c1assical nested design described in Chapter 9 
is that the measurements nested within each unit 
are not independent of each other. Laird & Ware 
(1982) proposed using multi.level linear models 
with random ef:坠cts for analyzing longitudinal 
data , including repeated measures designs. In 
fact. these models inc1ude both fixed and random 
effects and are therefore best described as multi­
level mixed models (Bijleveld & van der Kamp 
1998. Ware & Liang 1996) 

Consider a 且ctitious study on growth rates of 
animals where we use a repeated measures design 
with a single between.subjects factor (sex) and 
time as the within-subjects factor. The subjects or 
units might be individual animals and the 
response va 口able might be body size. The basic 
idea is that we fit a model in two stages; we will 
mainly 岛lJow the terminology of Bijleveld & van 
der Kamp (1998). In the first stage. we model the 
response variable for the observations within each 
unit, against whichever predictor variables are 
represented by the dif:也rent times. For example, 

th巳 predictors may be simply time (in days. 
months or years) and/or some polynomial of time. 
or may represent successively applied treatments. 

With usuallinear or generalized linear modeling 
techniqu凹， we estimate the :fixed model parame 
ters for the time effects within each unit and the 
random error terms 

Yi = 卢ET+ez (13.31) 

In model13.31 , yi is the vector of response variable 
values for each time for unit i, T is a matrix repre 
senting the dif坠rent tìmes , ßi is the vector of 
regression coeffi口ents (intercept and slopes. 
usually only one slope ifT contains only a single 
time variable) and e j is the vector ofrandom error 
terms. In the second stage, we treat the regression 
coefficients as random effects allowing the coef:ι 

cients (slopes and/or intercepts) ofthe regre田ions

agalnst time to vary 仕om unit to unit. We are 
assuming the observed regression coefficients 岛r

each unit are a sample 仕om some probability dis. 
tribution of coefficients. We now model these 
random coefficients against the predictor vari­
ables measured at the between-unit (or subject) 
level. which will be the between.subjects factor(叶'

自吗+uj (13.32) 

In this stage two model， βi is the vector of regres­
sion coefficients 仕om stage one , x

j 
is the matrix of 

between-unit predictor variables , such as the 
between-subjects design structure ， γis the vector 
of coefficients relating the original regression 
coefficients to 出e between-subjects factor and u

j 

is the vector of random error terms 
These two stages can be combined into a single 

mixed model 

Yi =γITxj + TUi + ei (13.33) 

There are two sets of random effects , the error 
term from the first level model (within units) and 
those 丘om the second level model (between 
units). Different formulations of this model for 
situations where we allow the slopes or the inter­
cepts or both to vary between units are provided 
by Burton et aJ. (1998). Cnaan etaJ. (1997) and Omar 
et al. (1999). These models can also be extended to 
three and more levels 

τhese multi-level models are usual与 fit using 
iterative least squares that result in REML esti 
mates ofparameters. The random effects are often 
estimated as variance components. Tests of partk 
ular terms in the model are based on comparing 

models with and without 出e term of interest 
with likelihood ratio (deviance) tests. For the fixed 
parameters, these deviances can be compared to a 
K distribution: for random parameters , us且1I吨 the1回e 

x' d 四ist盯rr出bution will 回s阻ul让tmo盯v巳盯rl炒Y con田s臼er凹va且tiv，

tests (Burton et aJ. 1998). -
Routines for fitting multi.level mixed models 

are becoming available , both as stand-alone pr耻
grams (Burton et al. 1998) and in more general use 
statistical software (e.g. S.Plus). These multi.level 
mixed models are complex. the literature replete 
with slightly different formulations of what is 
basically the same set of model for a given number 
of levels. They are particularly useful if the rela. 
tionship between the response variable and time 
for each sampling or experimental unit is ofinter­
est because this pattern can be modeled , allowing 
for dif:岳rent slopes and/or intercepts 且br each 
unit. against between.unit (between.subject) pre­
dictors (factors) 

13.5.2 Generalized estimating equations 
Generalized estimating equations (GEEs) were 
introduced by Liang & Zeger (1986) as an exten. 
sion of GLMs to model correlated data. To under­
stand 出e basics of GEEs, we need to examine how 
we fit GLMs in a little more detail. GLMs are fitted. 
and therefore parameters of the model are esti­
mated. by solving complex likelihood equations 
using the iterative Newton-Raphson algorithm. If 
the response variable has a probability distribu­
tion from the exponential family. then the likeli. 
hood equations can be viewed as estimating 
equations (Agresti 1990). equations thatare solved 
to produce ML estimates of model parameters. The 
normal equations that are solved to produce OLS 
estimates of linear regression models (Chapter 5) 
can also be considered as estimating equations 
τhe estimating equations for GLMs are character­
ized by a covariance (or correlation) matrix that 
comprises zeros except along the diagonal , i.e. cor 
relations between observations are zero (Dunlop 
1994). Liang & Zeger (1986) generalized these esti 
mating equations to allow for covariance matrices 
where correlations between observations on the 
same sampling or experimental unit ("subject") 
are not zero. Solving the GEEs results in estimates 
ofmodel parameters with variances (and standard 
errors) that are robust to correlations between 

MODELS FOR CORRELATED DATA 

observations (Burton et a l. 1998). GEEs are not 
restricted to situations where the response vari­
able has a probability distribution 仕om the expo­
nential family. In fact. quasi-likelihood methods 
are used where we only need to speci市 a relation 
ship between the mean and variance for Y and we 
estimate the variance from the data (Section 13.1) 

GEEs fit marginal models , where the relation­
ship between the response variable and predictor 
va口ables is modeled separately from the correla 
tion between observations within each experi 
mental or sampling unit (Diggle et al. 1994). FOI 
example , imagine a data set where we have n sam­
pling units (e.g. permanently marked plots in a 
forest) and we record a response variable (e.g 
growth rate ofplants) and a predictorvariable (e.g 
soil phosphorus concentration) at a number of 
times. Our main interest is probably the relation­
ship between plant growth and soil P. butwe want 
to estimate the parameters of a regression model 
between these variables accounting for the corr飞~­
lation between observations through time for the 
same plotτ11e GEE method will estimate the 
regression separately from the within-unit corre 
lation. In a repeated measures design , we might 
have experimental units within a number oftreat­
ment groups but these units are obse凹'ed repeat 
edly through time. A GEE approach to the analysis 
would estimate the correlation structure within 
units separately and use this when fitting a linear 
model of the response variable against the treat­
ment variable. The correlation structure is treated 
as a nuisance parameter used to adjust the vari­
ance and standard errors of the parameter esti­
mates (Omar et al. 1999) 

Burton et a l. (1998) summarized the steps in 
fitting a GEE. First. a GI岛1. is 且tted to all 0 bserva. 
tions and the residuals calculated 币lese residuals 
are used to estimate the correlation between 
observations within each unit. The GLM is refitted 
but now incorporatingthe correlation matrixjust 
estimated into the estimating equationsηr 
residuals from this new fit are used to re-estimate 
the correlation structure and the steps repeated 
until the estimates stabilize. Hypothesis tests for 
individual parameters of the model are usually 
done with Wald tests (Section 13.2.1). where the 
estimate of the parameter is divided by its robust 
standard error estimated 仕om the GEE modeJ 
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• Goodness-of-且t tests for logistic models with 
continuous predictors are difficult to interpret 
The Hosmer-Lemeshow C statistic is recom­
mended; do not rely on P values from standard 
x' or G2 statistics 

• A1ways compare GLMs with multiple predic­
tor5 in a hierarchical fashion. If an interaction 
term is inc1uded. also include alllower唱rder

terms. Check for collinearity ifyou have two or 
more predictor va口ables

• Overdispersion in binomial or Poisson distribu 
tions (where the variance is greater than 
would be expected based on the chosen proba­
bility distribution) can affect parameter esti­
mates and signifìcance tests. Adjustments can 
be made or use quasi-like1ihood models 

• When both the response variable and predictor 
variable(s) are categorical, log-linear models 
are easier to interpret if distinguishing a 
response variable is not essential 

coefficients 仕om those stage one models 
against between-unit predictor variables (stage 
two) 

GENERAL ISSUES AND HINTS FOR ANALYSIS 

13.6.2 Hints for analysis 

• Logistic r飞~gression is a GLM for modeling 
binary response variables against categorical 
or continuous predictors 

• GLMs such as logistic regression are paramet­
ric analyses.α100sing the correct probability 
distribution , and therefore mean and variance 
relationsh甲， is important. Quasi-likelihood 
models are more fl.εxible ifyou are not sure 
about the probability distribution or you have 
data that are under，吐ispersed or overdispersed 

• Poisson regression is a GLM for modeling 
Poisson response variables (e.g. counts) against 
categorical or continuous predictors 

• Generalized addi tive models (GAMs) increase 
the flexibili帘。fGLMs by permitting a range of 
non-parametric smoothing functions , rather 
than just linear relationships 

• For modeling correlated data , generalized esti­
mating equations (GEEs) can provide estimates 
ofparameters and robust standard errors that 
account for the correlations but are most 
suited to situations where the pattern through 
time is not of much interest 

• Multi-level mixed models fit linear models 
through time for each sampling and experi­
mental unit (stage one) and then model the 

showed this 面or real data , where estimates and 
standard errors ofbetween-subject treatment dif­
ferences from a repeated measures design with 
repeated observations wi出in subjects were 
similar for unstructured ， εxchangeable and auto­
regressive correlation structures 

While GEEs may not work as well for small 
sample sizes (Ware & Liang 1996), all model fitting 
methods have difficulties in this situation. GEEs 
can handle missing da ta effectively as long as the 
observations are missing completely at random 
(Chapters 4 and 1日， and therefore provide a real 
alternative to c1assical ANOVA 可pe models for 
repeated measures designs that do not handle 
missing observations verγeffectively (Chapters 10 
and 11). GEEs can be used for any combination of 
categorical and continuous responsevariables and 
predictors and can make use of the GLM 仕ame­
work of speci市ing a link function , so that the GEEs 
can resemble logistic and log-linear models 

In a comparison of different methods for ana­
lyzing repeated measurement data, Omar et al 
(1999) argued that GEEs are most applicable when 
the pattern of observations through time for sam­
pling or experimental units is not the main 
research question. For example , in a repeated meas 
ures design, GEEs might be suitable when the main 
factor of interest was between subjects and the 
within-subjects component represents repeated 
observations through time. If the within-subjects 
component is a factor of specific interest, GEEs are 
less use且11. GEEs are really best for estimating 
regression models where we have a mixture of 
repeated and independent observations or when 
the focus is on comp盯isons of groups where the 
units are independent between groups, even if 
there are also repeated observation within units 

• Generalized linear models (GLMs) provide a 
broad 仕'amework for testing linear models 
when the distribution ofmodel error terms , and 
the response variable , is 仕'Qm the exponential 
family (e.g. normal , binomial , Poisson , etc.) 

General issues and hints for 

analysis 

General issues 
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13.6.1 

All choices except an unstructured correlation 
matrix will constrain 出e pattern of estimated cor­
relations between observations within the same 
unit. Horton & Lipsitz (1999) recommended an 
unstructured correlation matrix if the data set is 
balanced (no missing values) and the number of 
observations within a unit is small. It turns out 
that one ofthe strengths ofGEEs is that, although 
correct specification of the correlation structure 
makes estimation more efficient, parameter esti­
mates are usually consistent even ifthe wrong cor­
relation structure is used , i.e. the estimates of 
model parameters are not very sensitive to the 
choice of correlation structure. Omar et al. (1999) 

Besides 且nding software that will fit GEEs , the 
main difficulty is that the structure of correla­
tions between observations (i.e. the covariance 
matrix) needs to be specified a prioti. Burton et al 
(1998) and Horton & Lipsitz (1999) suggested a 
range ofworking correlation structures 

• Independence, where there are no correlations 
between observations. Clearly, this is not a sen 
sible choice when we have repeated observa 
t lOns 

• Exchangeable, where the correlations between 
different observations are identical , no matter 
how c10se they are in a time sequence. This is 
the equivalent of compound symmetry, 

described for analyses of repeated measures 
designs with ANOVA models in Chapters 10 
and 11 

• Unstructured. where the correlations between 
庐山 of observations can vary and are esti­
mated from the data 

• Fixed , where we fix the correlations rather 
than estimating them 仕om the data 

• Autoregressive , where correlations between 
observations clos町 together in a time 
sequence are more correlated than obse凹a-

tions further apart. This is the situation we 
anticipate in repeated measures designs and 
why we usually need to adjust significance 
tests when fitting partly nested ANOVA models 
to repeated measures data (Chapters 10 and 
11). This choice of correlation structure is used 
when the residuals from a linear model fit are 
used to estimate the correlations between 
observations 

仁L
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Analyzing frequencies 

The previous chapter introduced logistic regres­
sion, a generalized linear model based on a bin萨
mial distribution and logit link function for 
modeling binary response variables. If the 
response has more than two categories , then it is 
likely to come 仕om a multinomial distribution , of 
which the binomial is a special case. We can also 
model the count or 仕equency ìn each category as 
coming from a Poisson distribution when the 
total count (n) across a11 categories is not fixed 
τllis chapter focuses on the analysis of one or 
more categorical variables , particularly when we 
have counts of obse凹atlOns in each combination 
of the variables. When there are two or more var­
iables , each with two or more categories , the 
counts form a contingency table where the obser­
vat lOlls are cross-c1assified by the categorical vari­
ables. Contingency tables do not specifica11y 
distinguish r喧sponse and predictor variables , 

although such a distinction can be important in 
model building and interpretation 

A 且lndamental statistic for the analysis of cat­
egorical data is the chi.square (对) statistic , also 
called the Pearson .r statistic, which is commonlv 
used to compare observed and theoretical (i 巳
四pected) 仕equenCles m categories 

忐 (0 - e)' 
.---- (14.1) 

where 0 and e denote the observed and expected 
(or theoretical) 仕'equencies respectively in each 
category or combination of categories and the 
summation is over a11 the categories. The degrees 
of仕eedom are a function ofthe number of cate­
gones mmus one. Note that .r basica11y measures 

吐le differences between the observed and 
expected values. It has a value of zero when the 
obse凹'ed and expected values are the same. Null 
hypotheses in categorical analyses often imply 
that a sample of observations came from a popu­
lation where the observed frequencies match 
some expected 仕equencies. The .r statistic 
approximately fo11ows a x' distribution if the 岛1.
lowing assumptions hold 

1. Observations are c1assifìed into categories 
independently. This means that the category 
combination into which any observation is 
classified is independent of the category 
combination into which other observation is 
classified 

2. No more than 20% ofthe categories have 
expected 仕equencies less than about fìve (Agresti 
1990, 1996). With sma11er sample sizes , 

comparisons of the ;r statistic 田 a x'

distribu tion can prod uce misleading 
probabilities 

This chapter is an introduction to categorical 
data analyses; more detailed treatments can be 
found in Agresti (1990 , 1996), Christensen (1997) 
and Tabachnick & Fidell (1996) among others. We 
wi11 曲st i11ustrate some simple analyses based on 
the x' statistic, although generalized li时ar
models, especia11y log-linear models , are much 
more tlexible for cat，巳gorical data analysis. We will 
consider these later in the chapter. 

，80虞 14.1 Worked example: goodness-of-fìt tests for a 
single variable 

CONTINGENCYTABLES 

;'For one of the 币。wtimes in 恤 book，咱 will 出e 阳h:Îous data. Ninety sh础S of 
~a dioecious plant we陀日m同时 in a fore注 and each plant was classifìed as male or 
:也male. The 0民er、 ed counts and the predicted (expeded) counts based on a 
飞 theo陀也cal5(沼 o sex ratio we陀 E 币dlows

Obser飞 ed

E甲ected

Female 

40 
45 

Male 

50 
45 

Total 

90 

The Ho is that this 日mple of plants came from a population with a sex ratio of 50:50 
The expected 咀lues we陀 derived fro 节门 and t卡 e Hn 

x'= 1 门， df= I, P=0.292 

Ther芭 is no evidence 白at the observed sex ratio in the population 1S di他rent

什。m 50:50 

14.1 Single variable goodness-of-fìt 

tests 

A simple goodness-of-且t test is where we test 
whether our observations come 仕om a popula. 
tion with a particular distribution of 仕equenCles
in categories of a single variable. The general data 
layout for these tests is usua11y a single categorical 
variable with counts or frequencies for each cate 
gory (Box 14.1). The expected values (ifHo is true) 
are ca1culat，巳d 仕om some theoretical or predicted 
frequency. The Ho is that the observed data came 
仕om a population that has the theoretical or 
expected frequencies. We test this Ho by calculat 
ing a .r statistic with the equation described 
above. We then compare the ca1culated x' to the 
x' distribution with the degrees offreedom being 
the number of categories minus one. If the prob­
ability of obtaining the ca1culated x', or one 
larger, when Ho is true , is less than our chosen sig 
nifìcance level , then Ho should be rejected. This is 
the standard logic of testing a statistical null 
hypothesis (Chapter 3) 

An alternative goodness-of-且t test for a single 
variable is the Kolmogorov~Smirnov (K-S) test, 
which compares observed and expected cumula 
tive 仕equencies (Hays 1994). The test statistic (D) is 
just the largest difl岳rence betvleen the observed 

and expected cumulative 仕equencies across all 
possible values of the categorical variable. This 
test is preferred to the X" when there are a large 
number of categories and the categories can be 
ordered in some way. In particul町， the K-S test is 
suited for comparing two frequency distributions , 

where Ofle distribution acts as the observed and 
the other the expected. A5 with most biostatistical 
analyses , the K-S test is clearly described , with for. 
mulae. in Sokal & Rohlf (1995) and is available in 
most statistical software 

14.2 I Contingency tables 

τhe most commOfl form of categorical data analy 
sis in the biological sciences is the analysis of 
contingency tables. These tables involve the cross 
c1assifìcation of samp1ing or experimental units 
by two or more variables (Table 14.1), with counts 
or frequencies ofunits in each combination ofthe 
variables , termed a cell , analogous to facto 口al

ANOVA designs 

14 , 2.1 Two way tables 
Tables where samp1ing or experimenta1 units are 
cross-c1assifìed by two variables are termed two 
way tables. Generally, contingency tables are ana­
lyzed so that neither variable is considered as a 
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Table 14.11 Genε时 data l<l"yout for a two by two 
contingency table 

Variable 2• 
Variable 1• 

Marginal 
tot 主h

Z variable 1 

n" 门" n1j 

7T" 7T" 
7T

U 
门21 门" n'J 
7T2I 7T" 7T'J 

n" n" Grand total n 

'é, 7T" 

Z 

Margir旧 1 totals 
variable 2 

Note 
Variable 1 has two 1凹els (1 = 2) , variable 2 has 
two levels (j = 2) with observed counts or 
frequencies (n ,,) fi町 each combi门ation (cell) of 
the two variables. The probability 廿 at an 
observation falls in any cell is 7T扩 marginal

probabilities are 7Ti+ and 7T +j 

predictor Qr a response variable. For example, 

French & Westoby (1996) cross-classified plant 
speCles 岛llowing fire by two variables: whether 
they regenerated by seed only or vegetatively and 
whether they were ant or vertebrate dispersed 
古lese two variables could not be distinguished as 
response or predictor since regeneration mecha­
nisms couldjust as easily "a岱ct" dispersal mode 
as vice versa. This was a two by two table (Table 
14.2(a)) and its analysis is in Box 14.2 

In other situations. one variable can be envis­
aged as a response variable and the other as a pre­
dictor. For example , Roberts (1993) sampled 
quadrats on a floodplain and c1assified them by 
two variables: presence/absence of dead coolibah 
trees (EucaJyptus cooJibah) and position along tran­
sect (top = dunes , bottom = lakeshore , middle = 
intermediate). In this example , position along the 
transect might be considered a predictor variable 
and with or without dead coolibah trees as a 
response 飞rariable. We might expect coolibah tree 
mortality to be a他cted by position but the con 
verse is biologically unlikely. This was a two by 
three table (τ'able 14.2(b)) and its analysis is in Box 
14.3. Another example is 仕om Clinton & Le Boeuf 
(1994), who loòked at the association between SUf­

vivorship of male northern elephant seals 

T丑Tab油b抽le 1忡4.2刮Ío曲bs目e盯rved freq伊u田e凹en，口时b川
conting伊ε盯n可 tables f贪rom(ωa叫) French&We臼stoby's

(归19凹96创)st归飞udy 飞wh】ere plant s哼pe配ε口le臼s were c口ro咄s臼s-
d田sified by dispe四a1 mode and regeneration 
mechanism and (b) Roberts's (1993) cr。因­
dassification of quadrats on a floodplain by 
presence/abs四ce of dead coolibah trees and 
position along transect 

(a) 
Dispersal 

mechanism 

Regeneration Ant Vertebrate Total 

5eed only 
Vegetative 
Total 

r
h
v
t
l
叮
/

匀
'
&
丁
，L

?/QU 
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EJ/btl 
丁
4

、
J
f
o

Box l42iworked exampie ofanalysisDfindependence ln 
twO way table:' regeneration and seed dispersal 

mechanisms of plants 

F陀n巾&Westoby (1996) cross-classified plant s阳cies following fìre by two 旧n­
ables: whether they regenerated by seed only or vegetatlve\y and whether they 
were ant or vertebrate dispersed. The Ho is that the d巴persal meζhanism is inde­
nendent of mc 才 e of regeneration. The X 1 statistic for testing this Ho is 2.89 with 
LedandHOomMhMnomdemtoreecttheHoofIndependence The 
standa时ized residua\s showed no strong pattems. a\thoug扣 fewer species that 
ree:enerated only from seed were d'lsperse扫d by vertec日tes than expe吐ed by 
c…nce and the converse was 川e for seeds that regenerated vegetatlve 严

Standardized 陀sidua\s a陀 tabulated be\c 以

口 spersa! meιhanisn门

Regeneration Ant Vertebrate 
F一-→-一一一-一一一一-一一一一-一一一一-一一-
Seed on作 0.757 -1. 139 
Kgetatlve -0.559 0.840 

The odds ofbeing ant dispersed compa陀d to being vertebrate dispersed for plants 
that 町萨erate by seed are 4.17. For p!ants that 陀gener世 vegetati'v毗 the odds 

a陀 1 .7 1

The samp\e odds r础。(向 15

巳生」主三主=2.4 3
门 12门21 36 X 6 

So the odds of being disperse 才 byants 巴2.43 times g陀 ater for plant species that 
陀genera恒 by see 才 compa陀才 to those th且陀gener百te ve段时ively. We can 
convert 8 to logs, u咒 Equation ! 4. \ 0 to calcu\ate the standard error of the \og 的I
Equatic 飞 14.11 to ca 二 ulate the 95% confìdence i口，terval for the log (tJ) and back­

transfo口n this for a con们 dence 们terval for 廿eθ

Odds rati。
Log 
(odds ratio) 

ASE log 
(odd 注目tio)

0.5 3 

95% Cllog 
(od 才 s ratl叶

" 1.04 

95% CI 
(odds ratio) 

(b) 
Dead coolibah 

trees 

Position along transect With Without Total 

mh 
抖t
d
P
U

L
E
M
h
t旧

可
d
n
δ
7
J
O
C

--3 KJAinvQJ 
R
U

气
4
7
'

叮
/

2Ill-5 

2.43 0.89 0.86 to 6 日9

(Mirounga gus时rostris) and mating success (the 
number of females inseminated). This was a two 
by two contingency table with died{survived as 
the response variable , zero or greater than zero 
f坦males inseminated as the predictor variable and 
the number ofmale seals were the frequencies in 
each category. 

In practice. the analysis of contingency tables 
is not reaJJy changed by whether we can distin 
guish response and predictor variables. If the 
response variable is binary, then we can use logis~ 
tic (i.e.logit) models with categorical predictors as 
described in Chapter 13. However, the distinction 
between response and predictor variables can be 
important for the interpretation of log~linear 
models for analyzing complex contingency tables 
(Section 14.2.2) 

Table structure 
ηle general data layout for a two way table (cross­
classifìcation of two variables) is illustrated in 

The wide con白dence interval includes one, indicating that odds of being dis 
persed by ants for p\ant spec•es that regenerate by seed are not statistical!y differ­

ent than for plant speζ四 that regenerate vege相机 ely.

Table 14.1. We w iJl foJJow Agresti (1996) and use X 
(i =1 to j categories) and Y (j = 1 toJ categories) as 
labels for the two variables. For a two by two table , 

both j andJ equal two. When one of the variables 
is cle盯ly a response variable , it will be de吨nated
Y; otherwise , no particular significance should be 
ascribed to which variable is X and which is Y. The 
observed frequency in each cell is nij and the 

probability that an observation occurs in any cell 
ISτWe also have marginal totals (e.g. the total in 
mJoneunJandma咿nal probabiJities (εg. the 
probability that an observation occurs in row one 
IS 汀Ij 汀'11 +叫，): these marginal probabilities are 
the probabilities that an obse凹ation occurs ln a 

particular row or column 
Sokal & Rohlf (1995) described three different 
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Box 14.31 Worked example of analysis of independence in 
two way table: coolibah trees on a floodplain 

Roberts (1993) sampled quadrats on a f100dplain and classifìed them by twc 旧n.
ables: presenceJabsence of dead coolibah tre臼 (Eucalyptus cooliboh) and pos比 00

along transect (top = dunes, bottom = lakeshore , middle = interrnediate). The HfI is 
thatthe p陀sence/absence of dead coolibah trees is independent of position on the 
floodplaio , The X2 旦atistic forthe test of this Ho 巴 I J66 with 和 odfaodP~ODOI
The陀白one，叭吧陀Je吐 the Ho of independence 

Standa时Îzed 陀siduals are tabulated below 

Oead coolibah trees 

Floodplain position W胁 Withol丘

Bottom 
问iddle

Top 

50D 
m
∞
到

loz 
-1312 

0,000 
L683 

It is clear from the residuals that there were mc陀 quadrats with dead trees at the 
bottom of the dunes t咀 n expected and fewer quadrats with dead trees at the top 
of the dunes than expected 

Od 才 5 of having dead t陀es versus not are as foUows. 

Position Odds 

Bottom of f100G回 a，n

MiddIe of f100dplain 
Top of f100dplain 

巴

m
∞

lOD 

The odds of having dead coolibah trees were greater than not ha叭 ng them fc 
quadrats at the bo忧om of the floo 才 plain ， but the odds ofhaving dead coolìbah t陀es
we陀 less than not having them for quadrats at the mid 才 le of the fjoodplain. Because 
there were no quadrats with dead coolibah t陀es at the top of the floodpl副n， odds
cannot be calculated for this position 

Odds ratios were calculated using the modifìed formula th且 adds 0.5 to each 
cell to correct for zero observed fr陀que们Cle旦

Odds ratio Log (odds ratio) A5E 95% 0 (odds 旧tio)

80忱。m versus 阿 ddle

Botlom versu5 top 
问iddle versus top 

793 jl5 Z08 
4! 

0]7 
H9 
2,92 

985 645 oll-
0.59to 8.18 
noto 72836 
0,8910 386m 

The 95% CI for the odds ratios ofhaving dead coolibah trees included one the 
comparison of the bottom of the floodplain versus the middle and the middle 
versus the top. The st盯ngest pattern is that the odds of having dead coolibah trees 
were g陀ater at the 七 ottom of the floo 才 pJain compared with the top 
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CONTINGENCYTABLES 385 

transect (Box 14.3, Table 14,2) , Clinton & Le Boeuf 
(1994) tested whether survivorship of male ele­
phant seals (died or survived) was independent of 
whether the males had inseminated zero or more 
than zero fema1es. 

τhe Ho can a1so be expressed as 

(14 , 2) 7T… =1T. n 'Tr. 
'T 于1

i.e. the probability of an observation occurring in 
a cell equals the probability of it occurring in that 
row and that c01umn 

We can test this Ho using a ..r test by ca1culat­
ing the expected frequencies in each cell based on 
the Ho being true and there being no association 
between the two variables. A且 expected cell fre. 
quency is simply the product ofthe probability of 
an observation occurring in that cell and the total 
sample size 

(14 .3) r 饥7TJij ,. "ij 

We can elaborate on this as follows. If rows and 
columns are independent (i.e. Ho is true) , then the 
probabi1ity of an observation occurring in a spe-­

口白c cell (1TJ is simply the probability of an obser. 
vation occurring in the specific row (7Ti+' estimated 
by row total divided by grand total) multiplied by 
the p严ro巾，ba劝bil丑山1丑lt可Y of i此t occ口ur盯rn口ing in t由he 5叩pec口1直缸C 

C∞olumn( τ飞+怦'俨， e臼stimat，恒εdbyc∞olumr口旧1n t囚otal divided by 
grand t臼ota叫lj ， T咀h町er时O阻 a general form ula forω­
culating the expected frequency in each cell 
assuming independence of the tw"o variables (i.e 

under Ho) is 

[(row total)(column total) I grand total] (14.4) 

皿odels for contingency tables, based on whether 
the investigator predetermines the marginal 
totals (i.e. row and column totals) 

• ModelI is when none ofthe marginal totals 
are fix:ed. the most common situation when a 
number of sampling or experimental uni臼 ar巳

sampled 仕om a population ofunits and each 
unit is classified by one or more categorical 
variables. A旦 underlying Poisson distribution 
for the counts in each cel1 ìs assumed. The 
three examples described above are Model 1 

• Model II is when one set of marginal totals is 
fixed. For example , imagine anεxperiment 
where ten rats are al10cated to three different 
drug treatments and the survivorship of each 
rat in recorded at the end of the experiment 
Each rat is cross-class泊ed by trea tmen t (白xed
marginal totals of ten) and livedldied (marginal 
totals not fixed).ln Modelll tables , the variable 
without 且xed marginal totals is usually 
considered a response variable (Agresti 1996) 

• Modellll is when both sets of marginal totals 
are fixed , a very uncommon sltuatlOn ln 
biology, Fisher (1935) described such a model 
for an experiment to test whether someone 
could actually tell by tasting whether or not 
milk had been added 缸st to a cup of tea (see 
also Agresti 1990, 1996) 

Null hypothesis 
The Ho is one of independence , that the sampling 
orexpe口men皿tωa剖1 unit 
um此ts in which the two variables (仕rows and 
columns) are independent of e四ach other in terms 
of the cell f仕云equenc口les τ'hi臼s is often expressed as 
no as臼soc口iation. or interaction, between the two 
variables , For example , French & Westoby (1996) 
tested whether the mechanism of seed regenera­
tion (seed or VI巳getative) was independent of dis 
persal mechanism (ant or vertebrate) for a 
number of plant species (Box 142, Table 14.2) 
Usually, the Ho is expressed in terms of a popula 
tion 仕om which thεsampling or experimental 
units were obtained , a population that is dif且cult
to envisage for the French & Westoby (1996) 
example. Roberts (1993) wished to test whether 
her quadrats came 仕om a population of quadrats 
on the Iloodplain where presencelabsence of dead 
coolibahs was independent of position along 

We then calculate x" based on Equation 14 ,1 
where nij are observed fl叫旧lcies and 马 are the 
expected frequencies under the Ho 

产主土气五~ (145) 

We compare the x" in 14 , 5 to a x" dist口bution
with(I-1)(J一 1) d[ lfthe probability of obtaining 
the calculated K or one larger when Ho is true is 
less than our chosen significance level, then Ho 
should be rejected , For the French & Westoby 
(1996) example , we have no evidence to r可ect the 
H.... that dispersa1 mode and regeneratlOll mooe 
are independent of each other (Box 14.2) , For the 
Roberts (1993) example , we would reject the Ho 
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Box 14.41 Worked example of log-linear models for two 
way table: coolibah trees on a floodplain 

We will re-anal)'Ze 由e contingency table from Robe由 (1993) using log-line盯
models to test the Ho that quadrats came from a population of quadrats whe陀
presence/absence of dead coolibahs was independent of pos巾。n along transect 

Re 才 uced model 

Log ~ = constant + ApClsition + Àpresem:elabsence 

Log-likelihood for 陀duced model: -19.735 , df=2 
Full (and 坦t町ated) model 

Log fy= con白nt + Àposrt,on + À阳町的h_叫ÀPOSr!IOIl X阳叫血ence

Log-likel阳od forfull (and saturated) model: -10.429, df= 3 

G' = - 2(log-likelihood model-log-Iikelihood saturated model) 
=-2X(-19.735 一 (-10.429))

= 18.61 , df= I, P<O.OOI 

The陀fore we reject Ho 

that presenceJabsence of dead coolibah trees is 
independent ofposition on floodplain (Bo气 14.3)

Odds and odds ratios 
Odds and odds ratios are important summary 
measures of association or lack of independence 
10 contingency tables , just as they are 画。 r logistic 
regress lOn models (Chapter 13). They can only be 
calculated for two by two tables but can also be 
used in larger tables by subdividing these tables 
into sets of two by two tables. We calculate the 
odds of one of the two possible categories (0卧
comes) of one variable 岛r each level (j) of the 
other variable: 

付

一一'"L-
1 一句

estimated odds ofhaving versus not having a dead 
coolibah for the bottom of the floodplain is 1.15: 
this indicates that having dead coolibah trees is 
more likely than not having them (Box 14.3 and 
Box 14.4). We can calculate odds of a quadrat 
having dead coolibah trees for the other two flood­
plain positions as well. For the middle ofthe flood­
plain, the odds are 0.50 and for the top of the 
floodplain , the odds are zero. 

The odds ratio (创 is simplythe ratio ofthe odds 
of one outcome for one level of the second vari 
able to the odds of the same outcome for another 
level of the second variable. The odds ratio is a 
population parameter (Agresti 1996) 

"1 1 (1 一汀，)
(14.6) 。一一一→一

1T21 (1π，) 
(14.7) 

where 11j is the probabili印 of one of the two out 
comes and one minus 纠 is the probabili可 ofthe
other outcome. 

For the French & Westoby (1996) example , the 
odds of being ant dispersed compared to being 
vertebrate dispersed for plants that regenerate by 
seed are 4.17 and 岛r plants that regenerate VI巳ge­
tatively, the odds are 1.71 (Box 14.2). In the Roberts 
(1993) example , presencefabsence of dead cool­
ibah trees is the responsevariable and position on 
the flood plain 阻 the predictor variable 卫M

The ML estimate of this odds ratio is the sample 
odds ratio 

λ n ll n22 
"一二

η12η21 
(14.8) 
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plant species that regenerate by seed than for 
those that regenerate vegetatively. However. the 
confidence interval for the odds ratio is wide (Box 
14 剖.which is not surprising since the testofinde­
pendence was not sign泊cant. Note that the 95% 
Cl inc1udes one , indicating no evidence (at 
α= 0.05) against the Ho of independence 

For the Roberts (1993) two by three table , there 
can be three odds ratios for the presence of dead 
coolibah trees (bottom vs mid , bottom vs top. mid 
vs top)η1e odds of having dead coolibah trees 
were greater than one for a11 three comparisons 
(bottom versus middle. bottom versus top , middle 
versus top) but only for bottom verS l1S top did the 
95% Cl for the odds ratio not incl l1de one (Box 
14.3). So the major contribution to the lack of 
independence in Robert's (1993) data was the con 
trast between the bottom of the floodplain and 
the top ofthe floodplain 

Residuals 
Another way of interpreting lack ofindependence 
in contingency tables is examining the pattern of 
the residuals , the difference between the 
observed and expected values (ηf几). There will 
be a residual for each cell of the table and this is 
the same de自nition of a residual we used for 
linear models (e.g. Chapter 5). Absolute residuals 
are difficult to compare when the frequencies 
varv. For εxamvle ， a (n. - rI difference of five is 

~_I' ~ ~~ -.----r--' 飞甘 ~ !J' 

more "important" when the 仕equencles are 
around ten than when the frequencies are around 
100. Therefore. we usually standardize each resid 
ual by dividi吨 by 飞I lJ;j)

吁4 (14.12) 

~nEquation 14.8 , each nij is the observed 仕equency
in the cell based on the ith row and jth column , 

e.g. n'2 is the obse凹'ed frequency in the cell being 
the first row and 直rst column 

Note that the odds ratio equals zero if any of 
the observed counts in the two by two subset table 

also equal zero. Agresti (1996) suggested a simple 
correction by adding 0.5 to each cell 
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= AAHV (14.9) 

These are also called Pearson resid uals (Agresti 
1996) and are directly comparable irrespective of 
the absolute 仕equenCles

From the Roberts (1993) data , the standardized 
residuals showed that there were more quadrats 
with dead trees at the bottom of the dunes than 
expected and 企wer qlladrats with dead trees at 
the top ofthe dunes than expected (Box 14.3) 

We can also ca1culate adjusted residuals as: 

币与封- P+j) 
(14.13) 

YOU can see that odds ratios are much easier to 
interpret for two by two tables because there is 
only one odds ratio. For larger tables , there will be 
d证ferent odds ratios for difl坠rent two by two 
subsets. These odds ratios are not independent 
(Agresti 1990) and , because of this redundancy, 

only (1 -1)1J一 1) odds ratios are needed to sum­
marize the lack ofindependence in an 1 by J table 

Odds ratìos are important 面or interpreting lack 
of independence in contingency tables (Agresti 
1996). 1f the probability of one outcome (e.g 
having dead coolibah trees) is the same for two 
floodplain positions , i.e. the presence ofdead cool­
ibah trees is independent of position, then the 
odds ratio will be one. lf the odds ratio is greater 
than one , as for the bottom vs middle floodplain 
positions, then the odds of having dead coolibah 
trees is greater for one level of the other variable 
(bottom) than the other (middle)τhe converse is 
true if the odds ratio is less than one. 

The sampling distribution of odds ratios is 
usually very skewed , especially for small sample 
sizes (匈resti 1990, 1996). To calculate a standard 
error and confidence interval for an odds ratio , we 
need to trans岛rm it to logs , which results in its 
sampling distribution being approximately 
normal. Note that an odds ratio of one (Ho true) is 
a log odds ratio of zero. The asymptotic standard 
error 击。r the odds ratio is 

ASE(log 8)= 
1 1 1 1 
+一一+ 十

nl1 n12 n21 n22 

(14.10) 

Confidence intervals for the odds ratio are best 
calculated on the log odds ratio and then back­
transformed. The 95% CI is 

:;:ZO.95 ASE(log odds ratio) (14.11) 

where z is the critical value from a standard 
nonnal distribution. The antilog of these con白­
dence limits will provide the CI 岛r the odds ratio 

In the French & Westoby (1997) example , there 
is only one odds ratio because it is a two by two 
table. The estimated ratio is 2.43, so the odds of 
being dispersed by ants are 2.43 times greater for 
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where Pi+ is the proportion of the total rQW obser­
vations in that cell and P+j is the proportion ofthe 
total column observations in that cell. Large resid 
uals indicate large deviations from independence 
and the sign (+ or -) indicates more or less 
observed than expected under the Ho 

Small sample sizes 
The K statist町， and the Iog-linear G2 statistic 
described in Section 14.3, are based on frequen­
cies in categories and can only be compared 
validly to the continuous K distribution if the 
sample size is big enough. We mentioned at the 
start of this chapter that we assume that no more 
than 20% of the categories have expected 仕equen­
口es less than about five. What if sample sizes are 
smaller, Ì.e. we have a sparse contingency table. 
one with many low or zero 企'equencies?

Yate's correction 岛r continuitywas developed 
to improve the accuracy of the K test for two by 
two tables with small frequencies but is of debat 
able value and is now not regarded as necessa巧F

(Agresti 1990, Manly 1992) because of the avail­
ability of "exact" tests 

Fisher's Exact test was designed for two by two 
tables with fixed marginal totals. ]t does not use 
the K distribution to test the Ho ofindependence 
but instead answers the question "Given our 直xed
marginal totals , what is the probability of obtain­
ing the observed cell 丘equencies and all cell 企­
quencies that are 且lrther away 丘om the 
expected?". The ca1culations are tedious for any­
thing but the smallest sample sizes. but it is avail­
able in most statistical software. Although 
Fisher's Exact test strictly should be used in situa­
tions where we have :fixed marginal totals , it is 
commonly used more generally as a solution for 
small sanlple sizes even when both marginal 
totals are not 且xed (e.g. Clinton & Le Beouf 1994) 
There are other exact tests for contingency tables 
more complex than two by two. These tests use 
resampling procedures (randomization tests - see 
Chapter 3) to generate an exact distribution for 
the K statistic rather than assuming it follows a 
K distribution but they require spe口alsoftware

Another solution to small observed 仕equen­
cies is to collapse or combine some categories. For 
臼ample ， when the categories are evenly spaced 
size cIasses. there might be f挂w individ uals in 

some of the larger classes τhey can be cOlnbined 
into a single category that will have adequate fre­
quencies for analysis 

14.2.2 Three way tables 
An obvious extension of two way contingency 
tables is the addition of a third variable in the 
cross-cIassi直cation. Again 自ollowing Agresti's 
(1996) terminology, the three variables are labeled 
X (i equals 1 to I categories), Y (j equals 1 to J cate­
gories) , and Z (k equals 1 to K categories) and We 
will use Y in cases where there is cIearly one 
response variable. Remember that analyses of con­
tingency tables do not usually distinguish 
response and predictor variables. unless the anal­
ysis uses a logit (logistic) model. However, the 
interpretation of the generalized linear models 
(log-linear models) we commonly use for complex 
contingency tables can depend on whether we 
cIearly distinguish a response variable 

Two examples 仕om the recent literature will 
illustrate three way contingency tables in a biolog 
ical context. Sinclair & Arcese (1995) cross 
cIassi直ed wildebeest carcasses 仕om the Serengeti 
by three variables: sex (X with I equals two: male , 

female) , cause of death (YwithJ equals two: preda 
tion, non-predation) and bone marrow type (Z 
with K equals three: solid white fatty, opaque 
gelatinous, translucent gelatinous. with the first 
indicating a healthy animal that is not under­
nourished) -Table 14.3(a). In this四ample， it is not 
clear that any of the variables could be classified 
as a "response" va口able. We have a random 
sample of carcasses cross-classi且ed by three vari 
ables , all of which can be considered responses 
咀le analysis ofthese data is presented in Box 14.5 

Taulman et a l. (1998) examined the demogra 
phy of southern flying squirrels in response to 
experimental10gging in southern Arkansas 刀ley

had a respons巳 variable: age of squirrel (Y with J 
equals two: adult, young). The other two variables 
were treatment 仕om which squirrels were caught 
(X with I equals two: control , logged) and year (Z 
with K equals three: 1994, 1995, 1996) - see Table 
14.3(b). They had pre-treatment data from 1993 
but we will only consider the pos毛treatment data 
A logit model (Section 13.2) could have been fitted 
to these data, with age as the response variable 
and treatment and year as the two categorical 

CONTINGENCYTABLES 

Table 14.3 I Observed frequencies for three way contingency tables from 
(刮目ndair & Arcese's (1995) study on wildebeest carca皿es cross-classified by 
cause of death. sex and marrow 可pe and (b) Taulman et al.'s (1998) study on 
squirrels in logged and control stands over three years 

(功
Marrowtype 

Cause of death Sex SWF OG TG Totals 

P陀dation Female 26 32 B 

Predation Male 14 43 10 

Non-p 气edation Female 6 26 16 

Non-predat旧n Male 7 12 26 

Totals 53 113 60 

(b) 
Age 

T陀atment Year Adult Juvenile 

Control 1994 46 10 

Harvesl 1994 30 B 

Control 1995 44 31 

Harvesl 1995 53 54 

Control 1996 8 。

Harvest 1996 79 14 

Totals 260 117 

predictors. Note that there may be correlations 
between successive years in this study, although 
we will ignore these for the purposes of analysis 
ηle analysis ofthese data is presented in Box 14.6 

In contrast to two way tables, there is more 
than one sort of(in)dependence between variables 
in three way tables. We can examine complete 
independence betw，巳en all three variables (no 
interactions), various forms of conditional and 
marginal independence that we will describe in 
the next section , and also complete dependence 
where there is a three way interaction. "While we 
can calculate expected cell 仕equencies and -K sta­
tistics to test null hypothεses about these various 
forms of independence , it is more efficient to do 
so with log-linear models (Section 14.3.2) 

Conditional independence and odds ratios 
A three 飞!Vay table can be best interpret，巳d by con­
sidering it as a set ofpartial tables , each ofwhich 

66 
67 
48 
45 

226 

Totals 

56 
38 
75 

107 
8 

93 
377 

is a two way table for each level of the third vari­
able. For the wildebeest example , we can con­
struct a partial table between sex and cause of 
death 岛r each level of marrow 可pe ， i.e. partial 
table between X and Y for each level Z (Box 14.5) 
We could , of course, construct partial tables 
between Y and Z for each level of X and between X 
and Z for each level of Y. Conditional indepen 
dence is where two variables are independent of 
each other given the level of (controlling for) 由e
third variable, i.e. the two variables in each partial 
table are independent. For example , the propor­
tions of wildebeest carcasses that suf:坠red preda­
tion (or didn't) are independent of sex, for all 
marrow typ也When two variables are not condi­
tionally independent, we say they have a partlal 
association , i.e. they are not independent for a11 
levels of the third va 口able

Odds ratios afe important in the interpreta­
tion of conditional independence in three way 

389 
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P df ι2 Models compat飞到d一
Term Box 14.51 Worked example of log-linear model for three 

way' table: death in wildebeest (sex, predation 
and bone marrow type) 

。 027

0.259 
<0.001 

0.051 

Z 

2 
2 

7.19 

8!7 279 

到
5

8 、 s 9 

7 咀 8

6 咀 8

5 vs 8 

Three way InteractJOn 
death X sex X marrow 

白nditiono! independe门 ce

death X sex 
death X ma厅。w
sexXmarrow 

<0∞i 

This demonstrates that we wou\d reject the Ho of cond此 onal independence of 

cause of death and marrow type 

The odds 日ti05 forwildebeest killed by p陀dation for each pair of marrow types 

separately for males and fe口 ales are shown below, 

5 35.57 l 咀 8Co厅可þlete 的dependence

日nclair & Arcese (1995) croSS-clasSI白ed 226 wildebeest carcasses from the 

Serengeti by three variables: sex (male , female) , cause of death (predation, non­

predation) and bone marrow type (solid white fa社y， opaque gelati门。US， translucent 

gelatinous, with the 白 rst indicat 们 g a hea忧hy animal which 巴 not un 才 ernourishe 才)
We have fì吐ed log-linear models w此h di忏erent combinations of terms. The fìt 

of each model shown below is based on co 节 paring observed an 才 fìtted cell fre­

quencies and , equivalent阳 comp盯ing the fìt of each model to that of the saturated 

mc 才 el w比h zero deg陀es of freedom. For hypothesis testing, we would 币t these 
mc企 Is hie广archically. starting with the most complex. 

953总 C

Mole 
OG verSU$ TG 
SWF versus TG 
SWF versus OG 

0.150- 1.097 
0.034-0.395 
1.261-9.836 

0.406 
0.115 
3.521 

Femole 
OGve时 us TG 
SWF versus TG 
SWF versus OG 

AIC 

28.76 
30.68 

3.34 
27.98 
5.16 

29.89 
2.46 
3.19 

765544320 

问odel

<0.001 
<0.001 
。 021

<0.001 
0.011 

<0.001 
0.037 
0.027 

ζ2 

6B486969 76Z9i841 223737870 44l3i3 death + sex + matTOw 
deathX sex 
death X marrow 
sex X marrO\N 

death X sex + death X marrow 
death X sex + sex X marrow 
death X marrow + sex X matTOw 
death X sex + death X marrow + sex X marro .... 1 

Saturated (川 model

0.041-0.283 
0.060-0.616 
0.184- 1.693 

Odds ratio 

0.107 
0.192 
0.558 

P 
!234567B9 

df 

Theco们才 itional dependence is clear!y shown by the complex pa:口em of odds ratios 

that is di忏erent for males and females. The odds of being k.i lled by predation we陀

less for male wildebeest w民h either OG or SWF marrow 廿 an TG marrow. The 

odds of males being killed by predators were the same forthose with SWF marrow 

versus OG ma lTow. For females , the od 才 s ofbeing killed by p同dators we陀 greater

for those with SWF marrow than OG ma lTow but less for白。咒 with SWF ma lTow 

than TG. The odds of females being killed by predators were the same for those 

with OG marγ"QW and TG marrow 

The AIC chose model 7 as best 巾， whe陀as G2 chose model 8. The compari 

son of the fìt of mc 才 el 8 and the sat山ated model 9 is a test of the Ho that the陀 IS
no three way Înteraction. The G2 de明白nce statistic results in r可e口ion of this H" 

Stan 才 ardized residuals under no three way interaction showe 才 that mo陀…le
wildebeest with SWF marrow and fewer with OG marrow we陪 not killed by p陪才
ators than expected 

问arrow type 

ratios of the odds that a male wildebeest carcass 

suffered predation to the odds that a female 飞归 1.

debeest carcass suffered predation for the other 

two marrow 可pes. Conditional independence 

between Y and Z means that all the odds ratios 

between Y and Z equal one 

If conditional independence between two var­

iables does not hold , then two possible patterns 

may OCCUf. First, the odds ratios for two variables 

may all be different from one but still may be 

equal for alllevels ofthe othervariable , i.e. condi­

tional dependence (asso口ation) exists between 

two variables but is the same for a1l 1evels of the 

third variable. For example, the ratio ofthe odds 

that a male wildebeest carcass suffered predation 

tables b l1 t are more difficult to calculate because 

we have three variables and odds ratios can only 

be ca1culated for two by two tables. Odds ratios 

can be derived 岛r larger tables by breaking the 

table into two by two subsets so when the table 

dimensions are two by two by K, we can ca1culate 

conditional odds ratios for each set of partial 

tables (see Table 14.4) 
One conditional odds ratio in the wildebeest 

study is the ratio of the odds that a male wilde­

beest carcass suffered predation to the odds that a 

female wildebeest carcass suffered predation , for 

one marrow type , i.e. ifa carcass had marrQW 可pe

SWG, are the odds of being eaten the same for 

males and females? Other odds ratios are the 

如^lF

Fema陆

Male 
Female 
Male 

We will also illustrate the tests for condition创 independence and complete 

independence , a胁。ugh the pre咒nce of a three way intera吐 on would usual片 pre

clude tests of two way interactions and the r::陀 sence of both complete and condi 

tional dependence would p陀clude te由ng complete independence. The relevant 
hierarchical comparisons of models are shown below. 

丁G

。 719

-0.522 
-0.425 

0.364 

OG 

-0.730 
0.7日9

0.948 
1.088 

0.541 
0.641 
0.891 
1.248 

5ex Cause of death 

P陀dation

Predation 
Nc 门 p陀dation

Non-p阳dation
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Box 14.61 Worked example of log-linear model for three 
way table - demography of squirrels in response 
to disturbance: e忏'ects of logging and year on 
age 

Taulman et 01. (1998) examined the age of squirrels i门时ation to the treatment 
sta门 d from which squirrels were caught (control, logged) and year (1994, I叩995，

1996均) - s臣ee T<曰able 14.3(仲向b均).We c白C 节咀id由er陀ed a唁ge of 5呵qUlr旷rr时el a目s a 陀阳S口onse v咀a旧b怆|怆e 
(treatment and y阳e盯川gh阳t af叮fe回ct the r.陀e由怡趾tl\i附e numbers of a叫du山J此It and young 5呵习 uirrelsS 

七阳Jt not vic臼ev呻er巧s叫 S白。 门O咀，t all models we 陀 fìtted. The interaction between 廿eat­

me门t an 才 year was never omitted because the in飞lestigator set these variables, 50 
their conditional independence makes little sense. 

Model G' df P AIC 

tr，巳atment X year + age X year 4.13 3 0.248 0.00 
2 treatment X age + treatment X year 46.27 4 <0.001 38.27 
3 treatment X age + t陪a肘1entXyear十 age X year 1.88 2 0.390 0.00 
4 Saturated (full) model 0.00 。

Either mo 才 els I or 3 co 叫 d have been chosen as best flt. with t 飞 e G2. suggesting 
model 3. Note that exclusion of both the three way interaction and 由e two way 
interaction between age and year 陪sults in a very poor 币t Si门ce we have already 
shown that the three way interaction is not signiflcant (model 3) , this suggests that 
there is conditional deper 才 ence between age and year. 

The relevant hierarchical comparisons of models forthe tests forthe th陀ew可
Interaction and the tests fc 广 conditional independence , with the interaction 
between treatment and caged years always in the mc 才 els ， are shown below, 

Term Models compared G' df P 

Th，飞2e woy IntemctJOn 
treatment X age X year 3 vs 4 1.88 z 0.390 

ι。叮 ditic 门 Q{ indepe汗。 ence

age Xyear 2 vs 3 44.39 Z <0.001 
treatment X age I vs 3 2.24 。 134

The它 was no evidence to r叮e口 the hypothesis of co时itional independence 
between age and treatmen t, i.e. squirrel age and t陪atrγent wer它 indeρendent for 
each year. In contrast squir陪I age and year vv旷e 广 ot indepen 过 ent， fi四 control or 
logged treatments 

to the odds that a female wildebeest carcass suf- Second , the pattern of dependence (associa­
fered predation maybe the same for each marrow tion) benveen two variables may differ between 
type. 凹'en if the odds are greater for males than levels of the third variable and , therefore , the 
缸nales consistently. τbis pattern is termed a odds ratios for two variables vary between the 
homogeneous asso口ation between two variables. levels ofthe other variable. For example , the ratio 
A homogeneous association imp1ies no three vari- of the odds that a male wildebeest carcass suf­
able interaction. Conditional independence is a fered predation to the odds that a f坦male wilde­
special case of a homogeneous association. beest carcass suffered predation are different for 

Table 14.4 1 Partial tablefor 1 ~ 2 by ] ~ 2 by K 
contingency table for K = 1 with observ咀
仕equencles

J=I J 二 Z

K=I 
K=I Z 

n llK 
n"κ 

门2I K

n"κ 
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the different marrow可pes 刀1is pattern indicates 
an interaction between a11 three variables and 
that the two variable associations will not have a 
simple interpretation 

The odds 阻tio for an I equals two byJ equals 
two by K table. for a given level k of K. can be esti­
mated as 

k-K 2-­z-z n-n k-yk 1-2 1-­n-n 
一
-

k -
Ah 

(14.14) 

combine the results from a number of indepen­
dent two by two tables 

Marginal independence and odds ratios 
Marginal tables are two way tables completely 
ignoring the third variable , e.g 吐le frequencies 
for X by Y pooling levels of Z. Marginal indepen­
dence is independence between the two variables 
in the marginal table. pooling the levels of the 
third variable. For the squirrel example. one mar­
ginal table would be age crossed with treatment. 
pooling year (Box 14.6). From this marginal table. 
we would assess marginal independence as the 
independence of age and treatment combining 
years. We can also calculate marginal odds ratios 
from the marginal table. The odds of a squirr喧1

，、

being an adult are almost identical (θ = 0.996) 岛r

control versus treatment stands , ignoring year. 

Complete independence 
咀le effects of the individual variables represent 
complete independence and no two or three way 
associations. For our two worked examples. the 
proportions of adult squirrels are independent of 
treatment and year and cause of death , sex and 
marrow 可pe are completely independent of each 
other, 

14_3 1 Log-linear models 

The best method for analyzing contingency tables 
is with log-linear models. Log-linear models treat 
the cell frequencies as counts distributed as a 
Poisson random variable. Log-linear models are 
examples of generalized linear models (GLMs: see 
Chapter 13); the expected cell frequencies are 
modeled against the variables using the log link 
and a Poisson error term (Agresti 1996). As with 
other GLMs. we fit log-linear models and estimate 
their parameters using maximum likelihood tech­
niques.ML 且ts for nlost complex log七near models 
do not have simple solutions so iterative methods 
like the Newtoll-Raphsoll algorithm (Chapter 13) 
are requiredτhe 且t of the models is measured by 
the log-likelihood 

Log-linear models do not distinguish response 
and predictor va口ables: a11 the variables are con­
sidered equa11y as response variables. However, 

The odds ratios 币。r cause of death in relation to 
marrow type 岛r male and f坦male wildebeest are 
presented in Box 14.5 τhe only odds ratio that is 
clearly greater than one is 岛r female wildebeest. 
where the odds of a SWF marrow 可pe animal 
being killed by a predator are three and half 
times the odds of an OG marrow type animal 
being killed by a predatorτhis indicates condi­
tional dependence between cause of death and 
marrow 可pe. where the dependence is condi­
tional on sex 

A test for conditional independence in two by 
two by K tables is the Cochran-Mantel-Haenszel 
(C-M-H) test (Sokal & Rohlf1995). which basically 
tests the null hypothesis that the conditional 
odds ratios betweenX and Yequal one for alllevels 
ofZ.lt is particularly appropriate when there is no 
three variable (XYZ) interaction (Agresti 1996). The 
C-M-H statistic is converted to a .r and compared 
to a .r distribution; it is available in most statisti­
cal software , It can also be generalized for 1 byJ by 
K tables where I andJ are greaterthan two but the 
也rmulae are complex (Agresti 1990). For the squir­
rel example. C-M-H statistic equals 1.18 with P 
equals 0.530. so the ratio ofthe odds of a squirrel 
being an adult on control stands and the odds of 
a squirrel b臼ng an adult on logged stands were 
not different from one for a11 three years τ'he 
C-M-H test also allows a form ofmeta-analysis to 
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there is a relationship between log-linear models 
and logit models (including logistic regression) 
discussed in Chapter 13. Logit models distinguish 
a response variable (with two categories in a logis­
tic regression) and model it against predictors 
that can be continuous or categorical. A logit 
model with categorical predictors can also be ana 
lyzed as a log-linear model (Agresti 1996) 

14.3 .1 Twowaytables 
Two way tables were described in Section 14.2.1 
and will be illustrated here with the example 
仕om Roberts (1993) 

Full and reduced models 
For a two way table (1 by刀， we can fit two log-linear 
models. The first is a saturated (full) model 

log儿= constant+λf+~Y+λ产 (14.15)

For the data 仕omRober臼 (1993)， the saturated 
(full) model is 

log.f;儿íj=c∞on盯stant + À'乓'00∞恤liba由h+ λr广"忧h旧阳IOn+ λ ir俨ωoliba

(14.16) 

ln models 14.15 and 14.16 

儿 is theεxpected frequency in cell ij , i.e. the 
expected number of quadrats in each 
combination of coolibah trees (alive, dead) and 
floodplain position (top, m划， Iow) ，

constant is the mean of由e logs of all the 
expected frequencies , 

λtXIS 吐1e effect of category i ofvariable X, i.e 
the effect of coolibah trees being either alive or 
dead on the log expected frequency of quadrats 
in each cel1, 

句Y is the effect of category j ofvariable Y, i.e 
the effect offloodplain position being top , mid 
or bottom on the log expected 仕equency of 
quadrats in each cel1, 

λ。;XY is the effect of any interaction between X 
and Y , i.e. an interactive effect of coolibah tree 
category and floodplain position on the log 
expected 仕equency of quadrats in each cell 刀M
lnteraction measures deviations 仕om
independence of the two variables 

Models 14.15 and 14.16 fit the observed 仕F
quencies perfectly. hence the term saturated. Note 
that "effect" does not imply any causality, just the 

influence ofa variable or interaction between var­
iables on the log ofthe expected number of obser­
vations in a cell 

The second log-linear model represents inde­
pendence of the two variables (X and Y) and is a 
reduced model 

logf，二 constant+λ/+ 与Y

Again from Roberts (1993) 

(14.17) 

'跚跚'哩聘幌甲哼!'l，'":
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is the ratio of the two log-likelihoods. However, 

sampling distribution of A is not well known 
(Sokal & Rohlf1995) , so instead we calculate the G2 

statistic (Chapter 13) 

G'=-210gA (14.19) 

Agresti (1990) is a more statistically complete ref­
盯ence for log-linear modeling, although Agresti 
(1996) is a more readable version of that text for 
the mathematically disindined 

Full and reduced models 
For three way tables (X with 1 categories , Y with] 
categories , Z with K categories) , there is a large 
number offull and reduced models for testing the 
different interactions and main effects. Like three 
factor ANOVA models , log-linear models for con. 
tingency tables with three variables indude three 
main effects 庆， y , Z) , three hvo variable interac­
tions (刀，涩， YZ) and one three variable interac 
tion(X四). For a three way table (1 by] by K), the 
saturated model is 

logfijk = constant +λ川扩+λ，2+
λXY 十 λ俨 +.Ajk'iZ + λq严 (14.21)

For the wildebeest example (Sindair & Arcese 
1995), this saturated model is 

log fijk = constant +λ仙th+λ阳十 λmarrow + 
λdeath x ,>ex +λdeath X marrow 十
λsexXm盯川 +λdeath x sex X marrow (14.22) 

In models 14.21 and 14.22 

马k is the expec时仕equency in cell ijk , i.e 
the expected number of carcasses in each 
combination of death (predation , non-
predatior叶， sex (male , female) and bone marrow 
type (solid white fat可'. opaque gelatinous , 

translucent gelatinous). 
constant is the mean of the logs of al1 the 

expected frequencies. 
λjX is the effect of category i ofvariable X, ì.e 

the effect of type of death on the log expected 
frequency of carcasses in each cell , 

A/ is the effect of category j ofvariable y , i.e 
the effect of being male or female on the log 
已xpect，巳d 仕'equency of carcasses in each cell , 

λkZ is the effect of categ。可 k of variable Z, i.e 
the effect ofbone marrow type on the log 
expected frequency of carcasses in each cell, 

λ 且'is the effect ofany interaction behveenX 
。 v

and Y, i.e. an interactive effect oftype of death 
and sex on the log expected 仕equency of 
carcasses in each cell , 

λ 且 is the effect of any interaction between ik .- _..- ------

log fij = constan t + A~oolibah +λ?刚刚 (14.18) 

The interpretation of models 14.17 and 14.18 is 
出at the log of the expected 仕equency 1ll any cell 
is a function of the mean of the log of all the 
expected 仕'equencies plus the ef坠ct of floodplain 
position and the effect of the presence/absence of 
dead coolibah trees. Note that log-linear models 
do not distinguish one of the variables as a 
response variable, they just model the log of the 
expected 仕equenclesτb.is is an additive linear 
model with no interaction between the two vari 
ables 

The parameters of log-linear models are the 
effects of a particular catego巧， ofeach variable on 
the expected 仕equenCl凹; a larger λmeans that 
the 四pected 仕equencies will be larger for that 
variable. i.e. that row or that column (Agresti 
1996).τb.ese parameters are also deviations from 
the mean of all the log expected frequenci白， just

like parameters in ANOVA linear models are devi 
atlOns 仕'Offi the overall mean. "When λIS greater 
than zero , then the mean log expected 仕equency
for that variable (row or column) is greater than 
the mean of all the log expected frequencies 
(Agresti 1990) 

Null hypothesis of independence 
白le Ho of independence in a two way table 
(Section 14.2.1) is also a test of the Ho that λf 
equals zero. i.e. there is no interaction between 
the two variables. We can test this Ho by compar­
ing the fit of the model without this term (14.17) 
to the saturated model that indudes this term 
(14.15). We determine the fit of each model by cal­
cula ting the expected 仕'equencies under each 
model , comparing the observed and expected fre­
quencies and calculating the log-likelihood of 
each model. We then compare the fit of the two 
models with the likelihood ratio statistic (A) , that 

G' 也llows a x' distribution for reasonable sample 
sizes and can be generalized to 

G' = - 2(log-likelihood reduced model 一
log-likelihood 白III model) (14.20) 

This is also termed the deviance and measures 
the difference in 缸 ofth巳 two models.lfthe Ho of 
independence is true. then the reduced (no inter­
action) model should fit as well as the full model 
and the deviance (G2) will be c10se to zero. Ifthe Ho 
is false , then there should be a difference in the 且t
of the two models and the deviance (G') will be 
greater than zero. The calculated G2 is compared 
to a x' dist口bution with (1 -1)(J -1) df, just like 
the x' test of independence described in Section 
14.2.1. The df [(1 一 1)(J一 1)[ is the di能rence

betw四n the dffor the full model [(1] -1)[ and the 
dffor the reduced model [(1 -1) + (J -1)[ 

Note that, for two way tables , the saturated 
model acts as the full model 岛r model compari­
sons τb.is is not the case for more complex tables 
where many different full and reduced models 
can be fitted. For two way contingency tables with 
large sample sizes, the x' test and the G' test will 
give similar results. Note that G2 is slight1y more 
sensitive to small sample sizes than the x泸2 S臼tl田1阻s

tic. In most s旺ta旺tl四stical software, fitting the 
reduced model 岛r a two way table will automati­
ca11y provide the difference in fi t between the two 
models 

Interpretation of lack of independence in log­
linear models can be done using odds ratios and 
residuals , just as described in Section 14.2.1. 
Va口ous types of residuals are standard output 
仕om log-line盯 modeling routines ìn most statis­
tical software. 

14.3 .2 Log-linear models for three way 
tables 

We will provide an introduction to log-linear 
models for three way tables. Sokal & Rohlf (1995) 
is also a good introduction and they provide a 
detailed workl巳d example for a three way table 
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Table 14.51 SOffie 可picallog-linear models fitted to a three way (XbyYby 
z) table with th凹r df: comparisons ofmodels are tested with the difference 
between the relevant df 

Log-linear model 

x+y+z 
x+y+z+Xy 

df 

ljK一 l-j-K+2

(K- I)(lj- 1) 
X十 y+z+xz

x+γ+z+YZ 

x+γ+z+xz+YZ 

x+Y+z+χY+YZ 

x+Y+z+xγ÷χz 

χ+γ+z+xγ+xz+YZ 

(J- I)(IK一 1 ) 
(1 一 1 )(jK一 1)

时 I) (j- 1) 
j (l -I)(K-I) 
l(j一 1 )(K一 1 ) 

(1- I)(j- I)(K- 1) 

Soturoted model. 

x+γ+z+χγ+xz+yz+XYZ 。

X and Z, i.e. an interactive effect oftype ofdeath 
and bone marrQW type on the log expected 
仕equency of carcasses in each cell , 

Åjk
YZ is the effect ofany interaction between 

Y and Z. i.e. an interactive ef:坠ct of sex and bone 
marrow type on the log expected 仕equencyof
carcasses in each cell , 

Å(ik口Z is the effect of any interaction between 
X, Y, and Z, i.e. an interactive e旺ect of type of 
death, sex and bone marrow type on the log 
expected frequency of carcasses in each cell 

Models 14.21 and 14.22 include all main 
effects , all two way interactions and the three way 
interaction and 缸 the obse凹ed 仕equenC1es per­
fectly. 

Because the G2 goodness-{)f-直t statistic 币。r the 
sarurated model 14.21 is zero , then the G2 statistic 
for any model represents the difference in fìt ofthat 
model to the fìtofthe saturated model14.21 , i.e. the 
deviance. We can also use criteria of直t that "penal­
ize" the model for the number of parameters , such 
as the Akaike Information Criterion , which for a 
particular model equals (Christensen 1997) 

AIC = G
2 

- (dfSatu l'ated mOdel- 2df PartiCl阳 mOdeL)
二 G'-2d乌estofmode】 (14.23)

The choic巳 of "best" model is that which mini-
mizes either the G2 or the AIC 

Log-linear models are usually fitted in a hier-

archical fashion , i.e. the inclusion of a higher 
order term automatically includes alllower order 
terms w让h those variables. The model with the 
three variable interaction automatically includes 
all two way interactions and main effects 
Similarly, a model which omits one or more two 
way interactions also must omit the three way 
interaction 咀le range of models that can be 且tted
岛r a three way table are listed in Table 14.5 

The saturated model allows for complete 
dependence of the three variables by including 
the three way interaction term. The remaining 
rnodels each omit the three way interaction and 
one or more two way interactionsτhree models 
omit both the three way interaction and one of 
the two way interactions. For example , consider 
the model 

g fiilê = constan t +λX十 λ Y + A，z+λXY+λ 口ljk ............"......u... "i "j' "k . '~ij "jk 

(14.24) 

Model14.24 implies thatX and Z are conditionally 
independent, i.e. the odds ratios for the associa­
tion between X and Z are equal to one 自or a1l 1evels 
ofY. The goodness-Df-且t statistics for these models 
omitting a two variable interaction compare their 
fit to that of the saturated model and measure 
how much the absence of both the three way 
interaction and the particular two way interac­
tion affects the fìt of the model. lf the three way 
interaction has been shown to be small , then the 

且t of these models really measures the effect of 
omitting the particular two way interaction, i.e 
testing whether those two variables are condition­
ally independent 

In the wildebeest example 仕om Sinclair & 

Arcese (1995). the model which includes death, 

sex , marrow, death X sex and sex X marrow is 

log f 二 constant+λdeath +λ5四十 λmarrow十
。 Jijk

λdeath X sex 十 λscxXmarrow (14.25) 

Model14.25 implies that there is no partial associ 
ation between cause of death and marrow type for 
any s四 For either males or females , whether a 
wildebeest is taken by a predator or not is inde­
pendent ofwhich marrow type they have 

In the study on the effects oflogging on squir­
rel demography 仕om Taulman et al. (1998). the 
variable squirrel age (adult, young) can be viewed 
as a response variable and there岛re all models 
should include the interaction between the other 
two 飞rariables (treatment and year). These two var­
iables are set by the investigators and it makes no 
sense for the interaction between them to be zero; 
their conditional independence (independence of 
treatment and year 岛r ad ul t or young squirrels) 
has no biological meaning (see also Agresti 1996. 
Sokal & Rohlf 1995). Therefore , the number of 
models to be fìtted is less than for the wildebeest 
example (Box 14.6) 

There岛臣. we test the fì t of models with the 
relevant two way interaction terms (treatment X 
age and year X age) omitted. These models imply 
that there is conditional independence between 
treatment and age 岛r each year and conditional 
independence between age and year for each 
treatment. 

Note that the comparison ofmodels that omit 
one of the two way interactions to the saturated 
model are not the best for testing the absence of 
two way interactions (conditional independence) 
This is because the reduced model has omitted 
both a two way in teraction and the three way inter­
action so any difference between this model and 
the saturated model could be due to either the two 

LOG-LlNEAR MODELS 1 

exception is 吐le valid test ofthe three way interac­
tlon 

τhree other models omit the three way inter­
action and two of the two way interactions. For 
example , the model 

logfijk = constant +λf 十 λjY+λ♂十 A;/'"Y (14.26) 

implies that X and Z are conditionally indepen­
dent for each level ofY and that Yand Z are condi­
tionally independent for each level of X. Only X 
and Y can be conditionally dependent. So the 
model that inc1udes death , sex, marrow and 
death X marrow 

logJ，弘M防k=C∞ons阻st臼ant咀t+λ沪"叫a
A"曰athX阳 (14.27)

implies that cause of death and sex are condition­
ally independent for each level of marrow可peand
sex and marrow type are conditionally indepen­
dent for each cause of death; only cause of death 
and marrow type are conditionally dependent. 

The simplest possible model is one that 
assu皿es complete independence and excludes all 
lnteractlOn terms 

logfijk=con归nt+λ严 ~Y+λ，z (14.28) 

Model 14.28 implies that each variable is com­
pletely independent of the other two , e.g. the 
cause of death is independent of sex and nlarrow 
type 

The fìt of the different possible models is a 
use且11 exploratory step in analyzing complex con 
tingency tables and we can determine the model 
that provides the best 缸 for the fewest parame 
ters. For the wildebeest carcasses example (Box 
14.5). the two criteria (G 2 and AlC) chose different 
models. although the difference in fìt between 
models 3, 5, 7 and 8 was minor. Based on the AlC. 
we would choose the model 7 

logfijk 二 constant+λd('ath +λsex +λmarrow + 
λdealh X marrow 十 λ5四 xmarrow (14.29) 

whereas based on the G2 , we would choose model 
way or the three way interaction or both. In 8 
general, the comparison of models omitting inter-
action terms to the saturated model should be con- logJ，叭 =constant+ 沪的 +λscx+λm四川+
sidered an initial exploratory or screeningλd四[hXscx+λdeath X marrow +λsex X marrow 

approach to analyzing a contingency table. The (14.30) 
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τbe AIC chose a model with fewer parameters 
In practi阻， however, we are usually more 

interested in tests of individ ual terms in the 
models. Comparisons of reduced models to 
the saturated model onlydo this in the case ofthe 
three way interaction. For the remaining models , 

more than one term is being omitted. Testing indi~ 
vidual terms relates to the dif1岳rent岛rmsofind←
pendence (complete. conditional, marginal) 
discussed in Section 14.2.2 and these tests are 
done by comparing the 缸 of full (not saturated) 
and reduced models 

Tests for three way interaction: complete 
dependence 

The test of the three way interaction is a test of 
complete dependence. lf the Ho of no three 飞!;ay
mteraction is true, we have either conditional 
independence between a11 pairs ofvariables or the 
pattern of conditional dependence between a11 
庐山 ofvariables is the same for alllevels ofthe 
third variableη1is is similar to the interpretation 
of a three way interaction in an ANOVA model 
(Chapter 9) where the interaction between two 
factors depends on the level ofthe third factor. We 
test the three way interaction by comparing the fit 
of the saturated model. which is also the full 
model for the test ofthis term 

log!;" = constant +λX十 λY十 λZ十 λXY 十
Jκ') "~' "ii 
λ:KM+AJKH+λukm(1421) 

to a reduced model that omits this term 

log儿l' = constant +λX+λ Y+ λ'+λ 盯+
'1κ 'ï "k' "ij 

'\"XZ + ,\/' (14.31) 

This tests the Ho that the three 飞Itlay interaction 
term is zero. Ifthis Ho is true, then we have hom萨
geneous association where each pair ofvariables 
can be conditionally dependent but this depen­
dence is the same at each level of the third vari. 
able. lf Ho is true. we would expect models 14.21 
and 14.31 to fit similarly; if the H

ß 
is false. we 

would expect the red uced model to fit signifi­
cantly worse than the saturated model. We use 
the difference in G' for the reduced model and the 
saturated (full) model. i.e. the deviance. 臼 test
whether there is a signi且cant three way interac. 
tion between the 飞rariables

For the wildebeest example (Box 14 日，

omittíng the three way interaction term (sex X 

death X marrow) results in significantly Worse fit 
so we would reject the null hypothesis of no three 
way ínteraction. The conditional dependence of 
cause of death and sex depends on the 可pe of 
marrow. Equivalently, the conditional depen. 
dence of cause of death and marrow type depends 
on sex and the conditional dependence of sex and 
marrow type depends on cause of death. As in fac 
torial ANOVAs (Chapter 到， mteractions in log­
linear models are symmetric 

For the squirrel example (Box 14.6). it is dear 
that omitting the three way interaction term 
(treatment X age X year) makes little difference to 
the fit ofthe model. so we wouldn't reject the H^ 
出t出 three way in te皿tion term is zero. Any 
conditional dependence between age of captured 
squirrels and treatment does not depend on yeal 
and any conditional dependence between age of 
captured squirrels and year does not depend on 
treatment 

Testing and interpreting two way interactions 
"Whether we test other terms depends on whethel 
we reject the Ho of no three way interaction 
between the variables. In the wildebeest carcass 
example , the three way interaction was signifi 
cant so we could proceed in two ways. First , by 
examining the residuals 仕om the model without 
the three way interaction term to see which cells 
were causìng the lack ofindependence among the 
three variables (Box 14.5). The largest residuals 
indicate that there are more male carcasses that 
were not killed by predation with SWF marrow 
and fewerwith OG marrow. None ofthe residuals 
IS near two so we would not consider any observa­
t lOns particularly unusual. We could also 
examíne odds ratios by breaking the table into a 
series oftwo way tables , e.g. tables of marrow可pe
by sex for each cause of death separately. Second. 
we could examine dependence of pairs of vari­
ables for each level of the third variable separ. 
ately, analogous to simple interaction tests in 
three factor ANOVA models (Chapter 9) 

Although the three way interaction was sig田
nificant in the wildebeest example , we will test for 
conditional dependence of each pair ofvariables 
to illustrate the process. Conditional indepen. 
dence is tested by comparing the full model 

log!;ik = constant +λ1λ+ 可+λ/+λ俨+
λ此且+ ,\/' (14.31) 

with each ofthe 岛llowing reduced models 

Test Ho: À~Y =0 logfijk = constant 十 λf+AJY+
λk'+λf+λ)kIT (14.32) 

TestHoλ.~=o log J;ík=constant+λf+AJY+ 
λ，z +λ 盯+λ严 (14.33)
缸 l'

T卫es且tH吨0: ，\哎r=斗o 1问o鸣gj马ij~=cωon归nt+λ厅J
λ札k'+λ'\/"盯 +λÀik且(归14.34剑) 

For the wildebeest example. we would only reject 
the Ho of conditional independence 币。r cause of 
death and marrow type for each sex separately 
(Box 14.5). This means that cause of death and 
marrow type are not independent岛r male wilde­
beest and female wildebeest carcasses and the 
odds ratios for the association between cause of 
death and marrow type are different 画or each sex 
ln contrast. the odds ratios for the cause of death 
and sex association equal one for all marrow types 
and the odds ratios for the sex and marrow type 
association equal one 岛r all causes of death 

In the squirrel example, the absence of a three 
way interaction is not rejected so there is good jus­
tification for proceeding to examine simpler 
models (Box 14.6). Because the treatment and year 
variables are set by the investigators, the indepen. 
dence between these two variables is not tested 
τbere was no evidence to reject the hypothesis of 
conditional independence between age and treat. 
ment, i.e. squirrel age and treatment were inde­
pendent for each year 咀lis indicates that logging 
does not alter the relative numbers of adult and 
young squirrels compared to control stands in any 
year. In contrast, squirrel age and year were not 
independent in both control and logg'巳d treat 
ments and the odds ratios for the association 
between age and year are different for each treat 
ment 

We can also test for marginal independence of 
two variables by creating a two way table ignoring 
the third variable. For四ample. the test for margi 
nal independence of cause of death and marrow 
type , ignoring sex, is done with a test of indepen 
dence ofthe two way cause ofdeath and marrow 
type table pooling the two sexes 

G'= 29.52. df= 2. P<O.OOl 

LOG-LlNEAR MODELS 

In this example, cause of death and marrow type 
are not marginally independent, as they are not 
conditionally independent, although agreement 
between marginal and conditional independence 
does not always hold (see Agresti 1996) 

Test for complete independence 
Ifnone ofthe tv.ro way interactions are signi:ficant, 
we could fit the model of complete independence 
(no interactions) among the three variables 

log f.协 =constant +λ X+ λ Y+ λz (14.28\ o J ijk -- --- ---- - "1 "j "k 飞，

Assuming there is no three way interaction, we 
can test the Ho that all two way interactions equal 
zero (i.e. that the three variables are completely 
independent) by comparing model 14.28 to 

logfijk = constant 十 λf+AJ+λ" +λ"XY+ 
λXZ+λ\7 ik ''"Jk (14.31) 

This comparison tests that all three variables are 
completely independent of each oth凹. both con 
ditionally and marginally. ln the wildebeest 
example, marrow type is completely independent 
of cause of death and sex, sex is completely inde­
pendent of cause of death and marrow type , and 
cause of death is completely independent of sex 
and marrow type (Box 14.5). There are no condi­
tional dependencies 

We would not do this test for the wildebeest 
example because there is a three way interaction , 

nor for the squirrel example because the interac 
tionbetw，巳en treatment and year should always be 
included because these variables are set by the 
investigator and independence between them 
makes little sense 

Analysis of deviance tables 
We can create a modified analysis of deviance 
table , which gives the difference in G2 between 
hierarchical models , showing tests for the null 
hypotheses that specific terms equal zero (Chapter 
13).lt is always better to compare the 且tof且111 and 
reduced models when testing specific terms in 
log-linear models. Simple goodness-of-fit statis口cs

for a given model can overestimate the impor­
tance of speci白c terms and should be used as an 
exploratory tool (except for the three way interac­
tion). Comparing full and reduced models in a 
hierarchical manner is the most common method 
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of analyzing and presenting the results of log­
linear modeling 

14.3.3 问ore complex tables 
Log-linear models for four way and higher tables 
follow the logic described above, although inter­
pretation offourway interactions is as difficult as 
the interpretation of 面our way interactions in 
complex ANOVA models (Chapter 9). Agresti (1990) 
has provided a worked example for a four way 
table using log-linear models 

14.4 

14.4.1 

General issues and hints for 

analysis 

General issues 

• Contingency tables represent a cross 
classification ofsampling or experimental 
units by two or more variables 50 each cell in 
the table contains a number ofunits (仕e
quency) 

• Log-linear models are GLMs that relate the log 
of the expected frequencies to a linear combi­
nation ofthe variables and their interactions. 

• For two way tables, the basic x' test is 伽 inde­

pendence between the two variables. 
• To test Ho that a specifìc term equals zero , 

compare the 且t ofthe full model with that 
term included to the reduced model with that 
term omitted, using the deviance 

• Conditional independence means that two 
variables are independent 岛r alllevels of the 
third variable. Odds ratios and standardized 
residuals are very important tools for interpret 
ing lack of independence in contingency 
tables 

• Standard signi且cance tests can be unreliable 
when expected 仕equencies are small (less than 
fìve). Use exact tests for two way contingency 
tables with small sample sizes 

14.4.2 Hints for analysis 
• Remember that log-linear models do not dis­

tinguish a response variable. However, when 
one variable is clearly a response , then some 
log-linear models won't make much sense. If 
modeling a response variable is important, 

consider logit models 
• As an initial analysis, it is useful 臼恒st the 

goodness-of-fit of a range of possible models 
using the deviance and AIC 

• For a complex table , breaking it into two by 
two by K sub-tables will allow odds ratios for 
conditional dependence to be calculated 

Chapter 15 

Introduction to multivariate analyses 

15.1 Multivariate data 

A 皿ultivariate data set includes more than one 
variable recorded 仕om a number of replicate sam­
pling or experimental units , sometimes referred 
to as objects. If these objects are organisms. the 
variables might be morphological or physiologi­
cal measurements; if the objects are ecological 
sampling units , the variables might be physic任
chemical measurements or species abundances. 
We have already considered multivariate data in 
linear models with two or more predictor vari­
ables , e.g. multiple regression (Chapter 6) and 
multifactor analysis ofvariance (Chapters 9-11) 
For these analyses. we have multiple predictor 
(independent) variables. The multivariate analy­
ses we will discuss in 出e remaining cha pters 
either deal with multiple response variables (e.g 
MANOVA - Chapter 16) or multiple variables that 
could be response variables. predictor variables or 
a combination of both τhis chapter will intro­
duce some aspects of multivariate data and analy­
sis that apply generally to many of the methods 
we 飞凹II describe in the subsequent three chapters 
We will illustrate these aspects with four data sets 
from the recent biological literature. For each 
da ta set, there are i 二 1 to ηobjects withj= 1 to P 
variables measured for each object 

Chemistry of forested watersheds 
In Chapter 2，时'e first desc 口bed the study ofLovett 
et al. (2000) who examined the chemistry of 
forested watersheds in the Catskill Mountains in 
New York. They chose 39 first and second order 

streams (0均ects) and measured the concen tra­
tions of ten chemical variables (N0

3 
-, total 

organic N. 仁otal N, NH毡， dissolved organic C, 

50,'-, CI- , Ca轩， Mg肘. H+) , averaged over three 
years. and 岛ur watershed variables (maximum 
elevation , sample elevation. length of stream , 

watershed area) 

Plant 白mctional groups and leaf characters 
In Chapter 9 , we described the study ofReich et al. 
(1999) who examined the generality ofleaf traits 
仕om different species across a range of ecosys 
tems and geographic regions. We will use a subset 
oftheir data, Wisconsin forbs , with ten species as 
the objects. There were fìve variables measured for 
each species: specifìc leaf area, leaf nitrogen con­
centration , mass-based net photosynthetic capac­
I叨， area-based net photosynthetic capacity and 
leaf diffusive conductance at photosynthetic 
capaClty. 

Wildlife underpasses in Canada 
Clevenger & Waltho (2000) reported on the effec­
tiveness of road underpasses for wildlife in Banff 
National Park in Alberta. Canada. For part oftheir 
study. they quanti直ed the human activity at the 
underpasses as numbers of people on bikes , on 
horses and on footτhe objects were the elεven 
underpasses and the variables were the three 
human activities and the data were counts 

Bats andA企ican woodlands 
Fenton et al. (1998) studied the effects ofwoodland 
disturbance on species richness and abundance of 
bats in northern Zimbabweτhey had four groups 
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multivariate outlier. 

of sites: nine intact and nine impacted sites in 
Mana , six intact sites in Kanyati and six impacted 
sites in Matusadona. The sites within each area 
and disturbance category are not true replicates 
岛r assessing effects of disturbance 50, like Fenton 
et al. (1998), we w臼1 combine the sites wi thin each 
group. There were four objects (area and distur­
bance combinations) and 15 variables. species of 
bats. The data were numbers ofeach species ofbat 
and there were numerous zero values , i.e. species 
absent 

15 ,2 I Distributions and associations 

In a univariate context, we can describe the distri­
bution of each variable and many of the paramet­
ric univariate analyses for estimating linear 
models and testing hypotheses about their param­
eters assume that the distribution ofthe response 
variable being analyzed is of a particular form 
(Chapters 5, 6, 8-14). For example , c1assicallinear 
models assume normali可 (although the analyses 
are robust to this assumption under many circum­
stances) , while generalized linear models al10w 

other distributions 仕om the exponential family 
(e.g. binomial, Poisson , etc.). Although the multi_ 
variate an均'ses we will introduce in the next 
three chapters are mainly descriptive, interval 
estimation and hypothesis tests of parameters can 
also be relevant and usually require the assump­
tion of multiva 口ate normality, where a11 variables 
and linear combinations ofvariables are normalIy 
distributed (Tabachnick & Fidell 1996). The sim­
plest multivariate normal distribution is 吐1e

bivariate normal distribution described in 
Chapter 5. Other multivariate dist口butions are 
obviously possible , although less commonly used 
in multivariate analyses 

One measure of the center of a multivariate 
distribution is the centroid. In multivariate space 
where each dimension is a variable , the centroid is 
the point represented by the univariate means of 
the distributions of each of the variables (Fi凯lre

15.1). The centroid is not usually estimated by a 
single value but is used as a description of the 
center of a multivariate normal distribution and 
for detecting multivariate outliers (Section 15.9.1) 

We can summarize variation in single vari­
ables by sums咱f-squares (SS) and variances 
(Chapter 2). When we have more than one vari­
able , we not only have variances for each variable 
but also covariances between variables. To repre 
sent variation in multivariate data sets , we must 
use some simple matrix algebra. A data matrix (Y) 

for n objects by p variables is represented in Table 
15.1 , and illustrated using the data from Reich et 
a l. (1999) for Wisconsin shrubs 

With more than one variable , we calculate 
both sums•of-squares for each 飞，ariable and sums 
oιcross-products between variables to get a p by P 
sums唱f-squares-and-cross-products (SSCP or S) 
matrix (Table 15.2). The rows and columns of this 
matrix represent the variables (j ~ 1 to 抖The

main diagonal of this matrix contains the sums 
of-squares for each variableηle other entries are 
the sums唱f-cross-products ， the sum of the 
product ofthe deviations ofthe value for each var­
iable 仕om its sample mean. Note that this matrix 
is symmetrical, Ï.e. the sum-of-cross-products 
between Y1 and Y2 is the same as 出e sum-of-cross­
products between Y2 and Y1 

We can convert this matrix to a p by P matrix 
of variances and covariances (c) by dividing the 
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?五日5.打 Rawdatama时xofpvari胁SÜ~l 阳州川0句ects (问叫， i1hlStrated with data from Reich et 
Eal.(l恻 for eleven species ofWisconsin fo由(邮呻nd fi叫

YII YI2 Y'Þ 
Y21 Yn Y", 

片
Ynl Yn2 Yn r. 

SLA LeafN A A 叩 G 
咽S s 

(cm2 g-I) (mgg- I) (nmol g-I çl) (μmol m-2 Ç') (mmol m-2 ç ') 

Caulophyllum thalictroides 425.0 58.2 254.0 5.9 134 

Dentor，旧 lacin旧te 297.0 53.0 432.0 14.2 227 

Ery的ronlum amencanum 222.0 42.0 263.0 11.9 359 

Silphium terebi门的Inoceυm 133.0 14.4 175.0 13.4 615 

Podophyllum peltatum 309.0 44.7 244.0 7.9 164 

Bapûsia leucophσea 106.3 35.9 159.0 15.0 481 

Trillium gran呀。盯 357.0 51.6 209.0 5.8 499 

Echinoceo purpureo 128.5 15.0 122.9 9.8 480 

Silp州um integrifolium 116.3 16.6 116.0 10.0 478 

Sang山nσr旧 canadensis 32 1.0 53.6 255.0 7.9 208 

5σrrochenio purpureσ 78.1 1 1.4 22.8 2.9 144 

Note: 
SLA 巴 specifìc leaf a陀a， leaf N is leaf nitrogen concentration, Amass is mass-based net photosynthetic 
capacit) 气rea 15 a田-based net photosynthetic capaóty and G, is leaf di忏usive conductance 且
photosyntheticζapaClty 

sums-of-squares and sums咱f-cross-products by 
their degrees of 仕eedom (n-1) , where the main 
diagonal contains the variances for each variable 
and the other entries are the covariances between 
pairs ofvariables (Table 15.3). The covariance matrix 
can also be obtained directly 仕om the raw data 
matrixY, if each variable is centered (to a mean of 
zero) , byY'Y/(n -1) , where Y' is the transpose ofthe 
centered raw data matrix 

There are two ways we can summarize the var­
iability of a multivariate data set based on the var­
iance-covariance matrix Uackson 1991) 

• The determinant of a square matrix is a single 
number summary of the matrixη四
determinant of the variance-covanance 
matrix (1 C 1) represents the generalized 
variance of the matrix 

• The trace of the variance-cov盯iance ma tnx 
σ叫c)) is the sum ofthe diagonal values , i.e. 

the sum of the variances of the centered 
individual 飞，ariables

Finally, we can also standardize these covari 
ances by dividing by the standard deviations of 
the two variables involved to produce correlations 
and thus a correlation matrix (则， where γ12 is the 
correlation coef:且cient between variables 1 and 2, 

etc. (Table 15 .4). Note the main diagonal consists 
of ones because the correlation benveen each var. 
iable and itself is one. Covariances and correla­
tions are measures of association betw"een 
variables. Other measures of association include 
the X' statistic , d皿ussed in Chapter 14 as a 
measure of association for contingency tables 

If our objects occur in groups (e.g. experimen. 
tal treatments) , then we can calculate these matri­
ces for between and within groups , analogous to 
analyses of variance in Cha pters 8-11 旭砌ses
based on multiple variance-covariance matrices 
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Table' 15.21 ， Stims<Jf->quares-and-cr叫roducts matrix betwe叫m曲l四 (j~口o p) for n objects (i= 1 叫
illustrated-with data from Reich et a1. (1999) 

Tabl恒el巳5.升41cωOπd白a甜血6由on matri旧xbet:v机旧v由'eenpvana由ble叫 ~1 回 p抖.).们M川.il川1赳圳lIu阳时
w时it由hd巾at钮a 仕'omR，趾eich eta l. (怔19四99引) 

r" rþ , 

r" rp' 

r1p r1p 

SLA LeafN Amass Aarea G 

SLA |口。

LeafN 0,91 |口。

A 
m皿

0,69 0.78 1.00 

Aarea 028 0.03 0.40 1,00 
G 一0.47 -0.46 027 0.5 1 |口。

Note 
剧I entries are Pearson correlations. Variables de们ned in Table 15,1 

、

J

、

J
γ

n
z
7
三
叫

三 (YiI - 9，)'立(Yi2 - y,)(y" - 9,) 

ZUl-Fl)仲FJ Z饥一九)'

吝(月一切2

Z(Y!l FlWpb) 吝 (y.， - 9，)问 -9，) Z(yp-M] 

N 
t气
「

g
g

p
r
a
@

它

口
且
h
u
A『A
ω
ι

SLA 

144120 , 13 
19873.03 
87160 , 14 
-1290 ,94 
97696.97 301 594.73 

Leaf N A 
m阳 A"国 G 

3335.73 
1516200 

-23.86 
14505 ,68 

112204.77 
1635 ,93 

50261 .55 
148.98 

341 2.3 1 

Note 
问ain diagonal entries are sums-cιsquares， o忏 diagonal entries are sums-of二cross-products.Variables 
denned inτable 15 , 1 

nearly always have the assumption that the 
within-groups matrices have equal variances and 
covanances 

15.3 1 Linear combinations, 
eigenvectors and eigenvalues 

Table 15.31 Variance-covariance matrÎX between p variables U = 1 to p), illustrated with data from Reich et al 
(1999) 

户， c ，户 2

~I ~12 "pl 

12 ~l ~pl 

15.3.1 Linear combinations of variables 
One of the fundamental techniques in multivari 
ate analyses is to derive linear combinations ofthe 
variables that summarize the variation in the 
original data set. Basically, we are "consolidating" 
(sensu Tabachnick & Fidell 1996) the variance 仕om
a data matrix into a new set of de口ved variables , 

each ofwhich is a linear combination ofthe orig­
inal variables. For i = 1 to n objects and j 二 1 to P 
original variables 

与 =C山 + C2Yî2 + 与YU + ", + c'y;p (15 , 1) 

In Equation 15.1. ，、 is thevalue ofthe newvariable 
k岛ro时ect i'Yî1 to Yip are the values ofthe original 
variables for object i and c1 to c

p 
are weights or coef­

ficients that indicate how much each original var­
iable contributes to the linear combination 
Depending on the analysis, these ne、N vari­
ables are termed, variously, discriminant 臼nc­

tions, canonical functions or va口ates ， principal 

2 S 

z 
p 

s 2 

与
S 2 

P 
S 

N 川
的
时
叫m
L

5LAAfu 
SLA 

14412,01 
198730 
8716ü1 
一 129 ，09

9769 ,69 30 159.47 

LeafN A 
m~; A，陀a G 

7JnuQJ7' 5235 
写
J
f
O

气
，
也n
u

可

"
I
t
-
-
C
J

写
J
俨
3
-
A

吁

11 220 .48 
16359 

5026 , 16 
14,89 

341 .23 

Note 

Main diagonal entries are va川riances ， off diagonal entries are covariances. Variables defìned in Table 15.1 

components or factors 刀lis linear combination is 
analogous to a regression equation. For some anal­
ys凹， the linear combination may include a con­
stant (an intercept in regression terminology): 

2ik =constant + c1Yn 十 C，y;， + ... ch + ... + c'y;p (15.2) 

τhe form in Equation 15.2 is common when 
the variables are not standardized to zero mean 
and unit variance; if they are, then the constant 
becomes zero and Equation 15.1 is appropriate 

τhe derived variables are extracted so the first 
explains most of the variance in the original vari. 
ables , the second explains most of the remaining 
variance after the first has been extracted bu t is 
uncorrelated with the first. the third explains 
most ofthe remainingvariance after the first and 
second have been extracted but is uncorrelated 
with either 吐le first or second, etc. The new 
derived variables are independent of, uncorre­
lated with, each other. The number ofnewderived 
variables is the same as the number of original 
variables (p). although the variance is usually con­
solidated in the first few derived variables 

15.3.2 Eigenvalues 
Eigenvalues , also termed characteristic or latent 
roots (人，儿， λ3" ..λk'" À,,), represent the amount of 
出e original variance Lexplained by each of the 
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k = 1 to p newderived variables. These eigenvalues that the 且rst 坠w derived variables explain most of 

are population parameters and we estimate them the variation that was present (between objects) 

using maximum likelihood (ML) to produce (ll占 in the original variables. The eigenvalues can also 

IJ....IJ.: ...lpl and can also determine their approxi- be expressed as proportions or percentages ofthe 

mate standard errors. Note from Box 15.1 that if original variance explained by each new derived 
we use a covariance matrix and centered vari- variable (component) 
ables , then the sum of the eigenvalues is equal to 

the trace ofthe original covariance matrix, i.e. the 15.3.3 Eigenvectors 

sum ofthe variances ofthe original centered var- Eigenvectors (characteristicvectors) are lists ofthe 
iables. Ifwe use a correlation matrix and centered coefficients or weights showing how much each 

and standardized variables , the sum of the eigen- original variable contributes to each new derived 

values would equal the trace of the correlation variable. In general terms , the eigenvectors 

matrix, i.e. the sum of the variances of the origi- contain the c, in Equation 15.1 but these coeffi­

nal standardized variables. We have simply rear- cients can be scaled in different ways so are often 

ranged the variance in the association matrix so represented as 吨，飞 or w
j 
in matrix descriptions of 

Box 15.11 Deriving components (modifìed from jackson 
1991) 

The陀 a陀 two di他陀nt 拭目tegies f1旷 extractlng e职nvectors (compon凹ts) and 

their eige川alues from multivariate da'国 set of n objects by p旧 iables. First we can 

use a spectral decompositic 门 of a Þ by P association matrix between variables 

Second, we can use a singular value decomposition (SVD) of a n by p data m及nx，

with variat 自由ndardize 才 as necessa叩 The SVD is more general片 applicable (see 

Chapter 1 乃 a时 ough most 七。 logi5ts are mo陀臼miliar川th obtaining eigenvectors 
an 才 e也en旧lues from a covariance or correlation matrix. 

Consider the matrix M of raw data from Clevenger & Waltho (2000) 时 O

陀corded the numbers of people on bicycles, horses and on foot for eleven under­
passes also used by wildlife in Alberta, Ca旧da

Raw Centered 

Underpass 自icycle Horse Foot 国cvcle Horse Foot 

O 6 7 一 118.727 37.273 一55 .364
2 5 3 45 -113.727 40.273 17.364 
3 6 6 14 -112.727 37.273 48.364 
4 21 5 20 97.727 - 38.273 -42.364 
5 189 42 34 70.273 -1.273 -28.364 
6 8 13日 77 110.727 94.727 14.636 
7 462 186 129 343.273 142.727 66.636 
自 19 12 80 -99.727 3 1.273 17.636 
9 595 58 241 476.273 14.727 178.636 

10 10 10 11 7.727 - 33.273 - 52.364 
11 。 10 25 118.727 - 33.273 - 33.364 

Spectral decomposition 

Wewillill咀rate spectral decomposition of a matrix of associations between vari 

ables \f 'Y). This might be a matrix of varianc巳s and covariances, C , among p var 
iables based on n obje出 (Table 15.3) 

~"""'-，."，~严伊川刊=，户

LlNEAR COMBINATIONS, EIGENVECTORSAND EIGENVALUES 

Bicycle Horse Foot 

Bicycle 44 906.0 18 
Horse 7336.382 3862.018 
Foot 13 口 84.7日 9 2205.191 4903.655 

Note that we could also use a cor它 lation matrix 日 asically， we then de们vetwo

matrice二 L and U , so that 

L=U'CU 

U is a n by Þ matrix whose columns contain the eigenvectors (chara口凹处二 vectors) ，

the coeffkients of the linear combinations of the 0门ginal variables. The elements of 

each eige川ector k a陀 Urk， the ιoeffkient for the jth variable in the kth eigenvecto r: 

Note that we c怡arly nee 才 to have to some constraints impo咒d on the coe的C旧nts

w由In 田ch eigenvector. othe川Ise slmp竹 Inc陀asing the absolute sizes of the coef­

fìcients could increase the咀 iance explained by each new variable. The simplest and 
mO式 commonlyus时 con由alnt ISto 陀strict the sum of sq旧陀dc时ffìcients to zero, 

Î.e. L汇 IU1k2 = 1. Eigen回ctors t气 at are independent and scaled to un即 are termed 

c巾己nOlTfìa l. Additio旧 I scaling options for the eigenve由 rs 盯-e available to make 

the variances of the eige门vectors similar Oackson 1991), e.g. Vrk 二、V\Urk $0 the eigen­

vectors are in a V matrix and W
ik 

= u/V1k. so the eigenvectors are in a W matrix 

Lisapbyp 盯 atrix whose diagonal con阻ins the eigenvalues 1
1
,12, . .Ik ..Ip (esti 

mates of À" λ ....À"...À~ ， the latent or characteristic roots) of C. The eigenvalues 1'"'2" ...k.....p 

measure the variance explained by each of the eigenvectors. The number of eigen 

values is the same as the number of rows and columns in the covariance matrix and 

therefore the same as the number of original variables (p) 
The matrix L for our example data set with the eigenvalues on the diagonal is 

50075.6日 o 0 
o 2592.350 0 
o 0 1003.6己 3

The trace of this matrix, the sum of i15 diagonal elements, is the sum of the vari­

ances of the original centered 旧riables. The sum of the eigenvalues from an eigen­

analysis of a sums-of-squares-and-cross-products matrix or a correlation matrix 

would equal the sum of the variances of the original variables or the ce门tered and 

standardized variables respectivel沪 The 阳 atrix L represents , the陀币。吧， a reorgan­
ization of the variances of the variables from the original data matrix. Each eigen­

value is associated with each eigenvect旷 and 比 is clear that the eigenvectors are 

extracted in 0仁der of decreasing proportions of the tO'白 1 variance. We often 

co阳ert these eigenvalu臼 to peπentages 

Eigenvector 

Eigenvalue 
Pe亿.entage of total variance 

50075.681 
93.300 

2 

2592.350 
4.830 

3 

1003.660 
1.870 

More formally, determination of the eigenvalues involves solving the character­

IStlζequatlon 

IC-111=0 
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whe陀 I is an iden扫ty matrix of equivalent dimensions to C. The resu性 Ing pOlyno 
mial (pth deg陀e) in I 巴山ed to obtain 1,, 12 ..1" 

ßased on the thre 巳 human a立川ty variables (bicycle , horse , foot) for eleven 
underpasses in Alberta from Clevenger & Waltbo (2000) , the matrix U is: 

2 3 

4l9 El5 
吨
，4
n
U
Q
J

n
u
八
υ
n
υ

D66 
M
m
刊
ω

n
u
《
u
n
υ

54Z 468 9lz nununu es 
问
~
…
~
…

Each column 巴 an eigenvector (υκwhere k:::: I to þ) , the values in the eigenvector 
representing the coefflcients or weights for that linear combination of the original 
variables. For example , the linear combinat阳 n compns 们 g elge门 ector I 巴

(0.945)8 二yc怆+ (0. 1 64)Horse + (0.282)Foot 

where the values of each va门able are cente陀才 because we used the covariance 
matrix to extract the eigenvectors. These linear equations are often termed 
compo阳 nts or factors (Chapter 17) and 陀present new 飞lariables derived from the 
original variables. Note that each variable contributes di他陀ntly to each compo­
ne门t (clifferent coe而 cients or weights) ancl that these coefficients will depencl on 
the units of each variable a们 d whether stanclardizations are usecl.τhese linear equa 
tions can be solved to produce a component sco 它 (Zik) for each object or obser 
vation for each component. For example, the scc 它 for component 1 for underpass 

(0.945)(- 1 18.727) +ρ164)( - 37.273) + (0.282)( • 55.364) ~ - 133.946 

Singular value decomposition (SVD) 
丁ne SVD of an 门 by P data matrix 巴 based on the product of the characteristic 
vectors of a matrix of associations between var也bles ， the characteristic vectors of 
a matrix of associations between objects ancl their characteristic roots (eigen 咀 lues ，

which a陀 the same for both association ma甘ices).lfY is a matrix of centered dat.a 
(as used for the covariance matrix above) , then Y'Y is the covariance ma廿以
between variables (matrix C abo叫 and YY' is the covariance matrix between 
obje白 (note the咒 wo 叫 d be SSCP mat时es for raw clata and correlation matrices 
for centerecl and st.andardized data). The characteristic roots (eigen咀lues) of白e咒

two matnce骂 a陀 the same 
The SVD of Y is: 

Y=ZL rf2 U' 

whe陀 L contains the eigenvalues, U is a p by P containing the eige们 .ectors ofY'Y 
as defìned above ancl Z is an n by p matrix of eige阳ectors ofYY' a们 da陀 also the 
principal component scores for ot斗 ects scaled by the square root of the eigenval 
ues. Note that we now have the 呵uare root of the eigenvalues because we a陪
dealing VI 民 h the original variables rather than ζovariances or correlations Oackson 
1991 ). If Y contains raw data, then L and U will be the eq川alent to that from the 
spect广 al decomposition of the SSCP matrix. If Y containsζentered data, then L ancl 
U will be the equivalent to that 扑 om the spectral decon叩 osition of the co咀门ance
matrix. If Y contains centered and standardized data, then L and U will be the 
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equivalent to that from 由e spect用tI decon呻 osition of the correlat旧 n matrix. Note 
that we can determine the original variables (cente陀d and 51andard四d if appro­
priate) 什.om the matrix of component scores and vice versa when all components 
are extracted. 

The advantage of using SVD is that extraction of eigenvectors and their eigen­
旧.Iues is a one 51叩 process and SVD can also be applied to association matrices 
that a陀 not squa陀， e吕 chi-square matrices 什"Om contingency tables as used in cor­
陆pondence analysis (Chapter 17). The advantage of spectr甘 decomposition 巳 that

白e choice of matrîx (e.g. covariance vs co门 elation) will aL民omatically center or 
standardize the clata. As most multivariate analyses 陀quire 51atistical 50仕ware ， we

ra陀Iy have to make thi5 choice in practi白

multivariate analyses - 5ee Box 15.1. The eigenvec­
tor5 are commonly scaled so the sum of squared 
coefficients equals one; other forms of scaling are 
possible. We estimate the coefficien臼 with

maximum likelihood and can determine approxi­
mate standard errors. These linear combinations 
can be 501ved to provide a score (Zik) for each object 
for each new derived variable. Note that there is 
the same number of derived variables as there are 
original variables (p) 刀le new derived variables , 

each with an eigenvector of coefficients and an 
eigenvalue, are extracted sequentially 50 that they 
are uncorrelated with each other. 

15.3.4 Derivation of components 
We can derive the new variables (components) 
with mat口x algebra in two ways. We can use a 
spect皿1 decomposition of a p by P square matrix 
of associations among variables (e.g. SSCP, C or R 
matrices) or we can use a singular value decompo­
sition of the ηby P original data matrix. The two 
approaches produce equivalent re5u1ts if there is 
a match between the association matrix used 
and the 5tandardization of variables in the data 
matrix. One of the biggest problems fa口ng biolo. 
gists trying to become familiar with multivariate 
statistical techniques is the bewildering range of 
terminology, with different textbooks using dif. 
ferent terms for the same property and also differ­
ent labels for the relevant matrices. We have tried 
to summarize these two approaches for extracting 
components from a multivariate data set in Box 
15.1 , following the terminology of ]ackson (1991) 
where possible 

Theusualde 口vation of components is 仕oman

association matrix of covariances or correlations 
between variables (Box 15.1). This is sometinles 
termed an R-mode analysis and we can ca1culate 
scores for the derived variables (components) for 
each object (Jackson 1991, Ludwig & Reynolds 
1988). We could also derive components from 
matrices representing covariances or correlations 
between objects and the derived variables (compo 
nents) are linear combinations ofthe objects. We 
can ca1culate component scores for each variable 
and this is termed a Q-mode analysisτbese two 
sets of component scores are related via matrix 
algebra and we can obtain component scores 且or

objects from the eigenvectors ofthe variables and 
viceversa (Jackson 1991).ln practice , Q:mode anal 
yses comparing objects are more commonly based 
on dissimila口ty measures (Box 15.2: Figure 15.2: 
Section 15.4) 

τl1e calculation of eigenvectors and their 
eigenvalues 岛r new derived variables (com.po 
nents) 仕'om a multivariate data set is fundamen­
tal to canonical correlation analysis , principal 
components analysis and correspondence analy­
sis (Chapter 17). Ifour data set contains groups , we 
can extract the components in a way that ma去
imizes the between-group di由是rences and this is 
the basis ofmultivariate analysis ofvariance and 
discriminant function analysis (Chapter 16). 

15.4 I 问 ultiva阳te distance and 

dissimilarity measures 

The methods described in the pr宫vious 5ection 
deal with multivariate data sets by rearranging 
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Box 15.21 何easures of dissimilarity between objects for 

continuous variables 

Consider two objects (1 = I and 2) , e.g. two 日mpling units, and a number of vari­

ables (j~ 1 to p) 陀co时ed from each object, e.g. abundances of Þ species from 

each sampling unit. The same variables 旷e 同corded from each object (even if 50me 

variables have zero values for an object). First, we need a 也wdefìn比。ns

• Ylj and Y:习 are the IJ剑 ues of variable j in object 1 and object 2, 

• min(y ,j , Y2j) is the lesser value of each varÎable when Ît 巴 E陀ater than zero in 

bo的。同ect旦

• P is the number of variables, and 

• q is the number of variables that are zero for objects 1 and 2 

Forexamp怡'Y 1j and YJj might be the abundances of species j in sampling units 1 and 

2, 2: min(YIj' Y2J) is the sum ofthe 怡sser abundance of species j when ît is present in 

both saηpling units , Þ Îs the number of species and q is the number of species that 

a陀 missing (zero values) from both samples. The formulae presented below a吧

什om Faith et 01. (1987) , except we present a more common version of the 

Canberra measure (see 。ψY & Kempton 198乃 and correct their typographical 

error for chi-squa陀

Dissimilarity 

问ink例如

Ecιdean (λ~2l 

Ci比Y block (问ònha往an:À = 1) 

Canberra 

B旧)I-Cu内s (Cze阳novvski)

Kulczynski 

Chi-square 

Equation 

(去 |YJYJ)lA

主|的，;-Y，l!

l 忐业巳旦l
p-q 但 (Ylj+ Y2j) 

l z喜mtijYJFh h| 

主k向斗)主(YI} + 14) 

Z 

土(斗怡，，1陪喜川
zyl 

MULTIVARIATE DISTANCEAND DISSIMILARITY MEASURES 

To illustrate these dissimilarity measures, we have calculated the dissìmila时ty

between three species of Wisconsin forbs based on fìve leaf character variables 

from Reich et 01. (1999). We have used the original variables and al50 variab 臼 ζen­

tered and standardized to zero mean and unit variance 

Dissimilar即

between Euclidean 

C. thoJicrroídes V$ D. lo 俨 iniata

Raw data 238.355 
5tandardized data 2.992 

C. tholictroides vs P. pe阳也盯
Raw data 121 口 05

Standa时 zed data j .337 

D.lo亿俨 σto vs P. þel臼归盯
Raw data 198-911 
Standardized data 2.482 

C比y block 

82.500 
1. 143 

34.300 
0.498 

55.520 
0.865 

Canberra 

0.231 
NA 

0.111 
NA 

0.166 
NA 

Bray-Curtis 

0.217 
NA 

0.1 日4

NA 

0.155 
NA 

Kulczynski 

0.212 
NA 

0.100 
NA 

。 138

NA 

Note that all measures show the same basic pa口er 飞 .W比h the dis到 milarity between 

C. tho(ictroides and D. locinio臼 the g陀atest and that betwee门C. rhalictroides and P. 

peJtotum the least. Standardizing the variables to zero mean and unÎt variance 

doesn't change the 陀lat附 dissimilar巾臼 although such a standa时ization cannot be 

appl陪d to Canberra, Bray-Curtîs and Kulczynski because they al陀ady include stan­

da时zation as part of the ca!culation 

We also compared intact and impacted forest locations, base 才 on the abun­

dance of 15 年 ecies of bats，什om Fenton et aJ. (1998). This data set allows us to 

include the chi-squa陀 measure ， which requires integer values 

αssimilarity bet\Neen Euclidean 

Mcmo intoct vs Mono ir呻 aeCl:

Raw data 35.875 
Standa吐 zed data 5.679 
Range 
standa吐 ized data 2.720 

City block 

77.000 
17.323 

8.255 

Kοη卢ti intoct vs Mc挖出 3 才 :;no ImþQcted: 

Raw data 21.1 19 48.000 
Standa时"e才 data 4.831 13.706 
Range 
standar吐ized data 2.390 6.663 

Canbe门可

0.754 
NA 

。 835

0.7 15 
NA 

0,792 

8ray--curtis 

0.336 
NA 

0.770 

0.444 
NA 

0 .7 19 

Kulczynski 

0.252 
NA 

0.4 35 

0.4 16 
NA 

0.703 

Chi-squa陀

0.036 
NA 

0.428 

0.087 
NA 

0.491 

He陀 the di他rent dìssìmilarities produce ditT!旷'ent pa忧ems. The intact vs impacted 

d扫ference is greater for Mana than for Kanyatil问atusadona when measu陀dw比h

Euclidean, C此Y block and Canberγa but 廿 e reverse is true for Bray-Cu内民

Kulczynski and chi-square. None of the standardizations changed 协e 陀latÎve sizes 

for any of the measures except for Bray-Cu 气 IS
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Variables 

Variables 2 3 etc 

1 ',2 ',3 

~ 
2 '21 1 '23 
3 '31 '32 1 

Distinction in initial 
steps between R- and Q-mode 
analyses.A data matrix of n rows by 
p columns is converted to a p by P 
matrix of assodations between 
variables (e.g. correlations) or a n by 
n matrix of dissimilarities between 
objects Variables etc. 

Objects 2 3 etc 

the variance based on the ass仔 1
口ation (covariances or correla- 2 
tions) between the variables 3 
(R-mode analyses). Another 

y忖 Y12 Y13 

Y21 Y22 Y23 
Objects 

Y31 Y32 Y:臼
Objects 2 3 etc 

etc approach to multivariate data 
analyses (Q:mode analyses) is 
based on a measure of simi-
larity or dissimilarity, some­
times termed a resemblance 
measure (Ludwig & Reynolds 
1988). between 0均ects

Similarity indices measure how alike objects 
are , e.g. how similar sampling units are in terms 
of species composition or how alike specimens are 
in morphology. Dissimilarity indices measure 
how different objects are and should represent 
multivariate distance - if each variable is repre 
sented by an axis (or dimension) then multi'飞lafl­

ate distance is how far apart the objec臼 are in 
multidimensional spaceτbese dissimilarity 
indices are also called distances and are calcu­
lated for everγpossible pair of objects. There are 
numerous dissimilarity indices and the preferred 
ones are those that most closely 国present biolog­
ically meaningful differences between objects 
Particular difficulties arise when variables are 
measured on very different scales or when some 
of the variables include zero values, e.g. the vari­
ables are abundances of species of organisms and 
many objects have zero abundance for one or 
more specles 

We usually represent the dissimilarities 
between objects as a dissimilarity matrix, convert­
ing an n rows by p columns data matrix to an η 
rows by n columns dissimilarity matrix. Like the 
covariance and correlation matrices described in 
Section 15.2, dissimilarity matrices afe identical 
above and below the diagonal. which will be zeros 
indica ting zero dissimila口可 between an obj ect 
and itself, 

T 。 d12 d13 
飞飞-.. 2 d21 。 d23 

3 d31 d32 。

etc 

15.4.1 Dissimilarity measures for 
continuous variables 

白lere is a broad range of measures of dissimilar­
itybetween objects based on continuous variables 
(see Digby & Kempton 1987, Faith et al. 1987. 
Legendre & Legendre 1998. Ludwig & Reynolds 
1988). Their proliferation is partly due to the 
requirement by ecologists for measures of d凹，
similarity between sampling units in species 
composition that best represent underlying envi­
ronmental gradients. We illustrate some of the 
commonly used measures in Box 15 .2 and 
describe them briefly below. Legendre & Legendre 
(1998) provide a very thorough cove四ge

Eudidean 
This is based on simple geometry as a measure of 
the distance between two objects in multidimen 
sional space. It is the square root ofthe sum, over 
all the variables, of the square of the difference 
between the values of each variable for the two 
o均ects. lt is only bounded by zero for two 0均ects

with exactly the same values for a11 variables and 
has no upper limit. even when two objects have no 
variables in common with positive values. 

City block or Manhattan 
This is the sum (across variables) of the absolute 
differences in the value of each variable between 
two objects. It has properties similar to Euc1idean 
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distance and will be dominated by variables 飞时也
la艾ge values. 

岛但nkowski

Eudidean and Ci可 block are both versions of the 
more general Minkowski metric. Some so仕ware
will. by default. "nonnalize" both measures by 
dividing by the sample si肥，i.e. the number ofvar­
iables that contribute to the distance measure 
This is only relevant if you wish to compare dis 
similarities between data sets with different 
numbers of variables 

Canberra 
ηlis is the City block measure above, except that 
the difference between 0均ects for each variable is 
divided by the sum of the variable values in the 
twoo均ects be岛re summing across variables. To 
ensure it has an upper limit of one , we standard. 
ize it by the number ofvariables that ar巳 greater

than zero in both objects. e.g. the number of 
species present in at least one of the objects. This 
standardization is not always provided in texts 
(e.g. see Digby & Kemp归n 1988). The Canberra 
measure is less influenced by variables with very 
large values (Krebs 1989) 由an the City block 
measure. 

Bray-Curtis 
Developed by botanists in Wisconsin, this is also a 
modification of the Manhattan measure where 
the sum of differences between objects across var­
iables is standardized by the sum of the variable 
values across objects , a150 summed across vari­
ables. Equivalently, it can be calculated as one 
minus twice the sum of the lesser value of each 
variable when it is greater than zero in both 
objects, standardized by the sum ofthe values of 
all variables in both 0时ects. It ranges between 
zero (same variables and values in both objects 
completely simila时 and one (no variables in 
common with positive values - completely dissim 
ila付 and is sometimes ca11ed percent dissimilarity 
(whenεxpressed as a percentage; Ludwig & 

Reynolds 1988) or Czekanowski's coefficient. It is 
we11 suited to species abundance data because it 
19nor巳s variables that have zeros 岛r both 0均ects

(joint absences). Its value is determined mainlyby 
variables with high values (e.g. species with high 

abundances; see Krebs 1989) because these vari­
ables are likely to be more dif:岳rent bet\'四en the 
o均ects

KuIczynski 
This complicated measure , also termed the quan 
titative symmetric measure , was introduced to 
biologists by Faith et al. (1987). Like Bray-Curtis , it 
ranges between zero and one and has similar 
propert1es 

Chi-square 
古lÎs dissimilarity meaSllre , implicit in some 
multivariate analyses (e.g. correspondence analy­
sis - Chapter 17). is only applicable when the vari­
ables are counts , such as species abundances. It is 
based on differences between 0时ects in the p卧
portional representation of each species, also 
adjusted 岛r species totals 

15.4.2 Dissimilarity measures for 
dichotomous (binary) variables 

Another group of dissimilarity coefficients has 
been developed for 飞lariables measured on a 
binary scale (e.g. presence and absence). Let a be 
the number of variables with non-zero values in 
both 0均ects ， b is the number of variables with 
non-zero values in object 1 and c is the number of 
variables with non-zero vallles in object 2. A 
simple measure of dissimilarity between two 
obj ects is J accard' s coefficien t 

a 
1 

(a+Þ+c) 
(15 .3) 

A slight modification is Sorensen's coefficient, 
which replaces a by 2a. Sorensen's coeffi.cient is 
identical to the Bray-Curtis meaSllre for dichoto­
mous variables 

15.4.3 General dissimilarity measures for 
mixed variables 

Gower (1971) introduced a general dissimilari可
measure that is usef111 for situations that include 
a mixture of continuous and categorical vari­
ables 

P 

LW12j S叫
i二上一一一一-

LW12j 

(15 .4) 
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In Equation 15.4, S12j is the similarity between 
objects 1 and 2 based on variable j and w呵 equals

one if the two 0时ects can be compared for vari­
ablej and zero ifthey can't. $0 Gower's coeffìcient 
is "an average over all possible similarities" (Cox & 

Cox 1994) for objects 1 and 2. Gower's coefficient 
handles a mixture ofvariable types by calculating 
similarity for each variable separately (using 
appropriate coefficients for binary and continu 
QliS variables) , then averaging those similarities. 
With all continuous variables , Gower's coefficient 
becomes (Cox & Cox 1994, Faith et al. 1987) 

飞毛~且二h1L
f:t (ma写一 minj )

15.4.4 Comparison of dissimilarity 
measures 

(15.5) 

One characteristic of dissimilarities is whether 
they meet the criterion ofbeing metric. A dissim­
ilarity coefficient is metric if the dissimilarity 
between objects 1 and 2 is less than the sum ofthe 
dissimilarities between objects 1 and 3 and 2 and 
3. This means that it is possible to construct a tri 
angle whose sides match the three dissimilarities 
between three objects. Dissimilar叼 measures

that meet the condition ofbeing metric are com­
monly termed dissimilarity metrics. Not a11 dis 
similarity measures are metric, e.g. Minkowski 
and chi-square are. but Bray-Curtis is not. If the 
dissimilari可 is to be used in linear models (see 
Chapter 18) , then being metric is important but 
other飞机se the choice of dissimilarity measure for 
the analyses we describe in Chapter 18 is not 
usually based on whether it is metric or not. 

Which of the many dissimilarity measures to 
use depends on the purpose of the analysis , the 
nature of the data and is c10sely linked to stan­
dardizations discussed in Section 15.6. 飞Nhen var­
iables are measured on similar scales and have no 
zero values , Ellclidean, City block or Canberra are 
good measures of dissimilarity between objects. If 
the scales of measllrement are not consistent for 
dif也rent variables (e.g. the leaf characteristics 
from Reich et a1. 1999), then the data need to be 
standardized before calculating these dissimilar­
ities. Where the variables are species abundances 
(i.e. counts) , an ideal dissimilarity coefficient 
should reach a constant maximum value when 

two sampling units have no species in common 
(i.e. it doesn't classif'y sampling uni臼 as similar 
because they have no species in common) 
Bray-Curtis , Ku\c可nski and Canberra meet this 
criterion , whereas Euclidean and chi-square do 
not. For this and other reasons, Faith et a1. (1987) 

recommended the Bray-Curtis or Kulczynski coef­
且cients for comparing objects when the variables 
are abundances of dif坠rent species , as simula­
tions showed these measures best ma tched eco 
logical gradients 咀le suitabili可 of some 
multivariate analyses for certain types of data is 
closely linked to the chosen or implicit dissimilar­
ity measure that is used; we will discuss this 
且lrther in the next two chapters 

For binary data , Kent & Coker (1992) argued 
that Sorenson's coefficient is preferred because it 
weights species (variables) in common higher 
than species absences (see also Krebs 1989) 
Remember that Sorenson's coefficient is the same 
as the Bray-Curtis measure with binary variables 

ηle general Gower dissimilarity measure is 
particularly useful when the data are a mixture of 
binary and continuous variables or when there 
are missing obse凹ations (bt1 t see Section 15.9.2) , 

although Faith et a1. (1997) showed that the 
version for continuous variables did not represent 
underlying ecological distances very well 

15.5 I Comparing distance and/or 

dissimilarity matrices 

Biologists often wish to test whether two or more 
matrices. or at least their corresponding ele 
ments. are correlated with each other. Such ques 
tions are particularly relevant when we are 
dealing with distance and/or dissimilarity matri­
ces. For εxample， Sokal & Rohlf (1995) compared 
the matrix of genetic distances between ten vil­
lages of the Yanomama Amerindians in South 
America to the matrix of geographic distances 
between the villages. Fortin & Gurevitch (1993) 
emphasized the importance of examining spatial 
structure in field experiments , where one matrix 
mightbe dif坠rences in response of experimental 
units and the other might be the actual physical 
distances between the units 

Mantel's test is used for testing null hypothe-

ses about correlations between matrices. It uses a 
randomization procedure (Chapter 3) to test 
whether the relationship between two matrices is 
more different than we would expect by chance 
(Manly 1997, Sokal & Rohlf 1996). We simply calcu­
late the correlation coefficient between the corre­
sponding elemen ts of 出e two matric时， uSlng 
only the lower (or upper) half of each matrix 
because they are symmetrical. However, the dis­
simi1arities or distances within each matrix are 
not independent of each other (the dissimilarity 
between object 1 and 2 uses some of the same 
information as the dissimilari可 between 0问ect 1 
and 3, etc.)。咀lis is why we use a randomization 
test (Chapter 3) for the Ho that the correlation 
between the two matrices is no dif岳rent than we 
飞N'ould expect by chance. Other statistics equiva 
lent to the correlation coef:且cient for testing the 
Ho in Mantel's test include Z (the sum ofthe prod­
ucts of the corresponding elements in 吐le tw'o 
matrices) and the regression coefficient (slope) for 
elements in one matrix regressed against ele­
ments in the other matrix. Ifthe distances in the 
two ma trices are standardized to zero mean and 
uni t variance (Cha pter 剑， the values of the corre­
lation coefficient. the regression slope and 21m, 

where m is the number of elements in each 
matrix , will be the same (Manly 1997) 

McCue et aL (1996) described genetic structure 
of a rare annual plant (α盯kia springville旧is) in 
California. They identified eight subpopulations 
and ca1culated Cavalli-Svorza genetic distances 
betweensubpopulations 仕om isozyme analysis of 
tissue samples. They had tv.ro distance matrices -
one for genetic distances between subpopulations 
and one for geographic distance (in meters) 
between subpopulationsτhe correlation coef:且­

cient between the t\'γ"0 matrices was 0.632 with a 
randomization P-value ofO.032 and we would con­
c1ude that there is a statistically signifìcant posi­
tive r喧lationship betvγ'een genetic and geographic 
distance for populations of C. springvillensis. Note 
that. in this example , the subpopulations were 
either really close (< 500 m) or arot1nd 8000 m 
apart so our interpretation of the relationship 
between genetic and geographic distance is con­
strained by the absence of data for separations 
between 500 and 8000 m. 

The correlations can be extended to more than 

DATA STANDARDIZATION 

two matrices. using an analogue ofthe coefficient 
of multiple correlation (内 and partial correla­
tions , called partial Mantel's test (Manly 1997). For 
example , Sklenar & ]orgensen (1999) measured 
floristic similari可 betv.reen six mountains in 
Ecuador using Sorenson's index for presence­
absence data. They used Mantel's test to show that 
there was a significant correlation betw'een floris 
tic similarity and differences in sampling inten 
sity and theyused a partial Mante1 's test to test for 
a correlation bet:vveen floristics and distance, 

holding samp1ing intensity constant 

15.6 I Data standardization 

Transformations , which change the scale ofmeas­
urement of the data , were discussed in Chapter 4 
in relation to meeting the normalìty assumption 
of parametric analyses and the homogeneity of 
variance assumption of most of these analyses 
Trans岛rmations are particularly important for 
mu1tivariate procedures based on eigenanalysis 
(e.g. principal components analysis - see Chapter 
17) because covariances and correlations measure 
linear relationships betv.reen variables. Trans自or.
mations that improve linearity wi11 increase the 
efficiency with which the eigenanalysis extracts 
the eigenv1εctors 

Transformations such as log or square root 
will normalize positively skewed data and also 
reduce the intluence ofvariables with high values 
(e.g. very abundant species) in multivariate proce 
dures based on dissimilarity indices (Digby & 

Kempton 1987). Clarke & Walwick (1994) argued 
that fourth-root trans岛rmations should always 
be used for species abundance data before ca1cu 
lating dissim i1arities to reduce the influence of 
very abundant species. One dif:且culty with this 
approach is that the effect of the transformation 
飞.vi11 depend on the underlying distributions of 
the variables (e.g. species) and therefore the 
degree ofreduction ofinfluence ofvery abundant 
species will be inconsistent. Cao et al. (1999) also 
had concerns about log transformation of water 
quality variables , pointing out that this transfor 
mation "indiscriminately increases the impor­
tance of a low range across a11 variables" 

Standardizations work slightly diffèrently 
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仕'om trans且Drmations by a句usting the data 50 
tha t means and/or variances or totals for each var­
iable are the same ηle following are examples 
(see also Table 15.5) 

• Centering the data subtracts the variable mean 
仕om each ohservation for each variable , result­
ing in a11 variables having a mean of zero. 
Spectral decomposition of a covariance matrix 
extracts components 仕om centered data 

• Standardizing the data divides the centered 
observations by the standard deviation for 
each variable , resulting in a11 variables having 
a mean of zero and a standard deviation (and 
variance) of one. Spectral decomposition of a 
correlation matrix extracts componen臼仕om
standardized data 

• Data can a150 be standardized 50 that each 
observation is expressed relative to the 
maxl日lum value ofthat variable across a11 
objects. This standardization resu1ts in obser­
vations being expressed as a proportion of the 
largest value for a variable, and is basica11y 
standardization based on the range within a 
variable 

• Cao et al. (1999) proposed a novel standardiza­
tion for water quality da阻， where均， each vari­
able is standardized in relation to the water 

丑耻b比i怡el山5.5μÍcωom呻pa盯an阳阳10funs

quality standard ofthat variable and its range 
Although acknowledging problems with their 
ne飞ltI standardization , they argued that it does 
allow natural variability in each variable to 
contribute to the results of a multivariate 
analysis 

τhese standardizations ofvariables are impor­
tant if variables are measured in very different 
units or scales , because otherwise those variables 
with largervalues or largervariances will often be 
more influential on the results ofan analysis than 
variables with smalIer values or smalIer vari­
ances. Standardization of variables is essential if 
the variables are measured in ve巧， different units 
For species abundances, such standardizations 
make aIl species have simil町 "importance" and 
thus "avoids a strong weighting by a few highly 
abundant species" (Ludwig & Reynolds 1988. p 
215). Without this standardization, rare species 
are often making little contribution to dissimilar­
ities - of course, this may be the most biologically 
sensible interpretation 

In the same way that variables could be stan­
dardized , objects (e.g. sampling units) can also be 
standardized so thevalue for anyvariable for each 
object is expressed relative to the maximum value 
岛r that object in the whole data matrix. For 

variance) 0由bs旦er凹va且tl阳IOn旧15 for leafN concentration 自fo町'r， the eleven 5pecie5 ofWi臼sc四on阳lSI皿n卫 for由.bs 仕om the 5t阳ud句lybyR趾eich1 

et al. (19991 

Unstandardized Centered Standardized 

Cαlloph) υm thalictroid自 58.20 22.16 1.21 
Dentor旧 /ociniσte 53.00 16.96 0.93 
丘rythro阳m omenconum 42.00 5.96 0.33 
Silphium terebi，门的1门。 ceum 14.40 -21.64 1. 18 
Podoþhyllum þeltotum 44.70 8.66 0.47 
Bσþtls旧 leucophσea 35.90 -0.14 0.01 
开山山11 gror咄floro 51.60 15.56 0 日5

Echinaceo þurþu白。 15.00 -21.04 -1.15 
Silþhi山η 川tegrrfolium 16.60 一 19.44 1.06 
Sangυinano canodensis 53.60 17.56 0.96 
5σrrachenio purþureσ 11 .40 - 24.64 • 1.35 

问ean 36.04 0.00 0.00 
Standard deviation 18.26 18.26 1.00 

MULTIVARIATE GRAPHICS 

species abundance data , this standardization is 
、rery important if the size of耻 sampling unit , 

and hence the total number of individuals. varies 
because it removes any effect of different total 
abundances in different sampling units , i.e. a11 
sampling units are considered to have the same 
total abundance across a11 species. 

Others , e.g. Bray-Curtis and Kulczynski , produce 
nonsen日cal values when standardization is to 
zero m四n (centering) or zero mean and unit var 
iance (because of negative values). Standardizing 
by the range is a better option for these measures 
ifyou wish to reduce the influence ofvery abun. 
dant variables (e.g. species) 

FinaIly. converting abundance data to pres 
ence and absence might be considered an extreme 
combination of transformation and standardi日­
tion. 咀lere are specific dissimilarity measures for 
such binary data (see Section 15.4 .2) 

lt is often useful to analyze the same data with 
different standardizations , particular!y in ecolog­
ical research. For example, comparing the results 
of an analysis using raw data with one using 
sample岳阳ndardized da ta will indica te wha t influ­
el卢 di能rent total abundances in samples have 
Raw data versuS species-standardized data wiI1 
iI1ustrate what influence the most abundant 
species have (simply leaving out different com­
bina tions of rarer species wiI1 provide 日milar
information). Finally, to remove all effects of 
abundance , we can analyze just presence-absence 

data 

15_7 Standardization, associatlon 
and dissimilarity 

Measures of association between variables 
described in Section 15 .2 have implicit standard-
izations (see also Chapter 5). Cova口ances measure 
the linear relationships between centered vari­
ables whereas correlations measure the linear 
relationships between standardized (zero mean 
and unit variance) variables 四e choice of associ­
ation matrix on which to base subsequent multi­
variate analyses (Chapter 17) depends on whether 
differences in variances between variables repre­
sent important biological information that you 
don't wish to lose. Standardizations are also 
imuortant for dissimilarity measures. Some dis­
similarity measures are impli口tly standardized 
and are unaffected by data standardizations (Faith 
et al. 1987). Some become identical after data stan­
dardiza tion , e.g. Bray-Cur恤， Kulczynski and City 
block are identical for count data if objects are 
standardized to the same total abundance 

15_8 I Mult附riate graphics 

Many ofthe exploratory data analysis techniques 
described in Chapter 4 are very applicable to 
multivariate data sets. ln particular, describing 
distributions and checking for outliers for each 
variable separately with boxplots and examining 
bivariate relationships be tv.reen variables with 
scatterplot matrices (SPLOMS) are always use且11

We may also wish to represent each observa­
tion or object in symbolic form , so that each 
symbol describes the relative value of all of the 
variables. A number of approaches have been 
developed to represent the different variables in a 
simde "icon". 111e best known method is using 
Chernoff faces , where different features of the 
face represent different variables (Chernoff 1973; 
see also Everitt & Dunn 1991, Flury & Riedwyl 
1988). These plots have been CfltlCl Z时， primarily 
beca use of the dif且culty of rationally assigning 
variables to face features (Cox 1978), but th可 also
have their supporters (Everitt & Dunn 1991 , Flury 
& Ried、ryl 1988). We illustrate these face plots 
with the Wisconsin forb data from Reich et al 
(1999) in Figure 15.3, for both raw and standard­
ized data. The differences bet\veen specles are 
more noticeable for standardized variables , espe 
cially nose fea tures represen ting mass-based and 
area-based photosynthetic capac即 Nonetheless，
oractice on known data sets is required to become 
familiar with recognizing similar and dissinlilar 

faces 
A且 alternative ， less "cartoonish" , icon plot is to 

represent each object with a star, where each var­
iable is represented by a point on the star, and the 
value of the variable is indicated by how far 
吐le DOlllt IS 仕om the center τ'here are no limi ts to 
t1卢lumber ofpoi凹， and therefore variables. for 
each 旺ar although the stars become difficult to 
interpret when there are too many variables. The 
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(a) 

⑦ ⑦ ⑦ 

⑦ ⑦ ⑦ 

⑦ ⑦ ⑦ 

⑦ ⑦ 
Cherno仔但ce representation of the eleven 

species ofWisconsin forbs for five leaf characteristics based 
on raw data (a) and standa叫出ed data (b) from Reich et 0 1. 

(1999). The features of 由e Cherno仔 faces are curvature o( 
mouth for specific leaf area, angle of brow for leaf nitrogen 
concentration, width of nose for mass-based net 
photosynthetic capacity, length of nose for area-based net 
photosynthetîc capacity, and length of mouth for leaf diffusive 
conductance at photosynthetic capacity.πle species a陀， from

left to right and row by row: Caufophyllurn 价。J町roides.

Dentar;a laciniate, Er川romum amerlcan酬， s哗hium

terebinÚ1inaceum, Podophyllum pelta阳n， Baptisio feuco灿aea ，

Tri/Jium grandiflora, Echinacea þurpurea, Si/phωm integrifolium, 

Sanguinaria canadensis, and Sorrochenio þurþurl田

di丘险rence between raw and standardized vari­
ables is often very obvious on star plots. In Figure 
15.4, we again illustrate the Wisconsin forb data 
仕om Reich et aI. (1999). It is clear that S. purpuγea 
is very different from the remaining species and S 
terebinthinaceum , P. peltatum , B. leucophaea and r 
grandiflora have larger val ues for leaf diffusive con­
ductance at photosynthetic capaci吵， indicated by 
the extension of their stars to the left 

Finally, a very common method of graphing 
relationships between objects is to use a scatter­
plot where the axes represent the new derived var­
iables from an eigenanalysis. These plots are 
common in the analyses des口ibed in Chapters 16 
and 17, especially discriminant function analysis , 

prìncipal components analysis and correspon­
dence analysis. Alternatively, we can graphically 
represent a dissimilarity matrix between objects 
in a scatterpl时， the basis of multidimensional 
scaling described in Chapter 18. Both types of 
plots are used especially by ecologists to represent 

(b) 

⑦ ⑦ ⑦ 

⑦ ⑦ ⑦ 

⑦ ⑦ ⑦ 

⑦ ⑦ 

the relationships between sampling or experi­
mental units based on species composition, where 
they are tenned "ordination" plots , the term ordi­
nation being derived 仕om attempts to order units 
along some environmental gradient (Digby & 
Kempton 1987). Ordination is not a term familiar 
to most statisticians , or even non-ecological biolo­
gists, so we will call such plots of objects "scaling 
plots' 

15,9 I Screening multivariate data 

sets 

In Chapter 4 , we emphasized the importance of 
exploratory data analyses before proceeding with 
univariate statistical procedures, especially those 
with distributional assumptions. wt注 also pointed 
out that unusual values (outliers) can have very 
intluential ef坠cts on the concIusions 仕om a sta­
tistical analysis , both in terms of estimation and 
hypothesis testing. and checking for outliers is an 
lmportant precursor to any formal analysis. The 
need for exploratory screening of data is even 
more lmpo吐ant 岛r multivariate data sets 
because their complexity means that visual 
inspection of the raw data is likely to miss 
unusual patterns or observations. Additionally, 

the issue of missing observations is much more 
critical for the analyses we will describe in the 
next three chapters 

All of the univariate procedures we described 
in Chapter 4 , especially graphicalεxplorations 
(see previous section) , can and should be used for 

(a) 

f γ/ 飞f

-=::f í/ -=d 

守 飞c:f 『二f

扩 叮

plot representation of the eleven species 
for five leaf characteristics based on raw 

data (a) and standardized data (b) from Reich et af. (1999) 
The features of the stars are, dockwise from the tOp. specific 
leaf area, leaf nitrogen concentration, mass-based net 
photosynthetic 日pacity. area-based net photosynthetic 
capacity, leaf diffusive conductance at photosynthetic capacity, 

The species a陀， from left to right and row by row 
Caufoþhyffum thofictroid盹 De阳ria faciniate , Erythronium 
americanum, Silphium terebinthinaceum, Podaphyffum peltatum. 
Bap由io feucophoea , Trillium grandifloro, Echinacea puφυ，凹，
Silphium integrifofl阳m， Sanguinaria canadensÎs, and Sorrachenia 
puψurea 

multivariate data sets. In this section. we will 
focus on two particular issues: detecting multivar­
iate outliers and dealing with missing observa­
tions. 

15 ，9 ， 1 问 ultivariate outliers 
We discussed in Chapter 4 how unusually四treme

values can influence the outcome of a statistical 
analysis. Multivariate outliers are more difficult 
to detect because they may not be univariate out 
liers 岛r any of the individual variables (Jobson 
1992). Additionally, outliers are often defined as 
large departures 仕om a fitted statistical, usually 
linear, model to our data. For example , an obser 
vation may be an outlier 仕om a fitted regression 
model (Chapters 5 and 6) and may have undue 
influence on the estimates of model parameters 
and tests ofhypotheses about these parameters. 1n 
contrast, many ofthe multivariate techniques we 
will introduce in the next three chapters are 皿ore
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descriptive in nature , although new summaryvar­
iables are often derived and can be used as 
response or predictor variables in subsequent 
linear models 

A multivariate outlier is an object with an 
unusual pattern of values for the variables 
(Tabachnick & Fidell 1996) and can be detected by 
measuring its distance , in m卫lulti凹va盯r口1且at恒e s叩pa缸ce ，

仕from丑1 the cent时troid (Fig伊ure 15.1). The square oft由hi四s 
d副15旺tanc臼e (d

j
2 f;岛or object i均) i阻s called Ma油ha址lano回obi阻sd四

阻剧nc臼e (阳s回阳e回e Fl阳u町r可y&R副ied町叫1 1988 , ]ackson 1991, 

jobson 1992 for computational details) and is pro 
vided by most software in one or mQre of the 
multivariate analysis routines. Ifmultivariate nor 
mality holds , the d;' 岛llow a x' distribution with 
p (the number ofvariables) df(Manly 1994) sowe 
can test for outliers , possibly using a strict signifì­
cance levellike 0.001 (Tabachnick & Fidell1996) 

Dealing with univariate outliers has been 
described in Chapter 4. The options for multivari­
ate outliers are similar. Ifwe de口de that an object 
has such an unusual pattern of values 且Dr one or 
more variables that it is unlikely to be part of the 
population of objects we wish to describe or make 
inferences about, then we might delete that 
object from the analysis. Transformations of the 
variable(s) can also reduce the influence of outli­
ers if they are extreme val ues in a positively 
ske、"，ed distribution 

15 ,9,2 Missing observations 
Occasionally, wewill have missing observations in 
our data set, i.e. no value was recorded for one or 
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more variables for one Qr ffiore objects. The 
approaches for dealing with missing obse凹ations

depend on the missing data mechanism , as intro­
duced in Chapter 4 (see also Heitjan 1997, Little & 

Rubin 1987, Roth 1994). Ifthe probability that an 
observation is mìssing is independent of the 
observed and missingvalues , the missing observa­
tions are termed missing completely at random 
(MCAR). This implies that the missing observa­
tions are a random subset of the data τhe prob­
abili可 that an observation is missing might not 
depend on the unobserved missing value but be 
dependent on the values ofthe othervariables for 
that object. For example , the pattern of missing 
data may depend on the group in which the object 
occurs , where another variable classifies objects 
into groups. This is termed missing at random 
(MAR). Finally, the missing values might be non­
ignorable because whether an observation is 
missing depends on its value 

Consider the data set 仕om Lovett et a!. (2000) 
and imagine that one stream was missing a value 
for concentration of H+. If the value is missing 
because of a random malfunction of a meter or a 
mistake by a researcher who forgot to write the 
value down then this observation might be MCAR 
Our experience is MCAR is a common missing 
data mechanism in ecological sampling pr任
grams. Ifthe value is missing because the stream 
was at a high altitude and weather conditions pre­
cluded access , then the observation might be 
MAR because the value of another variable (eleva­
tion) , but not the unobserved H+ value. deter­
mines the probability of it being missing. Finally, 

if the value is missing because the original H+ 
reading was so high (e.g. Winnisook Creek) that 
the researcher assumed that the reading was a 
mistake and ignored it, the missing value is 
clearly non-ignorableτhis situation is more 
common in situations when the observations 
dep巳nd on responses from subjec臼， such as in 
marketing surveys or c1inical trials , although 
studies on animal behavior may suffer 仕om this 
type of non-response. MCAR and MAR are much 
easier to deal with 

Basica11y, there are three approaches to 
dealing with missing observations (Little & Rubin 
1987, Roth 1994). Our objective in this section is 
simply to make biologists aware that there are 

alternatives to simply "omitting whole rows of 
data" , although some ofthe methods are sophisti­
ca ted and usually require advice 仕om statlst1cialls 
四perienced with their use. It is important to 
remember that avoiding missing data is the best 
solution because a11 ofthe alternatives are i日lper­
fect. We illustrate the results from some of the 
methods for dealing with missing observations in 
using a subset ofthe data from Reich et a!. (1999) 

Our emphasis is not on the ca1culations , as these 
require appropriate software , but on the interpre­
tation of the different methods 

Deletion 
The simplest approach is to delete the entire 
object that has the missing value. This may be an 
appropnate strategy 飞"，hen the proportion of 
objects with missingvalues is low and the pattern 
is MCAR. It does result in loss of information 
because the non-missing values of variables for 
the object with the missing value are also 
exc1uded from the analysis. This is sometimes 
termed listwise deletion and 四 often the default 
for multivariate analyses in statistical software. If 
the analysis is based on pairwise associations 
between variables (e.g. correlations) , an alterna 
t凹'e is to use pairwise deletion. Here an object is 
only εxc1uded 岛r the calculation of the associa 
tion between the two variables for which one 
value is missing but not excluded for the calcula 
tion of asso口ations between other variables. This 
is the preferred deletion strategy when pairwise 
associations are the basis for the analysis 

Imputation 
Imputation involves replacing (substituting) the 
missing values with some estimate of what the 
values might have been. There have been three 
common methods for imputing missing observ3 
tions. The first is to replace the observation with 
the mean value of the variable calculated 仕om
the non-missing observations. Unfortunately, this 
tends to result in an underestimate of the true 
variance for that va 口able because these means 
do not contribute to the sum of squared devia­
tions (Roth 1994) 咀le second is to use a regres­
sion model to predict the imputed observation 
from other va口ables in the data. For 四ample， we 
could determine which variable has the highest 

correlation with the variable with missing values 
仕om the complete objects and develop a regres­
sion model where the 飞rariable with missing 
values is the response variable and the other var­
iable is the predictor. For the object with the 
missing value, the observed value of the predic­
tor could then be used to predict the missing 
value 丘nm this regression model. Alternatively, 

we could use two or more predictors in a multi­
ple regression model. Generalized linear models 
could be used if the assumption of normal error 
terrns for the regressions was untenable or even 
generalized additive models if the shape of the 
relationship between the variables is not linear, 

although we have not seen either of these used in 
practice. Finally, hot-deck imputation simply 
replaces the missing value with the actual value 
from an object with similar characteristics (Roth 
1994) 

τ'here are two main difficulties with these 
imputation methods τhe缸st is that the imputed 
values are not independent of the observed data 
for a given variable and the precision (variances 
and standard errors) of the estimates of parame­
ters based on these imputed values is generally 
underestimated. The second problem is that 
imputing a single value provides no indication of 
the effect that dif诠rent imputed values have on 
the estimation ofthe relevant parameter (e.g. cor­
relation), i.e. no measure of imputation uncer­
tainty (Little 1999). Rubin (1987) developed a 
method termed multiple imputation as a solu­
tion to the second problem (see also Schafer 
1999). Multiple imputation basically imputes a 
range of values for each missing observation , 

these values being simulated 仕orn a specific dis­
tribution for the missing values. The complete 
data sets (obse凹.ed and imputed values) are then 
analyzed in the usual manner. The estimate of 
any parameter 四日mply the mean of estimates 
仕om the analyses of the impu ted data setsτhe 
standard error of this average estimate inc1udes 
both the variance between imputations and the 
variance within each data set. Multiple imputa­
tion is clearly a sensible approach and a consider­
able improvement over single imputatìon , giving 
us some indication of how different imputed 
values affect the outcome of our analysis. The 
really tricky bit is developing the distribution of 
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values from which the multiple imputations are 
derived. Rubin (1987) recommended a Bayesian 
strategy whereby the posterior distribution of 
missing values is conditional on the prior distri­
bution of observed values , although the computa 
tions are complex (Schafer 1999). M u1tiple 
imputation routines are not readily available in 
commonly used statistical software but specialist 
produc臼 do exist and macros for some programs 
are available (see Rubin 1996 and references 
therein) 

Maximum likelihood and EM 
A different approach is to use maximum likeli 
hood (ML) techniques to estimate the parameters 
of interest (e.g. means , correlation coefficients) 
from the observed, incomplete data (Lit t1e & 

Rubin 1987). Basically we use the distribution of 
the observed data and the conditional distribu­
tion of the pa吐ern of missing data given the 
observed data. The likelihood function for any 
parameter can be complex with missing data 50 
Little & Rubin (1987) al50 proposed methods based 
on [;注ctoring the likelihoods. The likelihood for a 
given parameter is decomposed into the sum of 
the likelihoods of distinct parameters given com 
plete subsets of the data. These ML methods can 
estimate the missing observations once the 
parameters are estimated but do not use imputed 
values to estimate the parameters 

A combination of imputation and ML estima­
tion is the Expectation-Maximization (EM) algo­
rithmτhis is an iterative procedure whereby the 
missing values are imputed , the parameters are 
estimated by ML, the missing values are re­
estimated and imputed , the parameters re­
estimated by ML, etc. , until convergence of the 
likelihood of the parameter given the observed 
data is achieved. Technica l1y, the missing values 
are not directly imputed using the EM method , 

but some function of the missing data 1ike a pre­
dictive distribution is incorporated into the likeli­
hood function (Little & Rubin 1987, Schafer 1999) 
吐le EM algorithm is now available in some C0111 
monly used statistical software. Multiple imputa 
tion may be more robust than EM methods for 
5mal1 data sets (Schafer 1999). Both straight ML 
and the EM method require the missing data to be 
at least MAR. See also Box 15.3 
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Box 15.31 Deali咆 with missing data 

The data set on physiological v旷iables for a range of plant spec阻击rom di町erent

locations and functional groups 什"Qm Reich et 01, (1999) will be used to illustrate 

some of the methods for handling missing observat旧 r 二 We will use a subset of 

their data, trees from Venezuela八户 here廿 erewe陀 22 species (object斗 The吧 were

fìve variables: specifìc leaí area (SU\), leaf nitrogen concenn油on (Leaf N) , mass­

based net photosynthetic capacity (A阳，J. area-based net photosynthetic capac即

(AJrca> and leaf di tTusive conductance at photosynthetic capacity (乓). Five of the pos­

sible I 10 observations were missing: SLA and Aarea for Ep的G purþυreo ar川阳

Aarea and Gs for Micropholis maguirei. We will assume these values are at least MAR 

and use listwise a门d pai t\Nise deletio门， regresslon ImpL眩目ion (using all other vari 

ables with complete data as pred口or variables) and the EM algorithm to estimate 

means, standa叶 deviations and paiJ\川se correlations between variables. The EM 

algor胁m converged in four 阳rations with -2 (1 og-1阳Ihoc 啡。f 650.85 

Means (standard deviations) 

5LJ气 Leaf N A，阳" A却e也 E 
(cm2 g-I) (mgg- I) (nmolg-1çl) (μmol m-2 S-I) (mmol m-2 çl) 

listwi s.e 89.85 (24 口 4) 14.29 (4.71) 78.96 (55.23) 8.28 (3.68) 622ω(535.76) 

剧旧lues 88.2口 (24.62) 14.ü4 (4.68) 77.82 (54.09) 8.28 (3.68) 6 口 2.90 (529.94) 
EM 8日 15 (24.18) 14.04 (4.68) 74.49 (55.39) 8.01 (3.67) 580.68 (535.92) 
Reg陀 ss;on 89.85 (24.04) 14.29 (4 .7 1) 78.96 (55.23) 8.28 (3.68) 622.60 (535.76) 

Correlations based on deletions 

SLA LeafN Arr.", Aareil E 

list Pair L得t Pair List Pair List Pair List p，圳

5LA 1.000 1.000 
LeafN 。二69 0.607 1.000 1.000 
A 
叫"

0.789 吐789 0.708 0.699 1.000 1.00C 
A 

"r"" 0.550 0.550 。 684 0.684 0.931 0.931 1.000 1.000 
G 也498 0.498 0.546 0.530 0.851 0.851 0.894 0.894 1.000 1 口 00

Note that on忡e correlation between Sλand Leaf N differs much b挝、ween

the two methods of deletion. 

Correlations based on regression imputation and EM 

5LA LeafN A r'<i 
A 
d出

E 

只.egress E问 Regress EM R巳gress EM R巳gress EM 在egres王 EM

SLA 1.000 1.000 
LeafN 0.60 0.602 1.000 1.000 

Arnil" 0.789 0.795 0.714 0.719 1.000 1.000 
A 。.555 0.563 0.681 0.685 0.931 0.932 1.000 1.000 
E 0.503 0.51 1 0.541 0.546 0.853 0.854 0.893 0.895 1.000 1.000 

GENERAL ISSUESAND HINTS FORANALYSIS 

The陀 are di忏erences between the estimated cor陀lat旧ns based on the two 

methods but, for these data, the differences are small 

Observed data with regression and EM imputed values (in 

bold) 

5lλ LeafN A=. A,= ι 

144曲 24.70 252.20 17.70 2272.00 

114.30 17.90 159.30 13.80 889.00 

126兰O 16.50 115.50 9.10 597.0C 

105.40 16.40 140.40 12.80 975.00 

78. 10 16.90 111 .50 14∞ 1707.00 

129.90 15.10 99 ∞ 7.80 300.00 

103. 10 18.40 65∞ 6.40 479.00 

90.30 15.90 9 1.80 10.30 10的 00

82.80 6.80 46.50 5.60 490.00 

75.20 7.80 47.20 6.20 693.0C 

86 曲 8.60 34.70 4.00 321.00 

82.60 10.70 52.20 6.50 41 1.00 

82.00 17.70 67.20 8.20 381.00 

67.80 9.30 38.80 5.70 241.00 

76.80 15.00 44.90 5.90 329.00 

67.30 13.00 53.80 8田 378.00 

86.10 (Rel'回哼 15.20 55.10 6 209.0C 

87.10 (EM) 6.31 (EM) 
95.10 12.50 35.10 3.70 173.00 

72. 10 2 1.40 47.70 6.70 235.00 

58.40 10.80 43.30 7.40 298.00 

55.30 8.00 4.76 (Regress) 4.16 (Rel'回事} 114.03 (Regress) 
20.94 (EM) 5.01 (EM) 247.29 (EM) 

58.10 10.30 33.00 5.70 274.00 

Note that the 陀gressìon and EM imputed valu田 a陀 similar for Eperua purþurea 

(row 17) but very different for Amass and Gs for Micropholis magυ rei (row 21). T阳

h忧町d他陀nces probably 时lect the fact that only two predict旷旧riables a陀 avail

able for this speci臼 for p陀dicting the missing obse阳ations using a regression and 

the observed 、 alues for both of those 咀riables a陀 at the low end of the range for 

those variables. The EM iπputed values a陀 probably mc陀 reliable for this species 

15.10 I General issues and hints for 

analysis 

15.10.1 General issues 

• Va口ation within, and linear relationships 

between, two or more variables can be summa. 

rized with a sums咱f.squares.and--cross.

products matrix (raw data) , CQva口ance matnx 

(centered data) or a correlation matrix (stan 

dardized data) 

• Spectral decomposition ofone ofthese matri 

ces produces new derived variables (comp告

时旧时， extracted 50 the 直r5t explains most of 

the original variation, the second most ofwhat 

is left, etc. , and 50 that the new variables are 

uncorrelated with each other. Equivalent 

results are obtained 丘om a singular value 

decomposition ofthe original data matrix, 

appropriately standardized 
• These new variables are linear combinations of 

the original variables and the coeffìcients 
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(summarized as an eigenvec归功 indicate the 
contribution of each original variable to the 
new variable 

• Di他rences between pairs of 0均ects are mea­
sured with dissimilarities that are based on 
the sum ofthe differences 岛r each variable 
between objects. often standardized so they 
range between zero and one. 

• For measurement variables，自由er Euclidean 
or Olle ofits modi直cations (City block or 
Canberra) are reliable dissimilari可 measures，
usually based on standardized data. For species 
abundances (counts with possible zero 
values). Bray-Curtis or Ku1c可nski are recom­
mended 

• Graphical representations of multiva 口ate data 
are available. SPLOMs display pairwise bivari­
ate relationships and icon plots (Chernofffaces 
or stars) visually represent objects in terms of 
the relative values for the variables 

·τhe default 岛r handling missing data with 
most software is to o~it whole objects. Other 
a pproaches are generally preferred unless the 
sample size is large and the observations are 
missing completely at random 

15.10.2 Hints for analysis 
• Before extracting components or determina 

tion of dissimilarities between objects when 
variables are measured in difj岳rent scales or 
units , some type of standardization (based on 
standard deviation or range) is recommended 

• For species abundance, i.e. count, variables , 

diff险rent standardizations can pro世de useful 
comparative ìn自brmation. Standardizing 
objects to equal totals corrects for different 
sized sampling units , standardizing species to 
equal totals means that the most abundant 
species do not dominate the dissimilarity 
measure 

• Some standardizations can result in 
Bray-Curtis and Kulczynski dissimilarities not 
being bounded by one; standardize by range 
rather than by standard deviations when using 
these measures 

• We prefer standardizations to trans岛rmations

for reducing the influence ofvariables WÎth 
Iarge values, although transforming variables 
may be relevant to improve Iinearity or if uni 
variate analyses on the same variables also 
require transformation 

Chapter 16 

Multivariate analysis of variance and 
discriminant analysis 

In this chapter, we willεxamine the relationship 
between two or more response variables and one 
or more categorical pr飞~dictor variables. We are 
P 口marily interested in two research questions 
First, are there differences between groups based 
on all the response variables taken together and, 

second , can we successfully classifY observatio时，
particularly new observations , into the correct 
group 

16.1 1 Multivariate analysis of 

variance (MANOVA) 

There are many situations where we record more 
than one response variable 仕om each sampling or 
experimental unit and where thεse units are all任
cated to or occur in treatment groups. Ecologists 
often record the abundances of many spεcies 
仕om each samp1ing or experimental unit and 
physiologists commonly measure more than one 
variable (e.g. blood pre臼ure ， heart rate , etc.) on 
experimental animals. For example , Peckars均I et 
a1. (1993) examined the sub-lethal responses of 
mayfly larvae in streams to three different preda~ 
tor treatments (no predator and normal food , no 
predator and reduced food , one predatory may由y
(MegaγCy5) and normal food) 卫lere were five 
response variables recorded for each mayfly: body 
mass, egg mass , percentage of eggs, total mass , 

and maturation time. Botanists and zoologists 
also often measure many morphological variables 
when describing organisms from dif:坠rent loca~ 

tions or to compare organisms that may or may 
not be taxonomically different 

If each response variable is ofinherent biolog­
ical interest, Ol1r research questions might be 
whether there are group or treatment effects on 
each variable separately. Then the appropriate 
strategy is to analyze each variable using a separ­
ate univariate ANOVA to test 面br differences 
between groups. Some statisticians have argued 
that there is an inherent disadvantage to this 
approach. Because the response variables are 
measured 仕om the same experimental or sam~ 
pling units and may be highly correlated. the 
multipleANOVA tests are not independent ofeach 
other and this can make interpretation difficu1t 
Also , the number ofunivariate tests can get large 
if we have many variables 50 the family-wise Type 
1 error rate may be very high for the collection of 
tests (Harris 1993; see also Chapter 3). A common 
recommendation i5 to adjust the significance 
level of each ANOVA test by using a Bonferroni 
type correction so the family~wise Type 1 eITor rate 
stays at or below 0.05 (or whatever a p1io时 signi且f

cance level you choose). Unfortunately, with many 
re5pon5evariable5 , this can resultin unacceptably 
low power for each univariate test 

With multiple response variable5 , we ffiight be 
more interested in whether there are group differ~ 
ences on a11 the response variables considered 
simultaneously. This is the aim of multivariate 
analysis of variance (MANOVA), the analogue of 
univariate ANOVA when we have multiple 
respon5e variables for each experimental or sam­
pling unit. Ba5ically our hypothesis is now about 
group effects on a combination of the response 
variables and in5tead of comparing group means 
on a single variable. we now compare group 




